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PREFACE. 

The distinctive features of the Fourth Edition are : 

PAGE 

(1) Practical Exercises in constructing angles 

with given ratios, and in finding the 
trigonometrical fratios of given angles . 7 A 

(2) The Use of Four-Figure Tables of sines, 

cosines, and tangents . . . 29 A 

(3) Easy Problems requiring Four-Figure 

Tables 48 A 

(4) Graphs of the Trigonometrical Functions 79 1 

(5) A set of Easy Miscellaneous Examples on 

Chapters xi and xii . 122 A 

(6) The Use of Four-Figure logarithms and 

Antilogarithms .... 163 A 

(7) Solution of tnangles with Four- Figure 

Logarithms 183 A 

(8) Four-Figure Tables of Logarithms, Anti- 

logarithms, Natural and Logarithmic 
Functions ...... 374 



Vi PREFACE. 

The Tables of Logarithm a and Antilogarithms have 
been taken, with slight modifications, from those published 
by the Board of Education, South Kensington. 

The Four-Figure Tables of Natural and Logarithmic 
Functions have been reduced from Seven-Figure Tables. 
For these I am greatly indebted to Mr Frank Castle, 
who kindly undertook the laborious task of a special 
compilation for this book. 

(9) An easy first course has been mapped out enabling 
teachers to postpone, if they wish, all but the easier kinds 
of identities and transformations, so as to reach the more 
practical parts of the subject as early as possible. 

All the special features of earlier editions have been 
retained, and it is hoped that the present additions will 
satisfy all modern requirements. 


H. S. IIALL 


August 1905. 



SUGGESTIONS FOR A FIRST COURSE. 


In tJhe first eighteen chapters an asterisk has been 
placed before all articles and sets of examples which may 
conveniently be omitted from a first course. 

For those who wish to postpone the harder identities 
and transformations, so as to reach practical work with 
Four-Figure Logarithms at an earlier stage, the following 
detailed course is recommended. 

Chaps. I - in, Arts. 1 — 30, 32, 33. [Omit Art. 31, 
Examples m. b.] 

Chaps, iv — ix. [Postpone Chaps, xi and xii.] 

Chaps, xiii— xv, Arts. 137 — 170, 182 A ~182 F . [Omit 
Seven-Figure Tables, Arts. 171 — 182.] 

Chaps, xi, xii. [Omit Arts. 127, 136, Examples xi. f. 
and xii. e.] 

Chap, xvi, Arts. 183- 187, 197 A — 197^. [Omit Solu- 
tions with Seven-Figure Tables, . Arts. 188 — 197.] 

Chaps, xvii, xvm, Arts. 198 — 218. 

From this point the omitted sections must be taken at 
the discjetuSn «f the Teacher. 


vii 
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ELEMENTARY TRIGONOMETRY. 


CHAPTER 1. 


MEASUREMENT OF ANGLES. 

• s 

1. The word Trigonometry in its primary sense signifies 
the measurement of triangles. From an early date the science 
also included the establishment of the relations which subsist 

between the sides, angles, and prea of a triangle ; but now it has 
a much wider scope and embraces all manner of geometrical and 
algebraical investigations carried on through the medium of 
certain quantities called trigonometrical ratios, which will be 
defined in Chap. II. In every branch of Higher Mathematics, 
whether Pure or Applied, a knowledge of Trigonometry is of the 
greatest value. 

2. Definition of Angle. Suppose that the straight line OT' 
In the* figure is capable of revolving about the point 0, and 
suppose that in this way it has 
glassed successively from the posi- 
tion OA to the positions occupied 
by 0B 9 00 1 0D y ...» then the anglo 
between OA and any position such 
as 00 is measured by the amount 
of revolution which the line OP 
has undergone in passing from its 
initial posi^on VAr into its final 
position OC. 

Moreover the line OP may 
make any number of complete re- 
volutions through the origiual posi- 
tion OA before taking up its final 
position. 



H.K.U. 
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ELEMENTARY TRIGONOMETRY. 


[CHAF. 

It will thus be seen, that in Trigonometry angles are not 
restricted as in Geometry, but may be of any magnitude. 

The point 0 is called the origin , and OA the initial line ; 
the revolving line OP is known as the generating line or the 
radius vector . 

3. Measurement of Angles. We must first select some 
fixed unit. The natural unit would bo a right angle, but as in 
practice this is inconveniently large, two systems of measure- 
ment have boon established, in each of which the unit is a 
certain fraction of a right angle. 

4. Sexagesimal Measure. A right angle is divided into 
90 equal i>arts called degrees , a degree into GO equal parts called 
minutes , a minute into 60 equal parts called seconds. An angle 
is measured by stating the number of degrees, minutes, and 
seconds which it contains. 

For shortness, each of these three divisions, degrees, minutes, 
seconds, is denoted by a symbol ; thus the angle which contains 
53 degrees 37 minutes 2*53 seconds is expressed symbolically in 
the form 53° 37' 2*53". 

5. Centesimal Measure. A right angle is divided into 
100 equal parts called gmdes ) a grade into 100 equal parts called 
minutes , a minute into 100 equal parts called seconds. In this 
system the angle which contains 53 grades 37 minutes 2*53 
seconds is expressed symbolically ill the form 53* 37' 2*53”. 

It will bo noticed that different accents are used to denote 
sexagesimal and centesimal minutes and seconds ; for though 
they have the same names, a centesimal minute and second are 
not the same as a sexagesimal minute and second. Thus a right 
angle contains 90 x GO sexagesimal minutes, whereas it contains 
100 x 100 centesimal minutes. 

Sexagesimal Measure is sometimes called the English System, 
and Centesimal Measure the French System. • 

6. In numerical calculations the sexagesimal -measure is 
always used. The centesimal method was proceed at the time 
of the French Revolution as part of a general systenf of decimal 
measurement, but has never been adopted even in France, os 
it would have made necessary the alteration of Geographical, 
Nautical, Astronomical, and other tables prepared according to 
the sexagesimal method. Beyond giving a few examples in 
transformation from one system to the other which afford 
exercise in easy Arithmetic, we shall after this rarely allude to 
centesimal measure. 




In theoretical work it is convenient to use another method 
of measurement, where the unit is the angle subtended at the 
ceutre of a circle by an arc whose length is equal to the radius. 
This system is known as Circular or Radian Measure, and will 
be fully explained in Chapter VII. 

An angle is usually represented by a single letter, different 
letters A, B, n, /3, y,..., ft <£, V',..., being used to distin- 
guish diffeifent angles. For angles estimated in sexagesimal or 
centesimal measure these letters are used indifferently, but we 
.shall always denote angles in circular measure by letters takeu 
from the Greek alphabet. 5 


7 . If the number of degree* and grades contained in an angle 
be D and O respectively} to prove that ^ ~ . 


In sexagesimal measure, the given angle when expressed as 
the fraction of a right angle is denoted by In centesimal 

measure, the same fraction is denoted by —r ; 

100 



G 

Ioo ; 


that is, ~ 


if 

10 * 


8 . To pass from one system to tho other it is advisable 
first to express the given angle in terms of a right angle. 

In centesimal measure any number of grades, minutes, and 
seconds may be immediately expressed as the decimal of a right 
angle. Thus 

23 grades = yjjjj of a right angle = *23 of a right angle ; 

15 minutes =^0 of a grade = *15 of a grade =*001 5 of a right 
angle ; 

• 23‘ 15' —*2315 of a right angle. 

Similarly, 15* 7' 53*4" = *1507534 of a right angle. 

Conversely, any decimal of a right angle can be at once ex- 
pressed in graces, minutes, and seconds. Thus 

■2173025 of a right angle* 21*73025* 

=21* 73*025' 

=21* 73' 2*5". 

In practice the intermediate steps are omitted. 


1 — 2 
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Example 1. Ileduce 2*13' 4-6' 1 to sexagesimal measure. 

This angle =‘021 3045 of a right angle *0213045^ of * ri * ,,t 

= 1°65'2*G58". 1*917105 degrees b 

CO 

1(5*0143 minutes 
60 

2*658 seconds. 


Obs. In the Answers we thall express ilie angles to the nearest 
tenth of a second, so that the above lcsult would be written 1° 55' 2*7". 

Example 2. Reduce 12° 13' 14*3" to centesimal measure. 

This angle =*13578487... of aright angle CO) 14*8 secouds 

--1RS5T fU-cr 60 LH^sm.minutes 

-15*0/ y . w ) ia-2206S^.. degrees 

*18578487 . . .of a rlgl it angl e. 


EXAMPLE 3. I. 

Express as the decimal of a right angle 
1. G7°30\ 2. 11° 15'. 3. ST'OO'. 

4. 2° 10' 12". 5. 8°0\3G". 6. 2* 4‘ 4*5". 


lloducc to centesimal measure 


7. 

09° 13' 30”. 

8. 

19° 0' 45". 

10. 

43° 52* 38-1". 

11. 

11° 0' 38 4' 

13. 

12* 0”. 

14. 

3' 20*3". 

Eoducc to sexagesimal measure 

15. 

60* 87' 50". 

16. 

39* 6‘ 25". 

18. 

1* 2' 3". 

19. 

3« 2' 5". 

21. 

(T 25". 

22. 

37' 6". 


9. 60° 37' 57". 
12. 142° 15' 45". 


17. 40* V 25‘4". 
20. 8* 10' 0*5" . 


23. The sum of two angles is 80* and their difference is 18*; 
find the angles in degrees. 

/ISA. The number of degrees in a certain r angle added to the 
•'number of grades in the angle is 152 : what is the angle 1 

^V25. If the same angle contains in English measure x minutes, 
and in French measure y minutes, prove that 50#= 27 y. 

26. If a and t respectively denote the numbers of sexa- 
gesimal and centesimal seconds in any angle, prove that 
25(to«8U 



CHAPTER II. 

e 

TRIGONOMETRICAL RATIOS. 

9. Definition. Ratio is the relation which one quantity 
bears to another of the . same kind, the comparison being made 
by considering what multiple, part or parts, one quantity is of 
the other. 

To find what multiple or part A is of B we divide A 
by B ; lienco the ratio of A to B may be measured by the 

fraction 

Jj 

In order to compare two quantities they must be expressed 
in terms of the same unit. Thus the ratio of 2 yards to 

2x3x12 8 

27 inches is measured by tho fraction — — or 

Ods. Since a ratio expresses the number of times that one 
quantity contains another, every ratio is a numerical quantity. 

10. Definition. If tho ratio of any two quantities can be 
expressed exactly by the ratio of two integers the quantities are 
said to bo commensurable; otherwise, they are said to be 
incommensurable. For instance, the quantities 8$ and 
aro commensurably while the quantities J2 and 3 ore incom- 
mensurable! But by finding the numerical value of we may 
express tho value of the ratio */2 : 3 by the ratio of two com- 
mensurable quantities to any required degroo of approximation. 
Thus to 5 decimal places V2 = 1*41421, and therefore to the 
same degree of approximation 

J2 : 3=1*41421 : 3=141421 : 300000. 

Similarly, for the ratio of any two incommensurable quantities. 
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Trigonometrical Ratios. 

11, Let PAQ be any acute 
angle ; in A P one of the bound- 
ary lines take a point B and 
draw BC perpendicular to AQ. 

Thus a right-angled triangle BAC 
is formed. 

With reference to the angle A 
the following definitions are em- 
ployed. 

The ratio or i, called the sine of A. 

The ratio ~ or » cal,cd the ooeine of A. 

The ratio ^ or » called the tangent of A. 

The ratio or ^ « called the cotangent of A. 


A.B 

The ratio -ry. or -r. — vy- 

a! v Bids 


hypote 


is called the secant of A. 


The ratio ~ or ia called the cosecant of A. 

These six ratios are known as tho trigonometrical ratios. 
It will be shewn later that as long as the angle remains the 
sume the trigonometrical ratios remain the some. [Art. Id.] 


12. Instead of writing in full the words sine, cosine , tangent } 
cotangent, secant , cosecant , abbreviations are adopted. Thus the 
above definitions may be more conveniently expressed and 
arranged as follows : «, * ' * 


. . BC 

amA ~AB> 

A AD 
coscc A , 

a AC 

00 * A ~TB> 

. AB 

* ooA “AC’ 

. . BC 

*“ A ~sv> 

A A AC 

cotA--^. 
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In addition to these six ratios, two others, the versed sine 
and coversed sine are sometimes used ; they are writteu vers A 
and cpvers A and are thus defined : 

vers A -> 1 - cos A, covers A = 1 - sin A. 


13. In Chapter VIII. the definitions of the trigonometrical 
ratios will be extended to the case of angles of any magnitude, 
but for the present we confine our attention to the consideration 
of acute angles. 


14. Although the veibal form of the definitions of the 
trigonometrical ratios given in Art 11 may be helpful to the 
student at first, he will gain no freedom in their use until he is 
able to write down froip. the figure any ratio at sight 

In the adjoining figure^ PQlt is a 
right-angled triangle in which ^<2=13, 

/7f=5, QR= 12. 

Since PQ is tile greatest side, It is 
the right angle. The trigonometrical 
ratios of the angles P and Q may be 
written down at once ; for example, 



sin 


tan P— 


PR 5 
PQ^IZ' 
QR_ 12 
PR~ 5 ' 


cos Q= 
cosec P 


QR__ 12 

PQ~ 13’ 
PQ __ 13 
X QR 12 


15* It is important to observe that the trigonometrical ratios 
of an angle are numerical quantities. Each one of them re- 
presents the ratio of one length to another , and they must them- 
selves never be regarded as lengths. 


16. In every right-angled triangle the hypotenuse is the 
greatest side;* hence from the definitions of Art. II it will 
be seen that those ratios which have the hy|)otenuse in the 
denominator can n^ver be greater than unity, while those which 
have the hypotenuse in the numerator can never be less than 
unity. Those ratios which do not involve the hypotenuse are 
not thus restrfcted in value, for either of the two sides which 
subtend the acute angles may be the greater. Hence 

the sine and cosine of an angle can never be greater titan 1 ; 
the cosecant and secant of an angle can never be less than 1 ; 
the tangent and cotangent may have any numerical value l 
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Example 1. Draw an angle of 40°, and find by measurement its 
sine and cosine. 

With a protractor make the IPAQ 
equal to 40°. According to the definition 
we may take any point B on AP, and 
draw PC perp. to It will be conveni- 
ent to use squared paper and to choose B 
f-o that AB — 10 units. Then by measure- 
ment UC=7‘5 units, AC*= 0*0 units. 

S AB~ 10 

and cos 49°= ~~ = ~ *00- 

A U 10 

Example 2. Construct an angle whose sine is '30, and find the 
approximate value of its cosine. « 

3*0 

Since *39 = Jq • we first draw a rt-auglcd a whose hypotenuse is 

10 units and one of whose sides is 3*0. 

Hence describe a semi-circle of dia- 
meter AB, 10 units in length. With 
centre B and radius 3*0 units draw an 
arc to cut the semi-circle at C. Then 
/ ACB in the semi-circle is 00°. 

Hence ABC is a right-angled triangle, and 



Thus BAC is the required angle, 
a nits. 


Also by measurement AC= 9*2 


Example 3. Construct an angle whose tangent is 1*2 and find 
its sine and cosine. 

12 

Sinoo l*2s~,we must construct 

a right-angled triangle such that the 
ratio of the sides containing the right 
angle is 12 : 10. Hence draw AB — 10 
units and erect BC perpendicular to 
AB , and =12 units. 

Then tan^C=j! = ^=l-2. 

Henae BAC is the required angle, and 
by measurement ACss 15-6. 

Bin LAC =^-.= 77, and 
10*0 
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TRIGONOMETRICAL RATIOS 


EXAMPLES IL a. 

[Approximate results should he given to two places of decimals.] 

1. Draw on angle of 77", and find by measurement the 
value of its sine and cosine. 

2. Construct an angle of 39°, and find the value of its sine 
and cosine.* 

3. The sine of an angle is *88 ; draw the angle and find the 

value of its cosine. c 

4. Construct an angle whose cosine is *34; measure the 
angle to the nearest degree, and find its sine and tangent. 

5. Draw an angle of 42°, and find its tangent and sine. 

6. Given sec A =2*8, draw tho angle and measure it to the 
nearest degree. 

7. Construct an angle whoso sine is -G; measure tho angle 
to the nearest degree. 

8. Construct an angle from each of the following data : 

(i) tan .4 = *7; (ii) cos/?— *9; (iii) sin (7= *71. 

In each case measure the angle to the nearest degree. 

Find sin A, tan Z?, cos C. 

9. Construct an angle A such that tan .4®= 1*6. Measure the 
angle to the nearest degree, and find its sine and cosine. 

10. Construct a triangle ABC, right-angled at C , having the 
hypotenuse 10 cm. in length, and tan A = -81. Measure A U and 
tho angle A ; and find the values of sin A and cos A. 

11. Find the cosine and cosecant of on angle A whoso siiu> 
is *34. Prove that the values approximately satisfy tho relation 
sin .4 cosec *4 «1. 

12. Draw a triangle ABC having BC ** 8 cm., lABC—HT, 
l ACB=*I2°. Draw and measure the altitude, and hence find 
approximately the* values of tan 53°, cot 72°. 

13. Draw a right-angled triangle ABC from the following 

data: # 

tan A * *7, LC= 90°, h * 2*8 cm. 

Measure o and the lA. 

14. Draw the angles whose sines ore *07 and *94 on the same 
side of a common arm. Measure their difference in degrees. 
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17. I ABC be a right-angled triangle having the right 
angle at A ; then by Geometry, 

the sq. on BC 

=sum of sqq. on AC and AB, 
or, more briefly, 

BC*=AC*+AB*. 

When we use this latter mode of ex- 
pression it is understood that the 
sides AB % AC % BC are expressed in 
terms of some common unit, and the above statement may be 
regarded as a numerical relation connecting the numbers of units 
of length in the three sides of a right-angled triangle. 

It is usual to denote the numbers of unite of length in the 
sides opposite the angles A, B , C by the letters a, 6, c respectively. 
Thus in the above figure we have a* = b 2 + c 2 , so that if the lengths 
of two sides of a right-angled triangle are known, this equation 
will give the length of the third side. 



Example 1. ABC is a right-angled triangle 
of which C is the right angle; if a= 3, 6 = 4, 
find c, and also sin A and cot Jh 

Here c 2 * o 2 + = ( 3) 2 + (4 ) 2 = 9 + 16 = 25 ; 


Also 


c = 5. 
. . BC 

BC 

c°t 


3 
5 * 
3 

4 * 



Example 2. A ladder 17 ft. long is placed with its foot at a 
distance of 8 ft. from the wall of a house and just reaches a window- 
sill. Find the height of the window-sill, and the sine and tangent 
of the angle which the ladder makes with the wall. 

Let AC be the ladder, and BC the wall. ^ 

« * 

Let x be the number of feet in BC ; 
then « 2 = (17) 2 - (8)*= (17 + 8) (17 - 8) = 26 x 9 ; 

£=5x3 = 15. 


Also 


. „ AB 8 
8mC “3c- = 17 ; 


tan C: 


AB 

S BC : 


8 

15’ 



■* 6 



XI.] 


TRIGONOMETRICAL RATIOS. 


18. The following important proposition depends upon the 
well-known property of similar triangles. The student who has 
not read Proportion in Geometry should not fail to notice the 
result arrived at, oven if he is unable at this stage to understand 
the proof. 

19. To prove that the trigonometrical ratios remain unaltered 
so long as twe angle remains the same. 

Let A OP be any acute angle. In OP take any points B and 



From the triangle BOC, 


sin POA 


BC 
OB * 


from the triangle DOE, 


sin POA — 


DE 

< 55 ; 


from the triangle FOQ, sin POA — -qq . 

But the triangles BOO, DOE, FOG are equiangular ; 
• . BO_DE_FG 
• •*’ OB 01) 00 ' 


Thus the sine of the angle POA is the same whether it is 
obtained from the triangle BOC, or from the triangle DOE \ or 
from the triangle FOG. 

A similar proof holds for each of the other trigonometrical 
ratios. These ratios are therefore independent of the length of 
the revolving line and depend only on the magnitude of the angle. 



10 ELEMENTARY TRIGONOMETRY. [CHAP. 

20. If A denote any acuta angle, we have proved that all 
the trigonometrical ratios of A depend only on the magnitude of 
the angle A and not upon the lengths of the lines which bound 
the angle. It may easily bo seen that a change made in the 
7alue of A will produce a consequent change in the values of all 
the trigonometrical ratios of A. This point will be discussed 
■aore fully in Chap. IX. 

Definition. Any expression which involves a variable 
quantity x f and whose value is dependent cm that of x is colled 
a function of x. 

Hence the trigonometrical ratios may also be dofihed as 
trigonometrical / unctions \ for the present we shall chiefly em- 
ploy the term ratio, but in a later part of the subject the idea of 
ratio is gradually lost and the term function becomes more 
appropriate. 

21. The use of the principle proved in Art. 19 is well 
shown in the following example, where the trigonometrioal ratios 
oTe employed as a connecting link between the lines and angles. 

Example.. ABC is a right-angled triangle of which A is the right 
angle. JW is drawn perpendicular to BC and meets CA produced in 
D: if AB = l% d(7=16, 13(7=20, find BD and CD. 


From the right-angled tri- 



• ?£- A J 2 . 

" BO* AC' 


BD 12 • 

whence BD = 13. 


CD BC 

Ci , = 860 C - C i» 

CD 20 , __ „„ 

Tjg- m jjj ; whence CD* 26. 


The same results can be obtained by the help of Euc. vt. 6, 
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EXAMPLES. II. b. 


1* The sides AB , B C } CA of a rmht-angled triangle are 17, 
15, 8 respectively ; wiite down tlio values of sin^f, sec A, tan B, 
see />. 


2. The sides PQ, QR , HP of a right-angled triangle are 13, 
5, 12 respectively: write down the value* of cot P, cosec Q t 
cos Qy cosP. 

3. ABC is a triangle in wjiich A is a right angle; if ~ 1 f> r 
c - 20, find a, sin (7, cos U t cot C, sec C. 

4 . A BC is a triangle in which B is a right angle ; if a -- 24 y 
5=25, find c, sin C, tap A , cosec A. 

• 

5. The sides EDy EF y 1)F of a right-angled triangle are 35, 
37, 12 respectively : write down the values of sec E y sec F y cot E } 
sin F. 

v/ 6. The hypotenuse of a right-angled triangle is 15 inches, 
and one of the sides is 9 inches : find the third side and the sine, 
cosine and tangent of the angle opposite to it. 

/ 7. l'ind the hypotenuse AB o fa right-angled triangle in 
which A 0=7, /><7= 24. Write down the sine and cosine of A, 
ami show that the sum of their squares is equal to 1. 

8. A ladder 41 ft long is placed with its foot at a distance of 
9 ft. from the wall of a house and just reaches a window-sill. 
Find the height of the window-sill, and the sine and cotangent 
of the angle which the ladder makes with the ground. 

9. A ladder is 29 ft. long ; how far must its foot be placed 
from a wall so that the ladder may just reach the top of the wall 
which is 21 ft from the ground? Write down all the trigono- 
metrical ratios of the angle between the ladder and the wall. 

10. ABCD is a square ; C is joined to E, the middle point of 
AD : find all th<j trigonometrical ratios of the angle ECD. 

11. ABCD is a quadrilateral in which the diagonal AC is at 
right angles tc^ each of the sides AB, CD: if AT? *=15, AC— 36, 
AD— 85, find sin ABC y sec A 67/, cos CDA } cosec DAC. 

J 12. PQRS is a quadrilateral in which the angle PS 11 is a 
right angle. If the diagonal PH is at right angles to RQ y aud 
A/' =20, UQ-2\ y ltS= 16, find sin PHS y tan BPS, cos HPQ y 
cosec PQ1L 



CHAPTER III. 


■RELATIONS BETWEEN THE TRIGONOMETRICAL RATIOS. 


22. Reciprocal relations bet? 
(1) Let ABC be a triangle, righl 


v\ 


then 

and 


sin A: 


coaec A ■ 


BC a 
~'AB~c' 
AB _ c 
~BG~ a* 


• i , a c _ 

smA x cosec A = - x ~ = 1. 

c a 

Thus sin A and cosec A are reciprocals ; 

1 


and 


■. sin .4 = . , 

cosec A 

cosec A = . . 

sm A 



(2) Again, 

. AC b . . AB c 

cos A — = - , and sec vl — . , ; 

AB c 9 AC b 

cos A x sec A =- x £=1 : 

c b 

cos A — - . , and secJ = . . 

sec A* cosA 


(3) Also 


BC a 

* AC~ 


AC b 


tanA=~ = g, and cotA-^-L* 


tan A xcot-4=? x -=1 : 

b a 9 

tan A== — ~ , and cotA*»r— r- 
cot A tan A 
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23. To express tan A and cot A in terms of sin A and cos A. 
From the adjoining figure we have 


. BC a a 
tan A 

A C b c c 

*=sin A —cos A ; 

. sin A 

tanA = . . 

cos A 

t . AC b 6 a 

Again, cot A —-.jr* - 

BO a c c 

— cos A -r sin A ; 

. * cos A 

.'. cot A =5 .— rj 
sin A 



which is also evident from the reciprocal relation cot A = . 

1 tan 4 


Example . 


Prove that cosec A tan A = sec A . 

. „ . 1 sin A 1 

cosec A tan A = — - x - — . = 

sin A cos A cos A 


= sec A. 


24. We frequently meet with expressions which involve the 
square -and other powers of the trigonometrical ratios, such as 
(sin a) 8 , (tan A) 3 , ... It is usual to write these in the shorter 
forms sin 2 A, tan 3 A, ... 

Thus tan 2 A = (tan A) 2 = 


(sin A) 9 _ sin 2 A 
(cos A) 3 cos 2 A ' 


Examplg. Shew that sin 2 A sec A cot 2 A=cos A 

1 


sin 2 A sec A cot 3 A - 


■ sin 2 A x 7 x 

cos A 


/cosAy 
\sin A/ 
cos 8 A 


=sin 2 A x x -g-r 

cos A sm 2 A 


=cos A, 

by cancelling factors common to numerator and denominator. 
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25 . To prove that sin 2 A -r cos 3 A * 1 . 

Let BAC bo any acute angle; draw BC perpendicular to 



AC) and denote the sides of the right-angled triangle ABC by 
a, b t c. 

Jly definition, sin A = = ? ; 


and 


cos A = 


AC 

AB 


b 

c ; 


. _ a 3 £> 2 

. sin 2 A + co h- J =»-„- + -5 

C*“ c- 


«*+#* 

c 2 


c 3 

c * 3 


= 1 . 


« 


Con. sin- ■» 1 - cos 3 A , sin A ~*J\— cos 2 J ; 

cos 2 ^ = l~ sin 2 A , cos ^1 = \ft-sin 2 Z 


Example L Prove that cos 4 A - sin 4 J. = cos 3 A - gin 2 4. 
cos 4 A - sin 4 -4 = (cos 2 A + sin 2 A) (cos 2 A - sin 2 A) 
— oos-A - sinM, 

since tfie first factor Ib equal to 1. 

Example 2. Prove that cot a */l^eoePa = cos a. 
oot a ^1 - cos 2 a=cot a x sin a 
oos a 

= -r— x sin a =008 a. 
sin a 
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26. Toprovethat eeoM^l+tanM. 

With the figure of the previous article, we have 


, AB 

~AC 


c 

p 


see 2 

b 1 


P + a* 


l 4 


w — 1 4-taJi 2 ^. 


Cor. see 3 A - tan 2 A = 1, sec A — \/l +tan 2 A, 
hw*A~&pc? A - 1, tan A *= V sec 2 if - 1. 

Example. Prove that cos A J sec 2 A - 1-siu A. 

009 A ^sec *A - l = cos A x tan A 

. sin A 
= cos A x f 

003 A 

= sin A. 


27. To prove that coeec 2 .1 « 1 +cot* A 
With the figure of Art. 25, wo have 
4 AB c 
00800 A ~ '/)() ~ a ’ 


CGSCC 2 /l = 


a 2 +6 a 


a* 

6 2 

= 1+ a* 


= l+cotM. 


Con. cosec 2 *4 - cot 2 A = 1 , cosec A «= *J\ -foot 2 A t 

• cot 2 ^4 Jcoseo 2 ^ - 1, cot A — *J cosoc 2 A ~ 1. 


Example , f rove that cot 4 a - 1 = cosec 4 a - 2 coseo* a. 

cot 4 a - 1 = (cot 3 a f 1) (cot 3 a - 1) 

= cosec 3 a (cosec 3 a - 1 - 1) 

= cosec 3 a (coseo 3 a - 2) 

= oosec 4 a-2 cosec 2 a. 
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ELEMENTARY TRIGONOMETRY. 


[CHAP. 


28. 'Hie formula) proved in the last three articles are not 
independent, for they are merely different ways of expressing in 
trigonometrical symbols the property*of a right-angled triangle 
known as the Theorem of Pythagoras. 

29. It will be useful here to collect the formulae proved in 
this chapter. 


cosec 4 x sin 4 — 1, 

. 1 

cosec 4— -s — t , 
sm4* 

, • 1 

sin 4 — . 

cosec 4 

«ec4 x cos 4 ■» l, 

, 1 

aecA -^i> 

. 1 

cos 4— - j ; 
sec 4 

cot 4 x tan 4 — 1, 


tan 4-— J-r» 
* cot 4 


- IL 


III. 


tan .4 


sin 4 
""cos-4 * 


cot 4 


cos4 
sin 4 * 


sin 8 4 4-cos 8 4 — 1, 
sec 8 4 — 14 tan 2 4, 
cosec 2 4 « 1 +cot 8 4. 


Easy Identities. 

90. We shall now exemplify the use of these fundamental 
formulae in proving identities. An identity asserts that two 
expressions are always equal, and the proof of this equality is 
called “proving the identity." Some easy illustrations have 
already been given in this chapter. The general method of 
proce d ure is to choose one of the expressions given (usually 
the more complicated of the two) and to shew oy successive 
transformations that it can be made to assume the form of the 


Example L Prove that sin 2 4 cot 9 4 +cos*4 tan*4*l 

Here it will be found convenient to express all the trigonometrical 
ratios in terms of the sine and cosine. • 

Th« first dde-ainM . +oo.»J . 

moos 2 4 4 sin 2 4 


-1. 
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Example 2. Prove that sec 4 9 - sec* 9 = tan 9 9 + tan 4 9. 

The form of this identity at once suggests that we should use the 
hecutit-tangent formula of Art. 26 \ hence 

the first side = sec* 9 (Bee 9 9-1) 

- (1 + tan* 9) tan 9 9 
= tan 9 9 + tan 4 9. 

EXAMPLES. III. a. 

Provo the following identities : 

/*!. sin 4 cot 4= cos 4. 2, cos 4 tan <4 =sin4. 

3. cot A soc 9 A — coacc A. N - 4. sin A sec A =tan A . 

^5. cos A cosec A =cot A. 6. cot A sec A sin A = 1. 

, 7. (1 - cos 2 /!) cosec 3 -4 = 1. 

✓ 8. (1 -sin 2 4) sec 2 4 = 1. 

'9. cot 2 <9(1- cos 2 6) = cos 2 6. 

10. (1 - cos 2 6) sec 2 6 *= tail 2 6. 

11. tana Vi -sin 2 a =sina. 

12. cosec a V 1 - sin 2 a = cot a. 

13. (1 + tan 2 A ) cos 2 A = 1. (sec 2 -4-1) cot 2 -4 — 1. 

15. (1 - cos 2 6) ( 1 + tan 2 6) = tan 2 0. 

16. cos a cosec a V sec 2 a — 1 = 1. 

17. sin 2 4(1 + cot 2 A) = 1. ^18. (uosec 2 -4 — 1) tan 2 4 = 1. 

^9. (1 -cos 1 4) (l +cot a 4) = l. 

*20. siuuaecq Vcosoc 2 a- 1 = 1. 

• _ ... _______ 

21. cosa Vcot 2 a fl=*\/eosec 2 a— 1. 

fyL Bin* 9 cot 2 0+sin s 0«l. 

^23. (l+tan*0)(l-sin , 0)=l. 

24. sin* 0 sec* sec 8 d - 1. 

IB. 


8—2 
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Provo the following identities : 

< 1 \ 1 1 
Z6, hOL^ + cnhccU" 1 ' cosM”cotM“ ' 

Mil J cos -1 ^ a secyl _ tnnyl^ 

cosec -d + sec yt ’ cos A cot A 

30. sin 4 «- cos 4 a=2sin*n — 1 = 1 — 2 cos 8 a. 

^31i sec 4 a- 1=2 tan 2 a + tan 4 a. 

^32. cosec 4 a - 1 = 2 cot 2 u + cot 4 a. 

{33* (tan a coscc a) 2 - (&in a sec a) 2 = 1 . 

✓'34. (sec 0 cot 6) 2 - (cos 0 coscc d) 2 — 1 . 

^35. tan 2 6 - cot 2 0 — sec 2 & - cose* ,2 d 


*31. The foregoing examples have required little more than a 
direct application of the fundamental ionnuluc; wc shall now 
give some identities offering a greater variety of treatment. 


Example 1. Trove that aeo 2 A -f coaec 8 A = sec 2 A coscc 2 A . 


The first side 


JL_ 1 
cos 2 A + bin-yt 


sin 2 il + cos 2 d 
cos 2 A Bin 2 A 


_1 

cos 2 A sin 2 A 


— see" A coscc 2 A. 


Occasionally it is found convenient to prove the equality of 
the two expressions by reducing each to the same form. 

Example 2. Trove that 

sin 2 A tan A + co* 2 A cot A 4 2 ain A cos A = tan A + cot A. 

The first side = sin 2 A . - in ~ + cos* A . + 2 Bin A cos A 

cos A bin A 

_ sin 4 A + cob 4 ,4+2 sin 2 A cos 2 A 

b*n A cos A 

_ (sin 2 A + cos 3 A > 2 __ 1 

~ Bin A cos A ~ sin d cos A* 


s.nd . cosd sin 2 d+cos 2 ^ 

Tho second side» - + r = . - . 

cos^l sin A to* A Bin A 


*%in A cob A * 


Thus eaoh side of. the identity = . — 7 . 

* sin dees 4 
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ID 


Example 3. Prove that * RU 5 “ 0011 ^ r tau a cot B.\ 
tan p- cot a ^ 

The first aide = ^ tana-^ot/? 

_1__ 1 tan a - cot ^ 

cot p tan a tunacot p 
_ tan a- cot jS Una cot ,3 
1 tan a - < ot ^ 

= tanacotjS. 

The tiansformalions in the successive steps aie usually suggested 
by the foim into which we wish to btiug the iesi.lt. For instance, in 
tnis last example we might have pioved the identity by subbtituting 
for the tangent and cotangent in terms of the sine and cosine. This 
however is not the best method, for the form in which the light- hand 
side is given suggests that we should letain tan a and cot p unchanged 
throughout tho woik. 


* EXAMPLES. IH.b. 

Provo the following identities : 
sin a cofc J « 


.tec* a cot a . 

, - - = tiili n. 

coscc 2 a 


COS a tail a* 

fi. l-vcrsd-sindcotd. V "^. vcrsd.secd — seed- 1. 

<^5. sec d — tan d sin d — cos d. 

^ 6» tan d+ cot d==seodoo.secd. 

^ 7 . V 1 +cot J A . V*>ec 2 A - l « V t - sin 2 A = 1. 

v^8. (cos d + aiu d) 2 +■ (cos d - sin d) 2 = 2. 

yy. ( 1 + tan d) 2 + ( 1 - tan d) 2 ~ 2 sec 2 d. 

AO. (cot d — ] ) 2 + (cot d + 1) 2 — 2 cosec 2 d. 

'll. sin 2 J. (1 4- cot 2 . 4 ) + cos 2 A (1 +tan 2 J) — 2. 

12 . cos 2 A (sco 2 A - tan 2 J ) + sin 2 (cosec 2 A- cot 2 . 1 ) =» 1 . 

' 13 . cot 2 a -f cot 4 a — cosec 4 a - cosec 2 «. 

«, , tan 2 a 1 + cot 2 a . - 

/ 14 . v — -v 3 — = sui 2 a sec 2 a. 

l+tan*a cot 2 a 

s' 1 l 

15 . : 1- ~-r— . — = 2 sec 2 c 


I-sina l*fsina 
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Pious the following identities : 


4e. 


tana , tana 
— , 4 - —,- 7= 2 cosec a. 

seca -1 sec a 4 * 1 


17 l z — ] 

14 - sin 2 a 14 - cosec 2 a 

18. (sec d 4 * cosec d) (sin d 4 - cos d) — see d cosoe d 4 - 2 . 

19. (cos d - sin d) (cosec 3 - sec d) * sec d cosec d - 2 . 

40. ( 1 4 -cot 04-cosoc d) ( 1 4 - cot d - coscc d )= 2 cot 6. 

21. (secd 4 -tand- 1) (seed- tan 04-1) — 2 tan 3 

< 22 . (Mn^l4-coseo-<4) 2 +(cos^ 4-secii) 2 -t&n 2 J 4 + cotM 4 - 7 . 
J23. (sec 2 A 4 - tan 2 A ) (cosec 2 A 4 - cot 2 A ) = 1 4 - 2 sec 2 A cosec 2 A . 
*24. (1 -sm^ 4 -cos/l) 2 = 2 (l -sm-i) ( 1 4 -cos ^i). 


P- 


27. 


sin A (14- tan A) + cos A ( 1 4 -cot A)=bocA 4 -cosec A. 


cos 3 (tan 04- 2 ) (2 tan 3 + 1 ) *= 2 sec 3 4-5 sin C 

(tautf +!> ocO;-J±? n J. 

x 1 ~sm 3 


28. 



2 s in dcos 3 - cos 3 _ . - 

1 - sin 0 4 - sin 2 d - cos 2 0 ~ °° 


secd -1 , 9il sind -1 ^ 
cot 2 d. - 4 -scc 2 d.-— — 0 . 


' 1 4 -sin 3 


' 1 4- see d " 


f [The following examples contain functions of two angles; in each 
case the tvso angles are quite independent of each other,] 

30, tan 2 a 4- sec 2 3= sec 2 a 4- tan 2 0. 


31. 


tan a 4- cot 3 __ tan a . ^ 

“tan R‘ 


tan e -eotg cot 3 

coto ' 


cot a 4- tan 3 tan3‘ * cota-tan 3 

cot a tan 3 (tan a + cot 3)=cot a 4 * tan 3* * 

sin 2 <i cos 2 3 - cos 2 a sin 2 3 eas sin 2 a - sin 2 3. 
sec 2 a tan 2 3 - tan 2 a sec 2 3= tan 2 3- tan 2 a. 

86. (sin a cos 3 4- cos a sin 3) 2 4-(cosacos3-sin«8in3) 2 «il. 
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32. By means of the relations collected together in Art. 29, 
all the trigonometrical ratios can be expressed in terms of any 
one. • 

Example 1. Express all the trigonometrical ratios of A in terms 
of tan A, 

Wo liave’cot A = r-i- , 
tan A ’ 


see 4=^/1 + tan 2 E 


cos A — 


1 _ 1 

secA~ J f-ftan J A ’ 


, «n^ . ta nA 

muA = rCoaA = tan A cos A-—. ; 

co *' 1 JUUafiA 


coscc A 


1 __ Ji 4- tan-* A 

sm A tan A 


Obs. In writing down the ratios we choose the simplest and most 
natutal order. For instance, cot A is obtained at once by the reciprocal 
relation connecting the tangent and cotangent: sec .4 comes imme- 
diately from the tangent-secant formula; the remaining three ratios 
now readily follow. 


Example 2. Given cos A = find ooseeA and cot A. 

* i 1 1 

cosec A = — 

wnJ ,Jl- cos 2 A 




1 1 IS 

IS 


. j cos , , 

cot A = — . =cos-4 x cosec A 
sm A t 

•5 13^_5 

- IS*12~12‘ 


33. It is always possible to describe a right-angled triangle 
when two sides are given: for the third side can be found by 
Geometry, and the triangle can then be constructed practically. 
We can thus readily obtain all the trigonometrical ratios when 
one is given, or express all in terms of any one. 
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Example 1. Given cos A = — , find eosee A and cot A. 
13 


Take a right-angled ti jangle PQR , of which Q is 
the mht angle, having the hypotenuse PH =13 units, 
and PQ=5 units. 

Let QR—x units; then 

* a =(13) a (5) a = (13 + 5) (13 -5) / 

= 13x8 = 9x2x8; / 

/. .c=3x4=12. J 

/ 

so that L RPQ=A. — 

tt , ™ 13 

Hence ooseo A = ~ ^ , 

and cot A = . [Compare Art. 82, Ex. 2.] 

Example 2. Find tan A and cos A in terms of ooseo A . 

Take a triangle PQR right-angled 
at Q , and having L RPQ=A. For 
shortness, denote coseo A by c. 

Then cosec A =r = y, 

1 x 4 

. , . PR 

but ooseo A = ^ / 

Q R Xr 

. PR c fT — 1 75*7 

QR ** I * 

Let <?H be taken as the unit of measurement; 

then QR=1, and therefore PR = c. 

Let PQ contain x units ; then 

t x* =c 3 - 1, so that x = a/c* - 1. 

Hence tanA=~^= -fAj g-g — 

■P« v/c>-l Vcosec*A-l 

Md twiaga = 

PH c coseo A 
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1. 


<2. 


3. 


4. 


5. 


is 7. 


vA 


7. 


' 8 . 



j) 11 - 
Mi 

13. 

14. 


15. 


16. 


17 . 


EXAMPLES. m.c. 

On on sin find hoc A mid cotA 

A 

4 

Given tan -4 = - , find hid .1 and mwl. 

• 

Find u*td and sin 6 when seed 4 
If tmin=i, find sec it and cosoo a 

Find the sine and cotangent of an angle whose secant 

\ 

If 25 sin .4= 7, find tan.l and h tv J. 

Express sin .4 and tail A m terms of eos4L 
Express cosec a and cos a in terms of coin. 

Find sind and cotd in terms of seed. 

Express all the trigonometrical ratios of A in teuns of 


Given sin J -cos.l— 0, find cosec -l. 

If sin A s* ~ , prove that, \/ n 1 - ;a 2 . tan A = m. 

If jpeot d=V f ^ 2 -j^ J , find sind. 

When sec-l= m rt find tan J and sin-1. 
2m 

Givep tanA*^j^ s , find cosd and cosec J. 

T . 13 « ,,, , e 2sina-3cosa 

If seca=sr, find the value of - . — ^ . 

% *5 4 sin a -9 cos a 


If cofcd=^, find the value of 
7 


jpeosd-^sind 
j? cos d+</ sind' 



CHAPTER IV. 


TRIGONOMETRICAL RATIOS OF CERTAIN ANGLES. 

34. Trigonometrical Ratios of 45°. 

Let BAC be a right-angled isosceles triangle, with the right 
anglo at C; so that 11= A *-45°. 



Let each of the equal Bides contain l units, 


then 

Also 


AC=BC- l 

AB*=P+P=2l*- 9 

,\ AB=IJ2. 

. BC l 1 

am46 

... . AC l 1 

008 45 -AB-Iji-W 

l 


tan45 ‘“Je“? 


» 1 . 


The other three ratios are the reciprocals of these; thus 
coseo46*«^2, sec 45°= v /2, cot 45*«1; 
or they may be read off from the figure. 



TRIGONOMETRICAL RATIOS OP CERTAIN ANGLES. 25 

35. Trigonometrical Ratios of 60° and 30°. 

Let ABC be an equilateral triangle ; thus each of its angles 
is Gd\ 



Bisect BAC by AD meeting BC at D ; then l BA D— 30 - . 

By Euc. i. 4, the triangles ABD y ACD are equal in all re- 
spects ; therefore BD=CD y and the an glow at D are right angles. 

In the right-angled triangle ADB ) let BD ~l; then 
AB BC-21; 

AD 2 =r4l 2 -l 2 =3l-; 
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36. Tho trigonometrical ratios of 46°, 60°, 30* occur very 
frequently ; it is therefore important that the student should t>o 
able to quote readily their numerical values. Tho exercise 
which follows will furnish useful practice. 

At first it will probably be found safer to make use of the 
accompanying diagrams than to tm&t to the memory. 



Fig. 1. Fig. 2. 


Tho trigonometrical ratios of 45° can be read off from Fig. 1 ; 
those of G0° and 30° from Fig. 2. 

Example 1. Find the values of sec 3 13° and e!n 60° cot 30° tan 43°. 
sec 3 43°= (sec 45°) 3 == (>/ 2 ) W 2 x^2x V 2==2 V 2 - 

bin C0° eot 80° tan 45° = ' ^ x */3 x 1 = ? . 

z z 


Example 2. Find the value of 

2 oot 45° + cos’ 60° - 2 sin 4 60° + J tan’ 30°. 

- a *8-’+r«- 


EXAMPLES. IV. a. 

Find the numerical value of 

*1. tau s 60*+2 ton* 45°. 2. tau’45*+4cos J G0“. 

4. 2 cosec* 45° - 3 sec* 30°. A. cot 60* tan 30°+ see* 45*. 
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2 sin 30° cos 30° cot C0°. 
tan 2 45° sin GO* tan 30° tan 2 60°. 
fan 2 00° + 4 cos 2 45° + 3 soc 2 30°. 

\ coscc 2 60° + sec 2 43° — 2 cot 2 60°. 

tan 2 30° + 2 sin C0°+tiin 45° - tan 00° -t cos 2 30°. 


cot 2 45*+ cos 00° - sin 2 U0° - \ cot 2 G0°. 

3 tan 2 30° + J cos 2 30° - £ sec 2 45° - J sin 2 G0\ 
cos G0° - tan 2 45° + J tau 2 3a 1 + cos 2 30° - sin 30°. 

1 sin 2 60° — -£ sec GO 5 tan 2 30° + £ sin 2 45° tan 2 00°. 

I f tan 2 45° - cos 2 G0°- .r sin 45° cos 45° tan 00°, find .r. 
Find x from tRo equation 


.v sin 30° cos 2 45° ~ 


cot 2 30° see G 0° tan 45° 
cosec 2 46° coscc 30 u 


37. Definition. The complement of an angle is its defect 
from a right angle. 

Two angles are said to bo complementary when their sum 
is a right angle. 

Tims in everv right-angled triangle, each acute angle is the 
complement of the other. For in the figure of the nest article, 
if JJ is the right angle, the sum of A and C is 9J°. 

C'=90°-^, and .1-90°- C. 


Trigonometrical Ratios of Complementary Angles. 

38. Lot ADC bo a right-angled 
triangle, of which B is tho right angle ; 
then the anglos at A and C arc com- 
plementary, so* that C® 90° - -4. 

/. sin (90®- -4) = s*n 6 T ==^=*cos^ ; 

and cos(90°— A)® cos A . 

Similarly, it may bo proved that 
tan (90* -A)® cot A, land sec (90°- A)=»cosec A, 
cot (90° -A) « tan A ; j cosec (90*-^)= sec A. 
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39. If we define the co-sine, co-tangent, co-secant, os the 
co-functions of the angle, the foregoing results may be embodied 
ui a single statement : * _ 

each function of an angle is equal to the corresponding co function 
of its complement . 

As an illustration of this wo may refer to Art. 35, from 
which it will be seen that , 

sin 60* = cos 30° -= ; 

2 

sin 30° = cos 00° — ? ; 

2 

tan 60° cot 30° — ^3. 

Example I. Find a value of 4 when cos 24 - sin 34. 

Since oos 24 = sin (90° - 24), 

the equation beeomes sin (90° - 24) = sin 34 ; 

/. 90° -24 =34; 
whenee 4 = 18°. 

Thus one value of 4 which satisfies the equation is 4 = 18°. In a 
lat* r chapter we shall be able to solve the equation more completely, 
and shew that there are other values of 4 which satisfy it. 

Example 2. Prove that sec 4 sec (90° - 4) = tan 4 + tan (90° - 4 ). 

Here it will be found easier to begin with the expression *on the 
right side of the identity. 

The second side = tan 4 + cot 4 

_ sin 4 cos 4 _ sin* 4 + cos 8 4 
"~cos4 + sin4“ cos 4 sin 4 
1 

cos 4 sin 4 

~ sec 4'0osec 4 = sec 4 sec (90° - 4). 

EXAMPLES. IV. b. 

Find the complements of the following angles ; 

L 67°3<y. 2. 25° 30". 3. 10" 1'3". 

4. 45°-4. 5. 45°+j B. 6. 30 f-A 
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7. In a triangle C is 50° and A is the complement of 10° : 
find B. 

8. • In a triangle A is the complement of 40° ; and B is the 
complement of 20° ; find <7. 

Find a value of A in each of the following equations : 

sin A — cos 4A. 10. cos 3d ==sin 7 A. 

11. *tand=cot3d. 12. cofd — tond. 

13. cotd=tan2d. 14. soo5d~cosecd. 


Piove the following identities : 

15. sin (90° -d) cot (90° -d)*= sin A. 

16. sin A tan (90° <- A ) sec (90° - A ) =cot A . 

17. cos A tan A tan (90° -A) cosec (90° - A) - 1. 

18. sin A cos (90° - A) + cos A sin (90° - A ) = 1. 

19. cos (90® - A ) cosec (90° - A ) = tan A . 


20. cosec 2 (90° - A ) = 1 + bin 2 A cosec 2 (90* -A). 

21. sin A cot A cot (90° - A ) sec (90° - A ) = 1. 

^2. sec (90° - A) - cot A cos (90° - A) tun (90° - A) «sin A . 


tun* A sec 2 (90* -A)- bin 2 A cosec 2 (90° -d)=l. 
tan (90° -d) + cot (90* ~d) — cosec A cosoc (90* - A). 
sin (9 0° - A ) tan (90° - _d) __ 
sec (90° -d) ' cos A ~ C ° d * • 
cosec 2 A tan* A cot A 


cot (90° - A) ’ sec 2 -4 


ssoc 2 (90*- A)- 1. 


cot (90° -d) sec A cot 3 A — n-j-— 

k CO m»lT • «n Vtan 


3Q8 2 (90*- d) 


• versd 


^=l-fsin (90°-d). 


If # sin (90° -d) cot (90*-d)=cos (90* -d), finder. 
Find the value of x which will satisfy 

seed cosec (90° - d ) - .r cot (90* - d) =* 1. 
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Th$ Use of Tables. 


[chap. 


39a. Tables liavo been constructed giving the numerical 
values of the trigonometrical ratios of all angles between 9° and 
90° at suitable intervals. These are called the Tables of natural 
sines, cosines, tangents, .... I n Fo ur- Figure Tables the interval 
is usually one-tenth of a degree, or 6 minutes. When the number 
of minutes in an angle is not an exact multiple of 6, the differ- 
ences in the trigonometrical ratios corresponding to 1, 2, 3, 4, 5 
minutes are given in the difference columns printed at the right 
hand of the Tables [see page 37ft]. The way in which these 
differences are used will bo explained by examples. We shall 
assume the properties established in Chap. IX, viz. that as the 
angle increases from 0° to 90° the sine, secant, and tangent 
increase , while the cosine, cotangent, and cosecant decrease . 

Example 1. Find the sine of (i) 35° 18' ; (ii) 31'. 

The following extract is from the Table of bines on page 378. 


■ 


B 






42* 

48' 

51' 

1' 2' 3' 

4' 6' 

s 


H 




6807 

6821 

6833 

6830 

6SG4 

2 5 7 

10 12 


The above details are sufficient to give the sines of all angles 
between 35° and 36°, but it must be remembered that the a allies are 
fractions, given decimally to four figures, the decimal point being 
omitted. 

(i) Under the column headed 18' wo find the digits 5779. Tie- 
fixing the decimal point we have 

v sin 35° 18' =-5779. 

(ii) Here the angle exceeds 35° 18' by 3'. The Table gives the 
digit 7 in the column headed S'. Bearing in mind that all the woik 
is being carried to 4 places of decimals, thin digit really represents 
a difference of 7 ten-thouxandths , or *0007. Similaily the differences 
for 4', 5' must be taken as *0010 and *0012 respettively. „ 

The work stands as follows : 

From the Table sin 35° 18' = *5779 

diff. for 3' = *0007 

.*. , by addition , sin 35° 21' = *6786 

The ciphers are usually omitted in writing down the differences. 
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b xampU 2. Find the value of cos 2G° 28'. 



O' 

% 

6' 

ir 

18' 

B4' 

SO' 



□ 



m 

26* 

8988 

8980 

8973 

8965 

8957 




□ 

8918 

H 



Here the angle is greater tlwn 26° 24' by 4', therefore the cosine 
will be proportionally less than that of 26° 24'. 

cos 26° 24'= ‘8957 
difl. for 4' 5 

• , by subtraction, cos 26° 28' = -8952 
Example 3. Find 9 from the equation tan 0=1G6GG. 

We must here loofc in the Tablo of tangents (page 383) for the 
angle whose tangent is neaiest in value to l‘G6G6 and less than it. 
We shall find 



O' 

O' 

1ST 

13' 

2V 


30' 

42' 

4S' 

51' 

1 V .V 

4' 5’ 

59° 

1 664.3 

6709 

6775 

6812 

0909 

0977 

70 tt 

7113 

7182 

7251 

11 21 .34 

45 50 


Un0=l*CG6G 
tan59°=K>643 
by subtraction, diff. = 23 

Thus 9 is greater than 59 u by a number of minutes corresponding 
to the difference 23. 

From the Table, difference for 2' =23, 

* 0=59° 2'. 

EXAMPLES. IV. c. 

Find from thtf Tables the values of tli3"foUowmg Tngonometrical 
ration : 

I. sin 24° 42'. 2. sin 21° 47'. S. sin3G°19'. 

4 . cos &° 16'. 5 . ''os 00° 50'. 6 . cos 48" 20'. 

7. tan 45° 18;. 8 ti *47° 25'. 9. tanCl°3'. 

Find to the nearest minute the angles given by the following 
equations : 

10. sin A = *8839 11. sin ^ = *4434. yk. cos 0= *3221. 

13. cos 0= *8006. 14. tan J = 1*2450. / IB. tan /l = *5711. 

h e.e.T. n 
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Easy Trigonometrical Equations. 

40. We shall now give somo examples in trigonometrical 
equations. • 

Example 1. Find a value of A which satisfies the equation 
4 cos .4 = 3 sec .4. 

' By expressing the secant in terms of the cosine, we have 

. ^ 3 
4 cos A-~ — , v 
cos A 

4 cob 8 .4=3, 

cos A= ± . 

z 


or 


cos A = 


cos A- 


_V 3 


o * 


( 1 ). 

( 2 ). 


Since cos 30° = , wo see from (1) that .1 = 30°. 
2 


The student will bo able to umlei stand tho meaning of the nega 
tive result in (2) after he has read Chap. VIII. 


Exaviple 2. Solve 3 sec 8 0 = 8 tan 0-2. 

Since sec 8 0 = 1 + tan 8 0, 

we have 3 (1 + tan 8 0) = 8 tan 0-2, 

or 3tan 8 0- 8 tan 0 + 5.=-O. 

This is a quadratic equation in which tan 0 is the unknown 
quantity, and it may be solved by any of the ruleB for sojving quad* 
tatic equations. 

Thus (tan 0 - 1) (3 tan 0 - 5) = 0, 


therefore either tan 0-1 = 0 (1), 

or 3 tan 0-6 = 0 * (2). 

From (1), tan 0=1, so that 0=45°. 


Prom (2), tan 0=5= 1-6666= tan 60 ° V [see Ex. 8, p. 20.], 

9 

.\ 0=45°, or 59° 2'. 

41. When an equation involves more than two functions, 
it will usually be best to express each function in terms of the 
sine and cosine. 
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Example. Solve 3 tan $ + cot 0 s= 5 cosec 0. 


We have 


therefore either 
or 


3 sin $ cos$ _ 5 
cos $ + sin B ~ sin B * 

3 sin a 0 + cqs 9 0 = 5cos d , 
3(1- cos 2 0) + cos 3 0 = o cos 0, 
2cos 2 0 + 6cos0-3=O, 

(2 cos0- 1) (cos 0 + 3) = 0; 

2cos0-l = O 

cos 0 + 3 = 0 


a). 

,( 2 ). 


From (1), cos 0=n » bo that 0 = 60°. ' 

From (2), cos 0= - 3, a result which must be rejected as impossible, 
because the numerical value of the cosine of an angle can never be 
greater than unity, [kit. lG.^ 


EXAMPLES. IV. d. 


Find ft solution of each of the following equations. 

( Tables must be used for Examples marked mth an asterisk .} 


\ 

2 sin 6 = cosec 6. 

2. 

tan 0=3 cot 0. 

3. 

sec 0 = 4 cos 6. 

4. 

sec 0 - cosec 0=0. 

5. 

4 sin 0= 3 cosec 6. 

6. 

cosec 2 0 = 4. 

7. 

»J2 cos 6 = cot 6. 

8. 

tan 0 = 2 sin 0. 

9.. 

sec 2 6 =-= 2 tau 2 6. 

10. 

coscc 2 0=4 cot 2 0. 

11. 

sec 2 0 = 3 tan 2 0- 1. 

12. 

sec 2 0 + tan 2 0=7. 

13. 

cot 2 0+ cosec 2 0 = 3. 

14. 

2 (cos 2 0 - sin 2 0) = 1 

15. 

2 cos 2 0 + 4 sin 2 0 = 3. 

16. 

6 cos 2 0 = l + cos0. 

17. 

4 sin 0=12 sin 2 0- 1. 

18. 

2 sin 2 0=3 cos 0. 

19. 

tan 0=4-3 cot 0. 



20. 

cos 2 0 — sin 2 0 = 2 — 5 cos 0. 



21. 

coif 0 + tan ^= 2 sec 0. 

22. 

4 cosec 0 + 2 sin 0=9. 

23. 

tan 0 - pot 0 = cosec 0. 

24. 

2 008 0 + 2^/2 = 3860 0. 

25. 

2 sin 0 tan 0 + l=tan0+2 sin 0. 


26. 

6 tan 0-5^3 sec 0+ 12 cot 0=0. 

*27. 

5 tan 0+6 cot 0=11. 

*28. 

sec 2 0+ tan 2 0=3 tan 0. 


* 3—2 
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MISCELLANEOUS EXAMPLES. A. 

1. Express as the decimal of a right angle 

(1) 23* 37‘ 6‘4 1 ; (2) 03° 21' 36". 

2. Shew that 

sin A cos A tan A 4-cos A sin A cot A =JL. 

3. A ladder 29 ft. long just reaches a window at a height of 
21 ft. from the ground : find the cosine and cosecant of the angle 
made by the ladder with the ground. 

17 

4. If cosec -d =s: 16 > find tan A and sec A. 

*^5. Shew that cosec 2 A - cot A cos A coffee A -1*0. 


6. Reduce to sexagesimal measure 

(1) 17* 18' 75" ; (2) -0003 of a right angle. 

7. ABC is a triangle in which B is a right angle ; if t*=9, 
a — 40, find b 9 cot A , sec A , sec C. 

8. Which of tho following statements are possible and which 
impossible 1 

(1) 4 sin 0=1; (2) 2 sec 0=1; (3) 7 tan 0=4(1 

9. Prove that cos 0 vers 0 (sec 04-1)* sin 2 0. 

10. Express sec a and coscca in terms of cot a. 


11. Find the numerical value of % 

3 Ua* 30* + 7 sec 60* + 5 cot* 46* — f sin* 00?. 

4 o 

7)1 

12. If tan«= — , find sin a and sec a. 

n 

13. If m sexagesimal minutes are equivalent to n centesimal 
minutes, prove that 
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.4 

14* If Jain -4=^, prove that tan A 4-sec -4=3, when A is an 
acute angle. 

15. Shew that 

cot (90° — A) cot A cos (90® - -4) tan (90° - .4)= cos -4. 


16. PQR is a triangle in which P is a right angle; if 
PQ- 21, iV£=20, find tan Q and cosec y. 

17. Shew that (tan a - cot a) sin a cos a = 1 - 2 cos 2 a. 

18. Find a valucof 0 which satisfies the equation 

sec 60 -cosec 30. 

19. Prove that 

tan 2 60' - 2 tan 8 45' = cot 2 30° - 2 ain- 30' - ? cosec 2 45'. 

•* 

20. Solve the equations : 

(1) 3sin0 = 2cos 2 0; (2) 5 tan 0- sec-’ 0=3. 


^21. • Prove that 142 sec 2 A tan 2 . 1 - sev 4 A - tan 4 A = 0. 

22. In the equation 

6 sin 2 0-11 sin 0+ t— n, 

shew that one value of 0 is impossible, and find the other value. 

23. In a triangle ABC right-angled at C 7 prove that 

* c s 

tan -4 4- tan 2?=^. 

24. If eot A = c, *shew that c 4 c " ] 1 = sec -4 cosoc A. 

25. Solve the equation 

3sin 2 045sin0=2. 




CHAPTER V. 


SOLUTION OF BIGHT-ANGLED TB [ANGLES. 


42. Every triangle has six parts , namely, three sides and 
three angles. In Trigonometry it is 
usual to denote the three angles by the 
capital letters A, By C, and the lengths 
of the sides respectively opposite to 
these angles by the letters a, b, c. It 
must be understood that a, 6, c are 
numerical quantities expressing tho 
number of units of longtli contained in 
the three sides. 



43. "We know from Geometry that it is always possible to 
construct a triangle when any three parts are given, provided that 
one at least of the parts is a side. Similarly, if tho values of 
suitable parts of a triangle be given, we can by Trigonometry 
find tho remaining parts. The process by which this is # effected 
is called the Solution of the triangle. 

The general solution of triangles will be discussed at a later 
stage ; in this chapter we shall confine our attention to right- 
angled triangles. 

44. From Geometry, we know that when a triangle is right- 
angled, if any two sides are given the third can be found. Thus 
in the figure of the next article, where ABC is a triangle right- 
angled at Ay we have a a =6 2 +c 2 ; whence i{ any two of tho three 
quantities a, b, c are given, the third may be deterufined. 

Again, the two acute angles are complementary, so that if one 
is given the other is also known. * 

Hence in the solution of right-angled triangles there are 
really only two cases to be considered : 

I. when any two sides are given ; 

II. when one side and one acute angle are given. 
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45. Case L To solve a right-angled triangle x nhen two sides 
are given . 

hel*ABC be a right-angled triangle, of which A is the right 
angle, and suppose that any two sides are given ; 



then the third siflo may bo found from tho equation 
a 2 =b 2 +c 2 . 

Also 

cos C=- , ami £=90° - 0; 
a 

whence C and B may l»e obtained. 

Example, Gi\en B = 00°, a — 20, b- 10, solve tho triangle. 
Here c 2 =& 3 -a 2 

= 1600 - 400 =s 1200 ; 

<*=20^/3. 

■ * . . a 20 1 

Also ^ Em — j) = 4Q~ 2’ 

/. A=r30°. 

And C = 90° -A= 90° - 30° = 60°. 



The solution of a trigonometrical problem may often bo obtained 
in more than ono way. Here the triangle can bo solved without 
using the geometrical property of a right-angled triangle. 

Another solution may be given as follows : 


And 

Also 


, (i 20 1 

c=co°. 

A = 90° - C = 90° - 60° = 30°. 


7^=008 A = 008 30° = 


40 


_n/ 3 . 


0=20^3- 
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46. Case II. To solve a right-angled triangle when one 
side and one acute angle are given . * 

Let ABO be a right-angled triangle • J * 

of which A is the right angle, and 
suppose one side b and one acute 

angle G are given ; then ay c 


B=W-C, j=sec O t g=tan 0\ y^ * ^ 

whence B, a , c may bo determined. 

Example 1. Given E=9 0°, A =30°, r = j, bolve the triangle. 

We have C=90° -^=90°~ 30°= 60°. 

a A 

Also ? =tan30°; j 

o / 

.*. a— 5 tan 30 

v* / 

__ _jL y ® \fp b/ c*5 

-*/» V3” 3 • 7 

& / 

Again, ^ = sec 30°; / 

C « B 

Note. The student should observe that in each case we write 
down a ratio which connects the side we are finding with that whose 
value is given, and a knowledge of the ratios of the giv€n angle 
enables us to complete the solution. 

Example 2. If C=90°, B = 25° 43', and c=100, solve the triangle 
by means of Mathematical Tables. 

Here A = 90° - B a 

= 90° - 25° 43'= G4° 17'. . 

Now = cos B ; * 

a „ ^x^25 # 43 , * 

that is, j^=cob 25° 43' ; g — 1 a C 

.*. a=100cos25°43' 

= 100 x -9010=90*12, from the Tables. 

~=tan£, or 6=a tan B i 
a 

6=90*12 x tan 25° 43' =90 12 x *4817 =43-40. 


Also 
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EXAMPLES. V. a. 

(Taffies must be used for Examples marked with an astei'isk.) 
Solve the triangles in which the following parts are given : 


1. 

A 

=90°, 

o=4, 6=2 s /3. 

2. 

Ci 

II 

Ci 

C- 

II 

.12, 

J3= 

= 90°. 

3. 

c . 

=90°, 

6 = 12, 0=4^3. 

4. 

a=C0, 6 

=30, .4 

= 90°. 

5 . 

a : 

= 20, 

e=20, 8= 90°. 

6 . 

i* 

a=- 5^3, 

6 = 

15, 

(7=90°. 

7. 

b*=r— 2 

!, A =90°. 

C 8. 

2c=6=C 

a /3, 

.8=90°. 

9. 

a 

=90“, 

</ = 9\/3, A — 30 

\ * 10 . 

-4 =90", 

/?= 

25°, 

a=4. 

*11. 

A 

=54°, 

, c=8 v C=90°. 

*12. 

.4 = 27°, 

C7= 

63°, 

6=6. 

*13. 

B 

= 90°, 

0=37°, 6=100. 

^ 14. 

A = 30°, B 

=60°, 6 

= 20 x '3. 

15. 

B 

= G Y = 

45°, c= 4. 

16. 

2Zi=G T = 

60“, 

a= 

= 8. 

17. 


If C- 

=90°, cot 4 = 07, 

6=49, 

find a. 




J 18. 


If C - = 

= 90°, yt=38° 19’, 

c=50, 

find a; 




given 



«in 38° 

19'= *62. 




*19. 


If a =100. 8=90°, 0-40* fil 1 

find c. 





* 20 . If 6=200, A =90°, (7=78° 12', find a to the nearest 
integer. 

\J 21. If #=90°, A =■ 36°, c= 100, solve the triangle ; 
given * tan 36 = *73, sec 36° = 1 "24. 

22 . If A = 90°, c = 37, a = 100, solve the triangle ; 
given sin 21° 43' = *37, cos 21° 43' = *93. 

* 23 . If -1 » 90°, B = 39° 24', b = 25, solve the triangle. 

♦ 24 . If (7=*90°, a =225, 6=272, solve the triangle. 

* 25 . If (7=90°, 6=22*75, c=25, solve the triangle. 

9 

47 . It* will be found that all the varieties of the solution of 
right-angled triangles which can arise are either included in the 
two cases of A^ts. 45 and 46, or in some modification of them. 
Sometimes the solution of a problem may be obtained by 
solving two right-angled triangles. The two examples we give as 
illustrations will in various forms be frequently met with in 
subsequent chapters. 
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Example l. In the triangle ABC, the angles A and B are equal to 
80° and 135° respectively, and the side AB is 300 feet; find the length 
of the perpendicular from C upon AB produced. 

Draw CD perpendicular to AB * (J 

produced, ana let CD=x. 

Then zCBD= 180° -185° =45°; // j 

i BD = CD=x. 

Now in the right-angled tri- y/ / [ 

angle ADC t / ! 

-^=tani)2tC=tana0 o ; X ^ T oV B fr 


uuu is, — — = — ; 

*+ioo ^s* 

*^/ 8 =* + 100 ; 

*(^3-1) = 100, 

100 _100U/* + l) 

a; = 50x2-732. 

ThuB the distance required is 136*6 feet. 

Example 2. In the triangle ABC t a =9*6 cm., c=5-4 cm., 2? =37°. 
Find the perpendicular from A on BC , and hence find il and C to the 
nearest degree. 

In the right-angled triangle ABD, 

■^~=: cos .4132)= cos 37°; £ 

Jo/i \ 

BD=BA cob 37° 

== 5-4 x -7986 (from the Tables) /g/ q 

=4-31 cm. ~a Q 

AD 

Also -^=sin 4BD = sin 37°; 

.-. AD=sAB sin 37°= 5*4 x *6018 (from the Tablbs) 

=3-25 cm. 

But CD = DC - DD = 9-6 - 4-31 = 5-29 cm/; 

.*. from the right-angled triangle ACD , 

tan^CD=^«g». 6 14 4. 
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Bat from the Tables, 

tan 31°= *6009, tan 32° =*6249; 

• /. l 4(7Z>= 32°, to the nearest degree, 

and L BACs: 180° - 37° - 32° = 111 0 . 

Thus 40=3*25 cm., / 4 = 111°, zC7=32°. 

EXAMPLES. V.b. 

^ Tables must be used for Examples marked with an asterisk .) 

1. ABC is a triangle, and BD is perpendicular to AC pro- 
duced : find BD, gi^en ' 

4=30°, (7=120°, 4(7=20. 

2. If BD is perpendicular to the base AO of a triangle ABC \ 
find a and c, given 

A =30°, C=45°, 55= 10. 


3. In the triangle ABC , AD is drawn perpendicular to BC 
making BD equal to 15 ft. : find the lengths of 45, AG, and AD, 
given that B and C are equal to 30° and 60° respectively. 

/ 4 . In a right-angled triangle PQR, find the segments of the 
hypotenuse PR made by the perpendicular from Q; given 

QR=8, l §55=60°, lQPR= 30°. 

*5. If PQ is drawn perpendicular to the straight line QRS, 
find RS, given 5§=36, l RPQ~3&% l SPQ*=58 0 . 

♦6. If PQ is drawn perpendicular to the straight line QRS, 
find AS; given 5§=20, lPRS= 135°, lPSR= 25°. 

7. In the ’triangle ABC, the angles B and C are equal to 45* 
and 120° respectively; if a =40, find the length of the perpen- 
dicular from 4 on BC produced. 

*8. If CD is drawn perpendicular to the straight line DBA, 
find DC and BD, given 

45=41-24, L CBD=45°, L <745=35° 18'. 

*9. In a triangle ABC, 45=20, 5(7=33, l 5= 42®, find the 
perpendicular from A on BC, and the angle & 



CHAPTER VI. 


EASY PROBLEMS. 

48. The principles explained in the previous chapters may 
now bo applied to the solution of problems in heights and 
distances. It will be assumed that by the use of suitable 
instruments the necessary lines and angles can be measured 

with sufficient accuracy for the purj>oses required. 

After the practice afforded hy the examples in the last 
chapter, the student should be able to write down at once any 
ride of a right-angled triangle in terms of another through the 
medium of the functions of cither acute angle. In the present 
and subsequent chapters it is of great importance to acquire 
readiness in this respect. 

For instance, from the adjoining figure, we have 



txasc&in.i, a=ccosI?, cot 2?, 

tanyl, ceased?, 6=a tan .5. 

These relations are not to be committed to memory but in 
each case should be read off from the figure. There are several 
other similar relations connecting the parts of the above triangle, 
and the student should practise himself in obtaining them 
quickly. 
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ExampU. Q t JR, T are three points in a straight line, and TP is 
drawn perpendicular to QT. If PT=a, iPQT^p, iPRT^p, 
express the lengths of all the lines of the figure in terms of a and p. 



:. % lQPR=2p-p=p= zPQRi 
QR=PR. 

In the right-angled triangle PUT, 

PR — a cosec 2/3; 

VJ2 = aco-eo2/9. 

Also TR =* a cot 2/9. 

Lastly, in the right-angled triangle PQ1\ 

QT=a cot /S, 
PQ^acoseop. 


49. Aisles of elevation and depression. Lot OP be a. 

horizontal lino in the same vertical plane as an object <?, and let 
OQ bo joined. 



In Pig. 1, where the object Q is above the horizontal line OP , 
the angle POQ^is called tho angle of elevation of the object Q i 
as soon from the point 0. 

In Pig. 2, where the object Q is below the horizontal line OP, 
the angle POQ is called the angle of depression of the object 4 
as seen from the point 0 . 
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Example I. A flagstaff stands on a horizontal 

S lane, and from a point on the groand at a 
'stance of 80 ft. its angle of elevation is 60°: And 
its height. 

Let AB be the flagstaff, C the point 
o! observation; then 

AB = BC tan 60° = 30 
=30x1-732 = 51-96. 

Thus the height is 51*96 ft. 


[chap* 

A 



EXAMPLES. VI. a. 

j [For Examples in the use of Tables tee pays 48 A .] 

1. The angle of elevation of the top of a chimney at a 
distance of 300 feet is 30° : find its height. 

2. From a ship’s masthead 100 feet high the angle of 
depression of a boat is observed to be 30°: find its distance 
from the ship. 

3. Find the angle of elevation of the sun when the shadow 
of a pole 6 feet high is 2^/3 feet long. 

4. At a distance of 86 *6 feet from the foot of a tower the angle 

of elevation of the top is 30°. Find the height of the tower and 
the observer’s distance from the top. , 

5. A ladder 45 feet long just reaches the top of a wall. If 
the ladder makes an angle of 60° with the wall, find the height 
of the wall, and the distance of the foot of the ladder from the 
wall. 

^ 6. Two masts are 60 feet and 40 feet high* and the line 
joining their tops makes an angle of 33° 41' with the horizon : 
find their distance apart, given cot 33° 41' — 1 -5. 

' i 

7. Find the distance of the observer from the t6p of a cliff 

which is 132 yards high, given that the angle of elevation is 
41* 18', and that sin 41° 18'» ‘6C. • 

8. One chimney is 30 yards higher than another. A person 
standing at a distance of 100 yards from the lower observes jbheir 
tops to be in a line inclined at an angle of 97° 2' to the horizon : 
find their heights, given tan 27* 2'« *51. 



BAST PROBLEMS. 


43 


VL] 

Example II. From the foot of a tower the angle of elevation of 
tile top of a column is 60°, and from the top of the tower, which ia 
60 ft. high, the angle of elevation is 30°: find the height of the 
column. 

Let AB denote the column and CD the tower; draw CJS parallel 
to DB. 

Let AB=x\ 

then ,AE=:AB -BE—x-oO. 

Let DB=CE = y. 

From the right angled tiiangle AL)B, 

y—x cot 60°= - r - . 

\J A 

From the right-angled triangle A CE, 
y = (x - 50)cot 30° = n /3 (x - 50). 

••• -l=V3(x-50). 
x = 3 ( j - 50) ; 

whence a; = 76. 

Thus the column is 75 ft. high. 

^^9. The angle of elevation of the top of a tower is 30° ; on 
walking 100 yards nearer the elevation is found to be 60° : find 
the height of the tower. 

f 10. A flagstaff stands upon the top of a building; at a 
distance of 40 feet the angles of elevation of the tops of the 
flagstaff and building are 60° and 30°: find the length of the 
flagstaff. 

f 11. The angles of elevation of a spire at two places due east 
of it and 200 feet apart are 45° and 30° : find the height of the 
Bpire. 

^ ' 12. From the foot of a post the elevation of the top of a 
steeple is 45\ and from the top of the post, which is 30 feet 
high, the elevation is 30°; find the height and distance of the 

• 

The height of a hill is 3300 feet above the level of a 
horizontal plane. From a point A on this plane the angular 
elevation of the top of the hill is 60°. A balloon rises from A 
and ascends vertically upwards at a uniform rate ; after 5 min- 
utes the angular elevation of the top of the hill to an observer in 
the balloon is 30 Q : find the .rate of the balloon’s ascent in miles 
per hour. 





44 


ILEMJSNTARY TRIGONOMETRY. 


[CHAP. 


Example III, From the top of a cliff 150 ft. high the angles of 
depression of two boats which are due South of the observer are 15° 
and 75°: find their distance apart, having given 

ootl6°=2+ % /3 and cot 75°= 2-^/3. , 



Let OA represent the cliff, B and C the boats. Let OP be a 
horizontal line through O ; then 

L POC ss 15° and lPOB=1&\ 

.*. L OCA =15° and l OBA = 75°. 

Let CB—x, Alt=y) then CA-=x + y. 

From the right-angled triangle OBA t 

y = 150 cot 75°= 150 (2 - ^3) = 300 - 150 ^3. 

From the right-angled triangle OCA t 

x+y = 150 cot 15°= 150 (2+ J3) = 300 + 150 */3. 

By subtraction, x = 300 JZ = 519*6. 

j Thus the distance between the boats is 519*6 ft. 

14. From the top of a monument 100 feet high, the angles 
of depression of two objects on the ground due west of the 
monument are 45° and 30°: find the distance between them. 

15. The angles of depression of the top and foot of a tower 
seen from a monument 96 feet high are 30* and 60°: find the 
height of the tower. 

16. From the top of a cliff 150 feet liigh the anglos of 
depression of two boats at sea, each due north o$ the observer, 
are 30° and 15° : how far are the boats apart ? 

17. From the top of a hill the angles of depression of two 

cousecutivo milestones on a level road running due &uth from 
the observer are 45® and 22° respectively. If cot 22® » 2*475 find 
the height of the hill in yards. * 

y 18. From the toj> of a lighthouse 80 yards above the horizon 
the angles of depression of two rocks due west of the observer 
are 75° and 15®: find their distance apart, given cot 75° « *268 
and cot 15® « 3*732. 
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50. Trigonometrical Problems sometimes require a know- 
ledge of the Points of the Mariner’s Compass, which we shall 
now explain. 



In the above figure, it will be seen that 32 points are taken 
at equdl distances on the circumference of a circle, so that the 
arc between any two consecutive points subtends at the centre 
of the circle an angle equal to that is to ll£\ 

The points North, South, East, West are called the Cardinal 
Points, and with reference to them the other points receive their 
names. The student will have no difficulty in learning these 
if ho will carefully uotice the arrangement in any one of the 
principal quadrants. 

V . • 

J 51. Sometimes a slightly different notation is used; thus 
N. ll£° E. means a direction 111° east of north, and is therefore 
the same as N. by E. Again SaV. by S. is 3 points from south 
and may be expressed by S. 332° W., or since it is 5 points from 
west it can also be expressed oy W. 56}° S. In each of these 
cases it will be seen that the angular measurement is made from 
the direction which is first mentioned. 
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52. The angle between the directions of any two points is 
obtained by multiplying 11 by the number of intervals between 
the points. Thus between S. by W. and W.S.W. there are 5 
intervals and the angle is 56 between N.E. by E. and S.E. 
there are 7 intervals aud the angle is 78 j°. 

r 53. If B lies in a certain direction with respect to A , it is 
said to bear in that direction from A ; thus Birmingham bears 
N.W. of London, and from Birmingham the bearing of London 
is S.E. 

Example 1. From a lighthouse L two ships A and B are observed 
in directions S. W. and 15° East of South respectively. At the same 
time B is observed from A in a S.E, direction. If LA is 4 miles find 
the distance between the ships. 

Draw LS f due South; then from 
the bearings of the two ships, 

lALS' = 45°, L BLS' = 15°, 
so that L AMI =60°. 

Through A draw a line J VS pointing 
North and South ; then 

lNAL=l ALS'=4o°, 
and / BAS= 45°, since B bears S.E. 
from A ; 

hence z BA L= 180° -45° -45° =90°. 

In the right-angled triangle A BL, 

AB=AL fan ALB =4 tan C0° 

=4^/3=0*928. 

Thus the distance between the ships 
is 6*928 mileB. 



Example 2. At 9a.m. a ship which is sailing in a direction 
E. 87° S. at the rate of 8 miles an hour observes a fort in a direction 
68° North of East. At 11 a.m. the fort is obselved to be^r N. 20° W.: 
find the distance of the fort from the ship at each observation. 

Let A and C be the first and second positions of the ship; B the 
fort. 

Through A draw lines towards the cardinal points of the compass* 
From the observations made 

ZE4C=87°, Z FAB =58°, so that zBAC= 90°. 
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Through C draw CN' towards the North; then iBCN' ss20°, for 
the bearing of the fort from C is N. 20° W. 



Also iACN'~ i CA S = 90° - 37° — 53° ; 

.*. IACB= l ACX' - l IJCW' — 53° - 20°-33°. 

In the right-angled triangle ACB, 

AB—A C tan ACB = 10 tan 33° = 1G x *6494, from the Tables ; 

- 10*3904. 

Again 

BC=AC Bee ACB=zW sec 33° = 1G x 1-192 1=19*0784. 
Thus the distances are 10*39 and 19*08 miles nearly. 


EXAMPLES. VI. b. 

[Faf Examples to be solved by the use of Tables see page 48 A .) 

' I. A persqn walking due E. observes two objects both in the 
N.E. direction. After walking 800 yards one of the objects is 
due N. of him, and the other lies N.W. : how far was he from 
the object^ at first ?• 

2. Sailing duo E. I observe two ships lying at anchor due S. ; 
after sailing 3 “miles the ships bear 60° and 30° S. of W. ; how 
far are they now distant from me % 

3. Two vessels leave harbour at noon in directions W. 28* S. 
and E. 62° S. at the rates 10 and 10£ miles per hour respectively. 
Find their distance apart at 2 p.m. 


i — 2 
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4. A lighthouse facing N. sends out a fan-shaped beam 
extending from N.E, to N?W. A steamer sailing due W. first 
secs the light when 5 miles away from the lighthouse and 
continues to see it for 30 ^2 minutes. What is the speed of the 
steamer? 

5. A ship sailing due S. observes two lighthouses in a line 
exactly W. After sailing 10 miles they are resi>pctivcly N.W. 
and W.N.W. ; find their distances from the position of the ship 
at the first observation. 

' 6. Two vessels sail from port in directions N. 35° W. and 

S. 66* W. at the rates of 8 and 8«/3 miles per hour resjiectively. 
Find their distance apart at the end of an hour, and the bearing 
of the second vessel as observed from the first. 

7. A vessel sailing S.S.W. is observed at noon to be E.S.E. 
from a lighthouse 4 miles away. At 1 p.m. the vessel is duo S. 
of the lighthouse : find the rate at which the vessel is sailing. 
Given tan 67V = 2*414. 

8. A, B t C are three places such that from A the bearing of 
C is N. 10° W., and the healing of B is N. 60° E. ; from B the 
bearing of C is N. 40° W. If the distance between B and C is 
10 miles, find the distances of B and C from A. 

9. A ship steaming due E. sights at noon a lighthouse 
bearing N.E., 16 miles distant ; at 1.30 p.m. the lighthouse bears 
N.W. How many knots per day is the ship making? Given 
80 knots = 69 miles. 

10. At 10 o’clock forenoon a coaster is observed from a 
lighthouse to bear 9 miles away to N.E. and to be holding a 
south-easterly course; at 1 p.m. the bearing of the coaster is 
15* S. of E. Find the rate of the coaster’s sailing and its distance 
from the lighthouse at the time of the sooond observation. 

11. The distance between two lighthouses, A and B f is 12 
miles and the lino joining them bears E. 16° N. At midnight a 
vessel which is sailing S. 15* E. at the rat# of 10 miles per nour 
is N.E. of A and N.W. of B : find to the nearest minute when 
the vessel crosses the line joining the lighthouses. 

12. From A to B f two stations of a railway, the line runs 
W.S.W. At A a person observes that two spires, whose distance 
apart is 1*6 miles, are in the same line which bears N.N.W. 
At B their bearings are N. 7£° E. and N. 37 E. Find the rate 
of a train which runs from A to B in 2 minutes. 
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[/» the following Examples Four-Figure Tables will be required .] 

At a distance of 83 vards the angle of elevation of tlie 
top of a chimney stack is 23* 44' ; find its height to the nearest 
foot. « 

2. The shadow cast by a spire at a time when the angular 
elevation of the sun in 63° is 173 f Tect; find tho height of the 
spire. 

3. A balloon held captive by a rope 200 metres long has 
drifted with the wind till the angle of elevation as observed from 
the place of ascent isf 54°. How high is the balloon above the 
ground ? 

A A coal seam is inclined at an angle of 23° to the hori- 
zontal. Find, to the nearest foot, the distance below the level of 
a man who has walked 500 yards down the seam from the point 
where it meets the surface. 

5. A man standing immediately opi>osite to a telegraph post 
on a railway notices that tho lino joining this post and the next 
one subtends an angle of 73° 18'. Assuming that there are 23 
telegraph posts to the mile, find his distance from tho first post. 

6. The middle point of one side of a square is joined to one 
of the opposite comers of the square ; find the size of tho two 
angles formed at this corner. 

-^7. Find without any measurement the angles of an isosceles 
triangle each of whose equal sides is three times the base. 

8. The angles of elevation of a spire at two places due east 
of it, and 160 fefet apart, are 45° and 21° 48': find the hoight of 
the spire to the nearest foot. 

' 9. The angle of efevation of the top of a tower is 27° 12', and 
on walking 100 yards nearer the elevation is found to be 54° 24 ' ; 
find the height oft the tower to the nearest foot. 

10. From the top of a hill the angles of depression of two 
consecutive milestones on a level road running due east from the 
observer are 55° and 16° 42* respectively ; find the height of the 
hill to the nearest yard. 
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11. A trench is to be dug to measure 15 feet across the top, 
9 feet across the bottom, and of uniform depth 8 foot; if one side 
is inclined at 12* to the vortical, what must be the inclination of 
the other ? • 

12. Two towers, A and IS, on a level plain subtend an angle 
of 90* at an observer’s eye; he walks directly towards B a 
'distance of 630 metres and then finds tho angle subtended to 
be 143*24'. Find tho distance of A from each pbsition of the 
observer. 


13. From the roof of a house 30 feet lugh the angle of 
elevation of the top of a monument is 42°, and the angle of 
depression of its foot is 17°. Find its height. 

14. From a point on a horizontal plane I find the angle of 
elevation of tho top of a neighbouring lull to be 14*; after 
walking 700 metres in a straight lino towards tbo hill, I find the 
elevation to be 35°. Find tho height of the hill. 

15. At noon a ship which is sailing a straight course due W. 
at 10 miles an hour observes a lighthouse) 32° W. of North. At 
1.30 p.m. tho lighthouse bears 58° E. of North ; find tho distance 
of the lighthouse from the first position of tho ship. 

16. From two positions, 2 kilometres apart, on a straight 
road running East and West a house bears 52* W. of N. and 
38° E. of N. respectively. Find to the nearest metre how far the 
house is from the road. 

17. A ship sailing due E. observes that a lighthouse known 
to be 12 miles distant bears N. 34° E. at 3 p.m., and N. 56° W. at 
4.10 p.m. How many miles a day is the ship making ? 

18. A ship which was lying 2£ miles N.W. of a shore 
battery with an effective range of 4 miles, steers a straight 
course under cover of darkness until she is due N. of the battery, 
and just out of range. In what direction does she steam ? 

19. At 10 a.m. a ship which is sailing E. 41° at the rato 
of 10 miles an hour observes a fort bearing 49* N. of E. At 
noon the bearing of the fort is N. 15° W.; nn4 the distance of 
the fort from the ship at each observatioa 



CHAPTER' VII 


RADIAN OR' CIRCULAR MEASURE. 


54. We shall now return to the system of measuring angles 
which was briefly referred to in Art. 6. In this system angles are 
not measured in terms of a subnmltiple of the right angle, as iu 
the sexagesimal and centesimal methods, but a certain angle 
known as a radian is taken as the standard unit, in terms of 
which all other angles are measured. 

55. Definition. A radian is the angle subtended at the 
centre of any circle by an arc equal in length to the radius 
of the circle. 



In the above figure, ABC is a circle, and 0 its centre. If 
on the circiftnference we measure an arc AB equal to the radius 
and join OA, OB , the angle AOB wa radian. 

56. In any system of measurement it is essential that the 
unit should be always the same. In order to shew that a radian, 
constructed according to the above definition, is of constant 
magnitude, we must first establish an important property of the 
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57* The circumferences of circles are to one another as their 
radii. 

Take any two circles whose radii arc i\ and and i n each 
circle let a regular polygon of n sides be described. 


Let A X B X be a aide of the first, A 2 B i a side of the second 
polygon, and let their lengths be denoted by a lf a 2 . .loin their 
extremities to 0. and 0 % the centres of the circles. We thus 
obtain two isosceles triangles whose vertical angles are equal, each 

being - of four right angles. 
fh 




Hence the triangles are equiangular, and therefore we have 
by Euc. vl 4, 

A X B X AJ} % 

G> 1 .d 1 ss 0 2 v 


tlrnt is, 


that is, 



na x na^ 
*» “ *» ’ 


where p x and are the perimeters of the polygons. This is true 
whatever be The number of sides in the polygons. * By taking 
n sufficiently large we can make the perimeters of the two 
polygons diner from the circumferences of tlfe conesponding 
circles by as small a quantity as we please ; so that ultimately 



where c x and c t are the circumferences of the two circles. 
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58. It thus appears that the ratio of the circumference of a 
circle to its radius is the same whatever be the size of the circle ; 
that is, 


in all circles 


circumference 

diameter 


is a 


constant quantity. 


This constant is incommensurable and is always denoted by 
the Greek ldtter ir. Though its numerical value cannot be found 
exactly, it is shewn in a later part of the subject that it can be 
obtained to any degree of approximation. To ten decimal places 

22 

its value is 31415926536. In many cases 7 r = y- , which is true 

to two decimal places, is a sufficiently close approximation; 
where greater accuracy b required the value 3T416 maybe used. 

59. If e denote the circumference of Urn circle whose radius 
is r, we have 

circumference _ 
diameter ~ n ’ 



or c=27rr. 


60. To prove that all radians are equal 

Draw any circle ; let 0 be its centre 
and OA a radius. Let the arc AB be 
measured equal in length to OA. Join 
OB) then l A OB is a radian. Produce 
AO to meet the circumference in C. 

By Euc. vi. 33; angles at the centre of a 
circle are proportional to the arcs on 
which they stand ; Jience 

% l AOB ar c AB 

two right angles arc ABC 

radius r 1 

“semi-circumference nr ir’ 

which is constant; that is, a radian always hears the same ratio 
to two right angles , and therefore is a constant angle. 



52 


ELEMENTARY TRIGONOMETRY. 


[CHAP. 


61. Since a radian is constant it is taken as a standard unit, 
and the number of radians contained in any angle is spoken of 
as its radian measure or circular measure. [See Art. 71.] 
In this system, an angle is usually denoted by a mere nitoriber , 
the unit being implied. Thus when we speak of an angle 2*5, it 
is understood that its radian measure is 2*5, or, in other words, 
that the angle contains 2£ radians. 

62. To find the radian measure of a right an§le. 

Let AOC be a right angle at the centre 
of a circle, and AOB& radian; then 

the radian measure of l A OC 

_ l AOC arc A C 
~ l AOB " arc AB 

j (circumference) ^( 27 t/*) 

~~ radius = r 




that is, a right angle contains ~ radians. 

63. To find the number of degrees in a radian . 

From the last article it follows that 

7r radians = 2 right angles— 180 degrees. 

a radian = — degrees. 

IT 

By division we find that ^ = ’31831 nearly ; 
hence approximately, a radian = 180 x *3 1831% 67 # 295d degrees. 

64. The formula 

it radians sz ISO degrees 

connecting the sexagesimal and radian measures of an angle, 
is a useful result which enables us to pass readily from one 
system to the other. 
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Example. Express 75° in radian measure, and in sexagesimal 

54 

measure. 

(1) Since 180 degrees =t radians, 

75 degrees radians =~ radians. 

Thus the Radian measure is . 

(2) Since t radians = 180 degrees, , 

ir ,. 180 , 

ir- radians = ^ degrees. 

Thus the angle =~ degrees =3° 20'. 

D 

85. It may be well to remind tho student that the symbol rr 
always denotes a number , viz. 3*14159..,. When the symbol 
stands alone, without reference to any angle, there can l>e no 
ambiguity ; but even when ir is used to denote an angle, it must 
still be remembered that ir is a number , namely, the number of 
radians in two right angles. 

Note. It is not uncommon for beginners to make statements 
such as “itssISO” or “£ = 90.” Without some modification this 

mode of expression is quite incorrect. It is true that ir radians are 
equal to 180 degrees , but the statement *^ = 180’ is no more correct 
than the statement “ 20=1 ” to denote the equivalence of 20 shillings 
and 1 sovereign. 

66. If the number of degrees and radians in an angle be 
represented by D and 6 respectively , to prove that 

180 rr * 

In sexagesimal measure, tho ratio of the given anglo to two 

1 D 

right angles is expressed by 

In radian measure, the ratio of these same two angles is 

g 

expressed by - . 
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Example I. What is the radian measure of 45° 13' 30" T 

If 2) be tbe number of degrees in the angle, 
we have I) =45 *225. 

Let 9 be the number of radians in the given 
angle, then 

45*225 1*005 

ir“ 180 ■“ 4 5 

6 — 2 x 1005=?' 1 J 16 x 1005 
4 4 

= *7854x1*005= *789327. 

Thus the radian measure is *789327. 

Example 2. Express in sexagesimal measure the angle whose 
radian measure is 1*309. ' 

Let D be the number of degrees ; then 
D _ 1-309 
180 t ; 

180 x 1*309 _ 180 x 1309 x 10 
" V ~~ 3*1416 *“ 31416 

180x10 _ 


60 ) 30 __ 

60 ~) 13-5 * 

*225 


Thus the angle is 75°. 


EXAMPLES. VII. a. 

[ Unless otherwise stated ir = 3* 1416. 

It should he noticed that 31416=8 x 3 x 7 x 11 *17.] 

Express in radian measure as fractions of^ : „ * 

1 . 45 ”. 2 . 30 ”. 3 . 105 ”. ^ JL 22 ” 30 ' 

5 . 18 \ . ' 6 . 67 ” 30 '. 7 . 14 ” 24 '. 1 8 . 78 ” 45 '. 

Find numerically the radian measure of the following angles : 

9 . 26 ” 50 . *•' 10 . 37 ” 30 '. , 11 . 82 * 30 '. 

, 12 . 68 ” 45 '. 13 . 167 * 30 '. ' 14 . 52 * 30 '. 
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Express in sexagesimal measure : 


IS. 

3tt 

T‘ 

' 16. 

7ir 

45* 

17. 

5tt 

27* 

1 

18. 

19. 

•3927 

20. 

•6720. 

21. 

*6201. 

22. 


Taking *r=-~, find the radian measure of: 

23. 36° 32' 24" 24. 70° 33' 36". 

26. 116* 2' 45'6". i 26. 171° 41' 50 4". 

27. Taking ^ — ‘31831, shew that a radian contains 206265 
seconds approximately, n 

28. Shew that a second is approximately equal to -0000048 
of a radian. 


67. The angles | are the equivalents in radian 

4 o o 

measure of the angles 45*, 60°, 30° respectively. 

Hence the results of Arts. 34 and 35 may be written as 
follows : 


WU 4 9 

7T 

4,111 3 “T' 


sin 


6 r 


IT 1 7 T _ 

c°s 5 = -^, tau-=l; 

IF 1 . IF tn 

coa 3 “ 2 ’ tan ^3; 

IF *J3 it 1 

OOB 6“‘2 1 4811 6 " V 3 - 


Example. Find the value of 

4 ,ir 1 ,-T 2 . , 1 ,TF 

3 tan» 5 + ?j 0os> f - jootPj - j *m* ff + g sec^ . 

The value =3^) S + 1 - 5 M*-§ (*£)* + J (2)‘ 
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68. When expressed in radian measure the complement 
of 6 is - - 0, and corresponding to the formulse of Art. 38 we 
now have relations of the form 

sin — 6^ * cos 0, tan — cot 0. 

Example. Prove that 

(cot 0 + tan 0) cot - 0^ = cosec* - 0^ 

The first side — (cot 0 + tan 0)tan 0 
= cot0 tan 0+ tan 9 0 
= l + tan 3 0 = sec 3 0 

= cosec 2 -0^ . 


69. By means of Euc. I. 32, it is easy to find the number of 
radians in each angle of a regular polygon. 

Example. Express in radians the interior angle of a regular 
polygon which has n sides. 

The sum of the exterior angles =4 right angles. [Euc. I. 32 Cor.] 
Let 0 be the number of radians in an exterior angle ; then 

2tt 

w0=2ir, and therefore 0=—. 

71 

But interior angle = two right angles - exterior angle 


Thus each interior angle = 


( n Jl 2 >5. 


EXAMPLES. VII. b. 

Find the numerical value of 

1. sin^ cos g cot J 2. tan^cot - cos 

3. i cos g +2 cosec-. 4. 2sinj + |secj. 
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Find the numerical value of 

5. cot* -+4 cos 2 * + 3 sec 2 % . 

, O 4 0 

6. 3ta*»*| — J«itfj-IcW|+|corf = . 

7. («n^+cos?)(sinJ-coa|)Hec". 

Prove the following identities : . 

8. sin d see - d^ - cotd cot d^ =0. - 

9. sin 2 - d^ c vseo d - tan' 2 - d^ sin d = 0.* 


10 . 


sec d 


cosec d 


- -cos 2 0. 


cot I 


(H 

11. tan d+ tan ^ — sec d sec (j^ - d^ . - 

^12. sec 2 d+ sec 2 ^-*dj = (l+tan 2 d)sec 2 (j-d). 

13. find the number of radians in each exterior angle of 

(1) a regular octagon, (2) a regular quindecagon. 

14. Find the number of radians in each interior angle of 

(1) a regular dodecagon, (2) a regular heptagon, 

15. Shew that 


tan 2 5 - cot 2 g i 


cos 2 5 - cos 2 J 

V «> 

S , 

2 7T o IT 

- cos 2 - 
— 3 6 


16. Shew that the sum of the squares of 


sin d+ sin 
is equal to 2. 


^-d^ and cos d- cos ^-d^ 


JBL 
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70. Tq prove that the radian measure of any angle at the 
centre of a cirde is expressed by the fraction — . 

Let A 00 be any angle at the centre 
of a circle, and A OB a radian ; then 
radian measure of lAOG 
LAOC 
" lAOB 
_ arc A C 
~ arc AB 
arc AC 
** radiuR * 
since arc A radius ; 

that is, the radian measure of z A 0C = arc 
* radius 

71. If a be the length of the arc which subtends au angle of 
(9 radians at the centre of a circle of radius r, we have seen in 
the preceding article that 

0= a - < and therefore a=r6. 
r 

The fraction - a l? is usually called the circular measure of 
radius 

the angle at the centre of the circle subtended by the arc. 

The circular measure of an angle is therefore equal to its 
radian measure , each denoting the number of radians contained 
in the angle. We have preferred to use the term radian measure 
exclusively, in order to keep prominently in viow the unit of 
measurement, namely the radian. 

Notk. The term circular measure is a survival* from the times 
when Mathematicians spoke of the trigonometrical functions- of the 
arc . [See page 79*.] 

Example 1. Find the angle subtended by an arc of 7*C feet at 
the centre of a circle whose radius is 5 yards. 

Let the angle contain $ radians ; then 
are 7*6 1 

radius"" 16 * 2* 

Thus the angle is half a radian. 
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Example 2. In running a race at a uniform speed on a circular 
course, a man in each minute traverses an arc of a circle which sub- 
tends 2f radians at the centre of the course. If each lap is 792 yards, 

r 22~i 

how long does he take to run a mile ? \ v — -yl. 


Let r yards be the radius of the circle ; then 
» 2wr = circumference =792; 

792 792x7 

•• r =2r=2* ? 2= 126 - 

Let a yards be the length of the arc traversed in each minute ; 
then from the formula a = rO t 

a = J26 x2? = — * - 2 - ° = 360 ; 


that is, the man runs SCO yds. in each minute. 


the time — ■ 


1700 

300 


44 

or -Q- minutes, 

y 


Thus the time is 4 min. 53J hoc. 


Example 3. Find the radius of a globe such that the distance 
measured along its surface between two places on the same meridian 

22 

whose latitudes differ by 1° 10* may be 1 inch, reckoning that x = y . 

Let the adjoining figure represent a sec- 
tion of the globe through the meridian on 
which the two placeB P and Q lie. Let O 
be the centre, and denote the radius by r 
inches. 

Now — = number of radians in i POO ; 
radius • 

but aro PQ = 1 inch, and l POQ = 1° 10' ; 

i » 

-= number of radians in 11° 
r * 




7 

6 


x 



1 

180 


640 5 


whence r= ^ =49^ • 

Thus the radius is 49fi inches. 

H.K.R.T, 
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EXAMPLES. Vn. c. 

\s 

1. Find the radian measure of tho angle subtended* by an 
arc of 1*6 yards at the centre of a circle whose radius is 24 feet. 

2. An angle whose circular measure is *73 subtends at the 
, centre of a circle an arc of 219 feet ; find the radius of the circle. 

3. An angle at the centre of a circle whose radius is 2*5 yards 
is subtended by an arc of 7*5 feet ; what is the angle? 

4 . AVhat is the length of the arc which subtends an angle 
of 1*625 radians at the centre of a circle whoso radius is 
3*6 yards 1 

5. An arc of 17 yds. 1 ft. 3 in. subtends at tho centre of 
a circle an angle of 1*9 radians; find the radius of the circle in 
inches. 


6. The flywheel of an engine makes 35 revolutions in a sen md ; 
how long will it take to turn through 5 radians ? [\r = 


7. The large hand of a clock is 2 ft. 4 in. long ; how many 


inches docs its extremity move in 20 minutes ? 


K1 


8. A horse is tethered to a stake ; how long must tho rope 
be in order that, when the horse has moved through 62*36 yards 
at the extremity of the rope, the ongle traced out by the repo 
may be 75 degrees ) 

9. Find the length of an arc which subtends 1 minute at the 
centre of the earth, supposed to be a sphere of diameter 7920 
miles. 


y/ 10. Find the number of seconds in the angle subtended at 
the centre of a circle of radius 1 mile by an arc 5 J inches long. 

11. Two places on the same meridian ore 145*2 miles 

22 

apart; find their difference in latitude, taking tt®-- , and tho 

c * 

earth's diameter as 7920 miles. 


12. Find the radius of a globe such that the distance measured 
along its surface between two places on the same meridian whose 

22 

latitudes differ by 1^° may be 1 foot, taking . 
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MISCELLANEOUS EXAMPLES. B v . 

1. 'Express in degrees the angle whose circular measure is 
•15708. 

2. If (7=90°, j 1 = 30°, c — 110, find b to two decimal places. 

3. Find the number of degrees in the unit angle when the 
12tt 

angle is represented by 1 

4. What is the radius of the circle in which an arc of 1 iuch 
subtends an angle of 1' at the centro 1 

5. Prove that 

(1) (sin a+cos«)(tana+cota)-=seca+cofioca; 

(2) (y/3 + 1 ) (3 — cot 30*) = tan J 60° -2 sin 60°. 

V v^ / 6. Find the angle of elevation of the sun when a chimney 
60 feet high throws a shadow 20 J3 yards long. 


7. Provo the identities : 


(1) (tand+2)(2 tand+l)~5tand+2sec s d; 

/o\ i . cot* a 

(2) 1 + r— « cosec a. 

x ' l+coscca 


. 5?r 

8. One angle of a triangle is 45° and another is radians ; 

o 

express the third angle both in sexagesimal and radian measure. 

9. The number of degrees in an angle exceeds 14 times the 

22 

number of radians in it by 61. Taking n = -y , find tho sexa- 
gesimal measure of the angle. 

10. If*/? =30°, (7=90*, find a, c t and the perpendicular 
from C ou the hypotenuse. 

^ 11. Shew that 


(1) cot d+ cot d^=cosecd cosec 

(2) cosec 8 cosec 3 = cosec 8 d oosec 2 ^-d 


fi— 2. 
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12. The angle of elevation of the top of a pillar is 30*, and 
on approaching 20 feet nearer it is 60°: find the height of the 
pillar. 9 


13. Shew that ton’d - sin 2 d «sin 4 d seo 2 d. 

14. In a triangle the angle A is 3a? degrees, the angle B is 

x grades, and the angle C is radians : find the number of 

oUU 

degrees in each of the angles. 

15. Find the numerical value of 

sin 3 60* cot 30* - 2 sec* 45* + 3 cos 60° tan 45° - tan* 60°. 

16. Prove the identities : 

(1) (1+tan d) 2 +(l+cot d) 2 -(socd + coscc A) % \ 

(2) (sec a - 1 )* - (tan a - sin a)* =» (1 - cos a) 2 . 

17. Which of the following statements is possible and which 
impossible ? 

(1) c°sccd=“^ ; (2) 2sind = a + i. 

18. A balloon loaves the earth at the point A and Pises at a 
uniform pace. At the end of 1 *5 minutes an observer stationod at 
a distance of 660 feet from A finds the angular elevation of the 
balloon to be 60° ; at what rate in miles per hour is the balloon 
rising ? 


19. Find the number of radians in the angles of a triangle 
which are in arithmetical progression, theSeast anglp being 36*. 

20. Show that 

sin*« sec*/3 + tan*)3 cos*a =sin*a 4*tan*j8. 

i r 

21. In the triangle ABC if A *42°, 2?= 116* 33', find the 
perpendicular from C upon AB produced; given 

c«55, tan 42* a *9, tan63*27'«2. 
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VII.] 

V" 

22 . 


Prove the identities : 


(1) cot a + 


sina 
1 + cosa 


= cosec a; 


23 . 


(2) coscc a (sec a - 1) - cot a (1 - cos a) = tan a - sin a. 


Shew that 


1 + cot 60V ^1 + cos 30* 
k l- cot 007 1 -cos 30°' 


24. A man walking X. W. sees a w indmill winch hears X. 15° W. 
I 11 half-an-hour he reaches a place which he knows to be W. 15° S. 
of the windmill aud a mile away from it. Find his rate of walk- 
ing and his distance from the windmill at the first observation. 


'J _ 

2a. Find the number of radians in tlie complement of . 

o 

26. Solvo the equations . 

(1) 3rtin0+4cos 2 0=4$; (2) tan 6 + sec 30° = cot 6. 

27. ^ If 5 tan a = 4, find tlio value of 


L Prove that 


5 sin a - 3 cos a 
sin a +2 cos a 


\/ 

29 . 


1 - sin A cos A sin-^f - cos 2 J 

> - — — x % : 

* cos A (sec A - cosec A ) sin**^ + cos 3 A 


sin A 


Find the distance of an observer from the to] 
which is 195 ’2 yards high, given that the angle 
is 77* 26', and that sin 77° 2C / = *976. 


7 


of a cliff 
elevation 


30. A horse is tethered to a stake by a r<q>e 27 feet long. 
If the horse moves along the circumference of a circle always 
keeping the rope tight, .find how far it will have gone when the 

rope has traced out ar/angle of 70*. [-¥]■ 
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TRIGONOMETRICAL RATIOS OF ANGLES OF ANY 
MAGNITUDE. 


72. In the present chapter we shall find it necessary to take 
account not only of the magnitude of straight lines, but also of 
the direction in which they are measured. 

Let 0 be a fixed point iu a horizontal line XX\ then the 
position of any other point P in the line, whoso distance from O 
is a given length a, will not be determined unless wo know on 
which side of 0 the point P lies. 

X r o X 

But there will be no ambiguity if it is agreed that distances 
measured in one direction arc positive and distances measured in 
the opposite direction aie negati\ c. 

Hence the following Convention of Signs is adopted,: 
lines measured from 0 to the right are positive, 
lines measured from 0 to the left are negative. 

X 7 Q O P X 

Thus in the above figure, if P and Q are two joints on the 
lino AM'' at a distance a from 0 , their ^positions are indicated 
by the statements \ 

OP-=+a, OQ=-a. 

73. A similar convention of signs is used* in the case of a 
plane surface. 

Jjct 0 be any point in the plane ; through 0 draw two straight 
lines XX' and iY' in the horizontal and vertical direction re- 
spectively, thus dividing the plane into four quadrants. 
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05 


Then it is univereally agreed to consider that 

(1) horizontal lines to the right of YY* are positive, 
, horizontal lines to the left of YY' are negative; 

(2) vertical lines altove XX* are positive, 
vertical lines below XX' are negative. 

V 



Y' 


Thus OM x , OM k are positive, 02I 29 0Jf 3 are negative, 
n M tl l\ are positive, J f z P Z9 M k l\ are negative. 

74. Convention of Signs for Angles. In Art. 2 an angle 
has been defined as the amount of revolution which the radius 
vector makes in passing from its initial to its final position. 

In the adjoining figure the straight line OP may be supposed 
to have arrived at its present position 
from the i>osition occupied by OA by P 

revolution about the point 0 in either 
of tlio two directions indicated by the 
arrows. The tingle AOP mav thus bo 
regarded in two senses according us we 
suppose the revolution to have been in 
the same direction as the hands of a { 
clock or in the opposite direction. To 
distinguish lietw^en these cases wo adopt 
the following convention : 

when live revolution of the radius vector is counter-clockwise the 
angle is positive, 

when the revolution is clockwise the angle is negative . 
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Trigonometrical Ratios of any Angle. 

75. Let XX' and IT' be two straight lines intersecting 
at l ight angles in 0, and let a radius vector starting from OX 
revolve in cither direction till it lias traced out an angle 
taking up the }>osition OP. 



From P draw PM perpendicular to XX* \ then in the right- 
angled triangle OPM, due regard being paid to the signs of the 
lines, 


. , MP 

Mil A — , 

. op 

00800 

- OM 
cos A — Qp , 

. OP 
se0 ' l “t 

si 

II 

i 

II 

1 


The radius vector OP which only fixes the boundary of the angle 
is considered to be always positive. 
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From those definitions it will be seen that any trigono- 
metrical function will be ^ positive or negative according as the 
fraction which expresses its value lias the numerator ancl de- 
nominator of the same sign or of opposite sign. 

78. The four diagrams of the last article may be con- 
veniently included in one. 



With centre 0 and fixed radius let a circle l>o described; 
then the diameters AT and YY f divide the circle into four 
quadrat&s XOY f YOX\ X'OY ' , VOX, named first, second, third, 
fourth respectively. 

Let the positions of tho radius voctor in the four quadrants 
be denoted by Ol\, Ql\ , OP 3 , 0l\ , and let peri>eiidieulars 
PiM u T3A/3, 1\SU bo drawn to XX ' ; then it will be 

seen that in the first quadrant all the lines are positive and there- 
fore all the functions of A are positive. 

In the second qi^rant, 0P 3 and M 2 P 2 arc positive, 0M 2 
is negative?; hence sin A is positive, cos *4 and tan A arc 
negative. 

• 

In the third quadrant, 0P 3 is positivo, OM* and J/ 3 P^ are 
negative ; hence tan A is positive, sin A and cos A are negative. 

In the fourth quadrant, 0P A and 0M A are positive, M A l\ 
is negative ; hence cos A is positive, sin A and tan A arc 
negative. 
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77. The following diagram* show the signs of the trigono- 
metrical functions in the four quadrants. It will be sufficient 
to consider the three principal functions only. 


sine 


cosine 


tangent 


+ 


■+ 




+ 



The diagram below exhibits the same results in another use- 
ful form. 


sine positive 

cosine negative 
tangent negative 

all the 

ratios positive 

tangent positive 

cosine positive 

sine negative 

sine negative 

cosine negative 

tangent negative 


78. When an angle is increased or diminished by any 
multiple of four right angles, the radius vector is brought back 
aguui into tho same position after one or more revolutions. 
There are thus an infinite number of angles which have tho 
sumo boundary line. Such angles arc called coterminal angles. 

If a is any integer, all the angles coterminal with A may be 
represented by n . 360° + A, Similarly, in radialn measure all the 
angles co terminal with 6 may be represented by 2nn+4. 

From the definitions of Art. 75, we see that tjie position of 
the boundary line is alone sufficient to determine the trigono- 
metrical ratios of the angle; hence all coterminal angles have 
the same trigonometrical ratios . 


For instance, sin (a . 360° + 45°) =* sin 45° * ; 


and 


cos 


(2n»+^) = 


*r 

008 e ! 


2 * 
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Example. Draw the boundary lines of the angles 769°, - 130°, 
- 400°, and in each o&ee state which of the trigonometrical functions 
are negative. 


(1) Since 780= (2x8(50) +00, the radius 
vector has to make two complete revolutions 
and then turn through G0°. Thus the bound- 
ary line is in the first quadrant, bo that all 
the functions are positive. 



(2) Here the radius vector has to revolve 
through 130° in the negative direction. The 
boundary line is thus in the third quadrant, 
and since OAT and MP are negative, the sine, 
cosine, cosecant, and secant arc negathe. 



(3) Since -400= - (360 + 40), the radius 
vector lias to make one complete revolution in 
tlio negative direction and then turn through 
40 3 . Theljoundary line is thus in the fourth 
quadrant, and sinco AIP is negative, the sine, 
tangent, cosecant, and cotangent are negative. 



EXAMPLES. VIII. a. 

State the quadrant in which the radius vector lies after 
describing tho following angles : 


1. 130 


2, 203 

u 

3. -315°. 


4. -120°. 

5 

3.' 




7 10ir 

1 . 3 . 


ft H,r 

8. 

For each of the following 

angles state 

1 which of the 

principal trigonometrical 

functions are positive. 


9. 

470°. 


10. 

330°. 

11. 

575*. 

12. 

-230 s 


13. 

- G20\ 

14. 

-1200*. 

15. 

An 
~ 3 - 


16. 

13tt 

6 ' 

17. 

13ir 

6 ' 
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In each of the following cases write down the smallest 
positive coterminal angle, and the value of the expression. 

20. tan (-315*). 

). 23. cosec 4380*. 


18. 

sin 420*. 

19. 

cos 390*. 

21. 

sec 405°. 

22. 

cosec ( — 

24. 

.17 fl- 
eet — . 

4 

25. 

25jt 
sec r . 


tun 


(-*)• 


79. Since the definitions of the functions given in Art. 75 
arc applicable to angles of any magnitude, positive or negative, 
it follows that all relations derived from these definitions must 
be true universally. Thus we shall find that the fundamental 
formulas given in Art. 20 hold in all cases ; that is, 

sin A x cosec A — 1, cos A x sec A - 1, tail A x cot A = 1 ; 


tan A 


sin A 
cos A 9 


cot A - 


cos A _ 
sin A 9 


sin* A + cos 8 A = 1, 

1+tan 2 A=sec 2 A, 

1 + cot 8 A *= cosec 2 A . 

It will be useful practice for the student to test the truth of 
these formulae for different positions of the boundary line of the 
angle A. We shall give one illustration. 


80. Let the radius vector revolve 
from its initial position OX till it 
has traced out ail angle A and come 
into the position OP indicated in the 
Draw PM perpendicular to 


figure. 

XX\ 


In the right-angled triangle OMP, 
MP*+0M*=0I* (1). 


Divide each term by OP 2 ; thus 



fOMy 
\op) - 1 ’ 



that is, 


sin* A +cos a A — l. 
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Divide each term of (1) by OJ/*; thus 

that is, tun 2 A + 1 = sec 2 A. 

Divide ea«;h term of (1) by MP l ; thus 

+ \M>) \M1‘) ' 

that is, I + cot 2 A = cosoc 2 *1. 

It thus appears that the truth of these relations depends 
only on the statement OP‘ i =Ml ri +OM' i in the right-angled 
triangle OMP. and this will be the case in whatever quadrant 
OP lies. 

Note. OM* is positive, although the line 03/ in the figure is 
ncgalhe. 


81. In the statement cos A = l - sin* A, cither the positive 
or tho negative sign may bo placed before the radical. The sign 
of tho radical hitherto has always been taken positively, because 
wo have Restricted ourselves to the consideration of acute angles. 
It will sometimes be necessary to examine which sign must be 
taken before the radical in any particular case. 

3 

Example 1. Given cos 126° 53' = - ^ , find sin 126° 53' and 
cot 126° 33'. 

Since siuM-f cos a ^ = l for angles of any magnitude, we have 
sind = ± Jl -co8 a d. 


Denote 126°'53' by A ; then the boundary line of A lies in the 
second quadrant, and therefore sin A is positive. Hence the sign + 
must be placed before/he radical ; 


H-i HO- 


cot 126° 53' 


cos 126® 58' 
= am 126° 53' 


3 

V 


The same results may also be obtained by the method used 
in the following example. The appropriate signs of the lines are 
shewn in the figure. 
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Example 2. If tan A = - -- , find sin A and cos A . 


The boundary line of A will lie either in 
the second or in the fourth quadrant, as OP 
or OP In either position, 

the radius vectors 7( i5j^+(8) a 
= 7289=17. 

lienee sin A'OP=^| , cos -YOP= - ~ ; 

and Bin XOP" = - j;> cosX 01”*^. 

Thus corresponding to tan /I, there are 
two values of sin A and two values of cos A. 
If however it is known in which quadrant 
the boundary line of A lies, sin A and con. I 



have each a single value. 


EXAMPLES. VIII. b. 


1. Given sin 120° =*— , find tan 1 20°. 

2. Given tan 135°= - 1, find sin 135°. 

3. Find cos 240°, given that tan 240°= */3. 

4. If A = 202" 37' and sin A = - ^ , find cos *1 and Cot A. 

J o 

5. I f A ~ 143° 8* and cosec A — 1 g , find sec A and tan A. 

4 

6. If .4 = 210° 52' and cos A = - , find cot A and sin A . 

a 

7. Given sec ™ = - 2, find sin ~ aiu^cot ~ , 


8. 


9. 


Given sin ~ > find tan and sec 

4 72’ 4 

c 

12 

If cos A = , find sin A and tan A. 


5 IT * 

T’ 



CHAPTER IX. 

VARIATIONS OF THE TRIGONOMETRICAL FUNCTIONS. 

82. A careful jferusal of the following remarks will render 
the explanations which follow more easily intelligible. 

Consider the fraction in which the numerator a has a < < rtain 
x 

fixed value and the denominator x is a quantity subject to change; 
then it is clear that the smaller x becomes the larger does the 

value of the fraction - beooma For instance 
x 

Y=10c/, — 1000c, 2 =]0000000u 

10 1000 10000000 

By making tho denominator x sufficiently small the value of the 

fraction - can be made as large as we please; that h, as x 
x 

approaches to tho value 0, the fraction ^ becomes infiuitely great. 

The symbol'^ is used to express a quantity infinitely great, 
or more shortly infinity, and the above statement is concisely 
written t 

• a 

when #=Q, the 1 Imit of - = oo . 

x 

• 

Again, if x is a quantity which gradually increases and finally 
bocomes infinitely large, the fraction - becomes infinitely small ; 
that is, 

when #«oo, the limit o/-=0. 

X 
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83. Definition. If y is a function of x> and if when x 
approaches nearer and nearer to the fixed quantity a, the value 
<»f y approaches nearer and nearer to the fixed quantity b and 
can Lie made to differ from it by as little as wo please, then b is 
called the limiting value or the limit of y when .r=a. 

84. Trigonometrical Functions of 0°. 

Let XOP be an angle traced out by a radius vector OP of 
fixed length. 



O MX 

< 

Draw PM porpendicular to OX; then 


sin POM = 


MP 
= OP * 


Tf we suppose the angle POM to be gradually decreasing, 
MP will also gradually decrease, and if OP ultimately come 
into coincidence with OM the angle POM vanishes and MP= 0. 

0 =o. 


Hence 


sin 0° 

OM 


OP " 


Again, cos POM = ; but when the angle POM vanishes 

OP becomes coincident with OM. 


Hence 


cos°-=^ = l. 


Also when the angle POM vanishes, 


tan 0*=- v =0. 

1 1 

co sec 0 * . = =oo ; 

sin 0 0 9 

sec 0°= ~ 0 =~ = 1 ; 
cos 0 1 

. 1 1 
0040 “ten- -a* -<>-•• 


And 
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85. Trigonometrical Functions of 90* or 5 . 

M 

Let X OP be an angle traced out by a radius vector of fixed 
length. 



Draw PM perpendicular to OX. and OY perpendicular 
to OX. 

By definition, 

. MP OM . MP 

wm POM— Qp , cow POM - , tan POM^= 

• 

If we suppose the angle POM to be gradually increasing, 
MP will gradually increase and OM decrease. When OP comes 
into coincidence with OY the angle POM becomes equal to 90 a t 
and OM vanishes, while MP becomes equal to OP. 


Hence 


And 


OP 

sin Q0'=- op =l; 
cos 90 

, MP OP 


cot 90° *= — ~ = — =0 ; 

tan 90 ao 

sec 90 = nn> = /\' BB ^ \ 


cosec 90° * 


cos 90° 0 

i 


sin 90' 
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86. To tract the change* in $ign and magnitude of sin A as A 
increases from 0° to 360°. 

Let XX* and YT* be two straight lines intersecting at right 
angles in 0. 

Y 



With centre 0 and any radius OP describe a circle, and 
suppose the angle A to be traced out by the revolution of OP 
through the four quadrants starting from OX. 

Draw PM perpendicular to OX and let 0P**r; then 
■ Mp 

sm A *■ — , • 

r 

and since r does not alter in sign or magnitude, we have only to 
consider the changes of MP as P moves round the circle. 

When A~0° i MP***0 } and sin 0° = - = 0. 

In the first quadrant, MP is positive and increasing; 

sin A is positive and increasing. 

When A = 90°, MP^r, and sin&0°=*-=»l. 

1 r* 

In the second quadrant, MP is positive and decreasing; 
sin A is positive and decreasing. 

When 71 = 180 ”, J tf»=Q, and sin 180 ”--= 0 t 

T 


IX.] 


VARIATIONS OP THE FUNCTIONS. 


77 


In the third quadrant, MP is negative and increasing ; 

sin A is uogativo and increasing. 

AN lion A =270°, 2 IP is equal to r, but is negative; hence 

sin 270° - - - = - l. 
r 

T/i the fourth quadrat? t % MP is negative and decreasing; 
sin A is negative and decreasing. 

When A = 360”, Ml‘^0, and sin 360° = -=0. 

s r 

87. The results of the previous article are concisely shewn in 
the following diagram : 

sin 9o°= 1 


sin A positive 
and decreasing 

sin A positive 
and increasing 

sin A negative 

sin A negative 

and increasing 

and decreasing 

sin 2} 



88. We leave as an exercise to the student the investi- 
gation of the changes in sign and magnitude of cos A ns A 
increases from 0° lo 360°. The following diagram exhibits these 
changes. 


cos go — o 


cos A negative 
• and increasing^ 
cosi8o~-l 


cos A negative 
and decreasing 


cos A positive 
and decreasing 


cos o - I 


cos A positive 
and increasing 


cos 370=20 


6—2 
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89. To trace the changes in sign and magnitude of tan A as 
A increases from 0° to 300 . 

MP 

With the figure of Art. 86, tan A = and its changes will 

UM 

therefore depend on those of MP and OM. 

When A =0*, J/P= 0, 0J/= r; . \ tan 0° = - = 0. 

r , 

/a the first quadrant , 

2/P is positive and increasing, 

0J/ is positive and decreasing ; 
tail A is positive and increasing. 

When A —90*, MP=r , OM — 0 ; tan 90°=^= ao . 

In the second quadrant , 

J/P is positive and decreasing, 

0M is negative and increasing; 
tail A is negative and decreasing. 

When A = 180°, MP-Q ; tan 180° =0. 

/h the third quadrant , 

J/P is negative and increasing, 

Oi/ is negative and decreasing; 

.\ tan A is positive and increasing. 

When .4=270°, 0i/= 0; ,\ tan 270° = qo. 

In the fourth quadrant \ 

MP is negative and decreasing, 

OM is positive and increasing ; 
tan A is negative and decreasing. 

WlienA=3G0°, MP=*0; tan 360° =0. 

Note. When the numerator of a fraction changes continually 
from a small positive to a small negative quantity the fraction 
changes sign by passing through the value 0. When* the denomi- 
nator changes continually .from a small positive to a small negative 
quantity the fraction changes sign by pausing thivmgh the value ao . 
For instance, as A passes through the value 90°, OM changes from a 

small positive to a small negative quantity, hence , that is cos <4, 

PM 

changes sign by passing through the value 0, while that is 
tan A, changes sign by passing through the value ao . 
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90. The results of Art 89 are shewn in the following 
diagram : 

tan tjo — 


tan A negative tan A positive 

and decreasing and increasing 
tamSa-fO — — ■ ■ ■ ■ ■ ■ tan o~o 

tan A positive tan A negative 

and increasing a;id decreasing 
tan 2^0 =- oo 

The student will now have no difficulty in tracing the 
variations in sign and magnitude of the other functions. 


91. In Arts. 86 and 89 we have soon that the variations 
of the trigonometrical functions of the angle XQV depend on 
the position of P as P moves round the circumference of the 
circle. On this account the trigonometrical functions of an angle 

are called circular functions. This name is one that we shall 
use frequently. 


EXAMPLES. IX. &. 

Trace the changes in sign and magnitude of 

1. qot A, botween 0° and 360*. 

2. cosec 0, between 0 and i r. 

3. cosd, between n and 2/r. 

4 . tan A y botween -90° and -270°. 

5. sec 0 , between £ and ~ . 

Ik 

Find the value of ; 

6. cos 0* sin 2 270* - 2 cos 1 HX tan 45*. 

7. 3 sin 0° soo 180° + 2 cosec 90° - cos 360*. 

3?T 7T 

8. 2 sec* »r cos 0+3 sin* -cosec-. 

a i 3ir - 3 7r 

9. bin 7T COS r- + SCC 2 tt — COSCC jp . 

2 2 
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Graphs of the Trigonometrical Functions. 

91a. The results of Arts. 8G— 90 may l>o illustrated by 
means of graphs. 

Graph of sin a’. Put y=sin .r, and find the values of y 
corresponding to values of x differing by 30°. 

From a Table of sines we have 


1 

1 x 

a 

30° 

m 

m 

120“ 

150° 

H 

210 8 

240° 

270 s 


' y 

1 or 
, sin x 

0 

O 

•8j6 

1 

•HC6 


1 

■ 

- •86'* 

-1 | 

1 

J 


In the figure on the opposite |iagc let values of x be measured 
on the horizontal avis OX % oai-li division ljoing taken to represent 
10°, and on the vertical axis 0 l r , let 10 divisions bo taken as the 
unit. Then from the scries of points given by the above table, 
we obtain the graph represented by the continuous waving lino 
in the diagram. 

From the graph the following points are evident: # 

(i) The sine of an angle goes through all its changes 
gradually (without abrupt changes) once as the angle increases 
through four right angles. For this reason sin x is said to l>o a 
continuous function whose period is 4 right angles. 4 Beyond 
360° the graph may l>e continued indefinitely, the curve already 
drawn being endlessly repeated. 

(ii) The greatest and least values of sin x are + 1 and * - 1. 
Between these limits the sine of an angle may have niiv value, 
positive or negative. The maximum and minimum values are 
shewn by the ordinates at 90° and 270°. 

The graph should be compared with the details given in 
Art. 8G. v 

« 

Example. Solve the equation sin &'=*7 graphically. 

Here p = • 7, and every point on the graph whose ordinate is *7 will 
furnish a solution of the equation, lleuoe we have only to note the 
points in which the graph is cut by a line parallel to the £*axis and 
at a distance *7 from it. 

Thus $=45°, 135°, 406°, 495°, ..., 
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91r. Graph of cos s* We leave the details of the graph of 
cos* as an exercise for the student It should be drawn from 
the same series of angles, and with the same units as in the 
graph of *in& It is given on a small scale in the adjoining 
figure. 



GRAPH OF COB X 

It may be noticed that the graph is the some as if the graph 
of sin* were moved to the left through a space corresponding to 
90*. 

It will be proved in Art. 93 that cos x — sin (90* +.t) so that 
when x lias the values 

0*, 30% C0% 90% ..., 
the values of cos 4? are those of 

sin 90% sin 120% sin 150% bin 180% .... 

As before it is seen that the graph of cos* is continuous 
between 0* and 360% Its maximum and minimum values are 
+ 1 and — 1, occurring at 0° and the even multiples of 90*. 

91c- Graph of tan *. From a Table of tangents we have 


Q 

D 

s 

m 

g 

CO* 

1 

g 

106* 

120* 

<136* 

130* 

m 

180* 

m 

8 

*27 

•f*8 

8 

1*7 

8 

8 

-37 

-17 

D 


-•27 

D 


Let each horizontal division be taken to represent 6°, and on 
the vertical axis let 6 divisions represent the unit; then the 
graph will be as in the adjoining diagram, and it will be seen to 
consist of an infinite number of discontiniLoiu equal branches* 
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The following points should bo noticed : 

(i) The tangent of an angle goes through all its changes 
once as the angle increases through two right angles. As the 
angle approaches 90°, the tangent increases very rapidly, and the 
graph is continually approaching nearer to the vertical line 
through the division marking 90°, but never actually reaching 
it till y=co. As the angle jrnsscs tlirough 90°, the tangent 
changes 9 from an infinite positive to an infinite negative value. 
As the angle increases from 90® to 180°, the numerical values of 
the tangent are those already traced but in reverse order, and of 
opposite sign. 

(ii) Through every subsequent i>eriod of two right angles, 
the graph is repeated. 

(iii) The* tangent of an angle may have any numerical 
value, positive or negative. 

Note. The above figure was drawn on paper ruled to inches and 
tenths of an inch and then reduced to half the original size. The 
student should draw a larger figure for himself. 

91 d. The graphs of cot or, sec a;, and cosec x may be left as 
an exercise for the student. He may also consult Arts. 288— 
291, where the graphs of the trigonometrical functions are 
discussed in a slightly different manner. 
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EXAMPLES. IX. b. 

1. Draw, with the same axes and units, the graphs of sin x 
and cos x on a scale twice as large as that in Art. 01 A . 

[This diagram will be required for Ex. 0.] 

2. Draw the graph of sin x from the following values of x : 

6°, 15°, 30°, 45°, G0°, 75", 85°, 00°. 

[Take 1 inch horizontally to represent 25°, and 

2 inches vertically to represent unity.] 

3. From tho figure of Ex. 2 find the value of sin 37°, ami the 
angle whose sine is ‘8, to the nearest degree. 

4. Find from tho Tables the value of cos x when x has the 
values 

0\ 10 J , 20°, 30°, 40°, 50', 60°. 

Draw a curve on a large scale shewing how cos x varies as x 
increases from 0° to G0°. 

5. From the figure of Ex. 4, find approximate values of 

co> 25° and cos 45®. Verify by means of the Tables. 

* 

G. Solve graphically the following equations, giving, to the 
noarcst degree, all the solutions less than 3G0°. 

(i) 15sin 3 4- 10 sin 4+4=0; t 

(ii) cos 2 4- 1*7 cos 4 +‘72=0. 

7. Draw tho graph of cot .v, using tho following values of x : 

15°, 30°, 45°, 60°, 75", 90", 105°, ... 180°. 

[Take 1 inch horizontally to represent 15", and 
1 inch vertically to represent unity.] 

* 

8. From tho figure of Ex. 7 find approximate values of 
cot 43° and cot 59°. Verify by means of the Tables. 

9. From the graphs in Ex. 1, deduce tlie graph of 

sin .t?+cos a?. 

Hence solve the following equations graphically ; 

(i) siuj7+cosj:*»0; (ii) sin x +oos#«L 
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Note ou the old definitions of the Trigonometrical Functions . 

F bmitii 1 y , Mathematicians considered the trigonometrical functions 
with lefercnce to the arc of a given circle, and did not regard them 
ratio* but as the lengths of certain btraight lines drawn in ldation 
to this arc. 



MA 


Let OA and OB be two radii of a circle at right angles, and let P 
be any point on the circumference. Draw PM and PN perpendicular 
to OA and OB respectively, and let the tangents at A and B meet OP 
pi educed in T and t respectively. 

The lines PM, AT, OT, AM were named respectively the sine, 
tangent, secant, vorsed-sino of the arc AP, and PN, lit 9 Ot, BN t 
which are the sine, tangent, secant, versed-sine of the complementary 
aic P>P, weie named respectively the cosine, cotangent, cosecant, 
covorHed-aine of the arc AP. 

As thus defined each trigonometrical function of the arc is equal 
to the corresponding function of the angle , which it subtends at the 
centio of the circle, multiplied by the ladius. Thus 

AT 

— = tan PCM; that is, AT=OA x tanPCU ; 


and sec .BOP =cobuc POA j that is, 0*= OB x cosec POA. 

The values of the functions of the arc therefore depended on the 
length of the radius of the circle as well as on the angle subtended 
by the arc at the centre of tho circle, so that in Tables of the functions 
it was necessary to state the magnitude of the radius. m 

The names of the trigonometrical functions and the abbreviations 
for them* now in use were introduced by different Mathematicians 
chiefly towards the end of the sixteenth and during the seventeenth 
century, but were not generally employed until their re-introduction 
by Euler. The development of the science of Trigonometry may be 
considered to date from the publication in 1748 of Euler’s Introductio 
in analysin Jnfinitorum . 

The reader will find some interesting information regarding the 
progress of Trigonometry in Ball’s Short History of Mathematics. 
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MISCELLANEOUS EXAMPLES. 0. 

1. Draw the boundary lines of the angles whose tangent is 

3 

equal to - - , and find the cosine of these angles. 

2. Shew that 

cos A (2 sec A + tan A) (see A- 2 tan A ) = 2 cos A - 3 tun A . 

3. Given C= 90°, 6=10*5, c = 21, solve the triangle. 

4. If sec.4— -y, and A lies between 180° and 270°, find 
cot A. 

5. The latitude of Bombay is 19° N. : find its distance from 
the equator, taking the diameter of the earth to be 7020 miles. 

6. From the top of a cliff 200 ft. high, the angles of de- 
pression of two boats due east of the observer are 34° 30' and 
18 e 40' : find their distance apart, given 

cot 34° 30' =1*455, cot 18° 40' =2 *96. 

7. If A lies between 180° and 270°, and 3 tan .4=4, find the 
value of 2 cot A - 5 cos A + sin A. 

8 . Find, correct to three, decimal places, the radius of a 
circle in which an arc 15 inches long subtends at the centre an 
angle of 71° 30' 3*6 ". 

9. Shew that 

tan 3 6 cot 3 d 1-2 sin 2 6 cos 2 6 
i+tan 2 6 * f+cot^ * sin $ eos 6 

i 

10. The angle of elevation of the top of a tower is 68° IF, 
and a flagstaff 24 ft. high* on the summit of the tower subtends 
an angle of 2° lO' at the observer’s eye. Find the height of the 
tower, given 


tan 70* 21' = 2*8, cot 68° 1 1' = *4. 



MISCELLANEOUS EXAMPLES. C. 
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11, If tan A . =£, and tan 5--J, construct the angles A and 
1$ on opposite sides of a common arm, and measure the augle 
4* B, 


12. Find to the nearest minute the smallest positive angles 
which satisfy the following equation : 

12 tai» 2 0-f 7 tan 0- 12 = 6. 

• 

13. Two places on the same meridian have a difference in 
latitude of 21* 12'. If they are 3 7 inches apart on a globe, find 
its radius to the nearest tenth of an inch. Also find the number 
of miles between the two places, assuming the earth’s radius to 
be 4000 miles. 

14. A man, walking in a direction 47° N. of E., sees a tower 
which bears N. 13* E. In 40 minutes he reaches a place which 
he knows to be E. 13° S. of the tower, and 2 km. from it. Find 
his rate of walkiug and his distance from the tower at the first 
observation. 

15. If sin (a— #) — *7323, and cos(n-H/3)~ *C218, find from 
the Tables tho smallest positive values of a and ft to the nearest 
minute. 


16. If 3 cot a = 2, find tho value of 

10 sin a- 6 cos a 
9 4 sin a + 3 cos a * 

17. At noon a ship sailing W. 16° S., at 12 milos an hour 
observes a fort in direction S. 31° W. At 1.40 p.m. the fort bears 
S. 16* E. from the ship; find the distance of the ship from tl»« 
fort at each observation. 
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92. Circular Functions of 180° - A. 

Take any straight lino 
XOX\ and let a radius vec- 
tor starting from OX revolve 
until it has traced the angle 
A, taking up the position xHvF 
OP. 

Again, let the radius vector starting from OX revolve through 
180° into the position OX’ and then back again through an 
angle A taking up the final position OP*. Thus XOP’ is the 
angle 180° —A. 

From P and F draw PM and FM* perpendicular to XX' \ 
theu by Eue. i. 20 the triangles OPM and OPM* ait) geometrically 
equal. 

By definition. 

M'P 


sin (180° -A ) — 


OP 


but M’P is equal to MP in magnitude and is of the same sign ; 

MP 

.*. sin( 180 °-d) = ^p=sind. 


OM ’ 
"OP> 


Again, cos (180° - J) = 

and OM ' is equal to 0M in magnitude, but is of opposite sign; 

: - cos A. 


c<»(180 


OP 


M’P MP 


MP 


OM’ “ -0Af“ ~ 0M~ ” *** Am 


Also tan (180°- A) 
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93, In the lost article, for the sake of simplicity we have 
supposed the angle A to bo less than a right Anglo, but all the 
formula) of this chapter may be shewn to be true for angles of 
any magnitude. A general proof of one case is given in Art. 102, 
and the same method may do applied to all the other cases. 

94. If the angles are expressed in nub an measure, the 
formula) of Art* 92 become 

sin (w — 6) — * in 0, 

von(rr-d)— - cos d, 

tan (?r - 6) = - tan 6. 


Example 1. Find the «in\) and cosine of 120^. 

sin 120°— sin (180 1 *- C0°) -sin 00° = ^-. 
cos 120°= cos (180° - 60 1 ) = - cos 60° = - * . 


Example 2. Find the cosine and cotangent of 



cot cot - g^as - COt ~= - N /3. 


95. Definition. Wlicn the sum of two angles is equal to 
two right angles each is said to be the supplement of the other 
.and the angles are said to be supplementary. Thus if A is any 
aiiglo its supplement is 180°- A. 

96. The results of Art. 92 are so important in a later part of 
the subject that it is desirable to emphasize them. Wc therefore 
repeat themjn a verbal form : 

the sines of supplementary angv* are equal in magnitude « nd 
are of the same sign; 

the cosines of supplementary angles are equal in magnitude but 
are of opposite sign; 

the tangents of supplementary angles are equal in magnitude 
but are of opposite sign. 
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97. Circular Functions of 180°+ A. 

Take any straight line X OX* 
and let a radius vector starting 
from OX revolve until it has 
traced the angle A, taking up 
the position OP. 

Again, let the radius vec- 
tor starting from OX revolve 
through 180° into the position 
OX', and then furthor through an angle A , taking up the final 
position OF. Thus XOF is the angle 

From P and F draw PM and FM' perpendicular to XX ' ; 
thou OP and OF are in the same straight line, and by Euc. I. 26 
the triangles 0PM and OFM' are geometrically equal. 



P»y definition, 


w» (180° +A)=^~- ; 


and M'F is equal to IIP in magnitude but is of opposite sign ; 

. • / lort .^ n ~ 3fP MP ■ a 

sm(180 = = ~~(jp = ~ 8m A. 


OM' 

Again, cos (180° + A )~ » 

and OM' is equal to OM in magnitude but is of opposite sign ; 
cos(180°+A)=-^f^ = -^f= -cos A. 

,, . M'P -MP MP . . 

Also tan(180 +A)=^=-^=^=tanA. 

Expressed in radian measure, the above formulae are written 
sin (it + 0) — - sin 0, cos (w ■ + 6) = - cos'tf, tan (tt+6 )= tan $. 

K 

In these results we may draw especial attention to the fact 
that an angle may be increased or diminished by two right 
angles as often as we please without altering the value of the 
tangent. 


Example. Find the value of cot 210°. 

cot 210° soot (180° + 80°) a oot 80°=^ 
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M X 


98. Circular functions of 90 g +A. 

Take any straight line XOX\ 
ami lt-t a radius vector starting 
from OX revolve until it has 
tniooil tho angle A t taking up 
the portion OP. 

Again, let tlio radius vec- 
tor starting from OX revolve 
through 1)0° into the position _ 

0)\ and then further through X' 
an angle A , taking up the final 
position OP. Thus XOP is the angle 90° -Kl. 

From P and F draw PM aijd PM' perpendicular to XX ; 
then l M'PO^ L Pt)r=A= l POM. 

By Kuc. I. 26, the triangles 0PM and 0PM' aro geometrically 
equal; hence 

M’P is equal to OM in magnitude and is of tho same sign, 
and OM’ is equal to MP in magnitude but is of opposite sign. 

By definition, 

sin (90° +A)=* “ °° s A • 

, . x OM' -MP MP . . 

cos (90 +-4)— yp sm A ; 


M’P 


OM 


OM 


\SjtU ' . i 

- -cotJ. 


tan (90° + A ) - () )[ , “ _ MI > - j//> 

Expressed in radian^measure the above formulae become 
sin ^ + B'j =■ cos 0 \ cos ^ =* «in 0, tan ^ -f ^ = - cot 6 


Example 1. Find the value of sin 120°. 

Bin 120° = sin (90° + 80°) = cob 80° = ^ . 
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Example 2. Find the values of tan (270 °+ d) and cos ^ ^ • 

tan (270° + A ) = tan (180° + 90°T7) = tan(90°+J)=-cot^; 
cos^y+ d^ = cos^ 7 r + * + 0^ = - cos sin 0. 


99. Circular Functions of -A. 

Take any straight line OX and 
let a radius vector starting from OX 
revolve until it has traced the angle 
Ay taking up the position OP. 

Again, let the radius vector start- 
ing from OX revolve in the opposite 
direction until it bos traced the 
angle A, taking up the position OF. 
Join PF ; then MF is equal to MP 
in magnitude, and the angles at M 
are right angles. [Eua i. 4.] 



By definition, 


MF -MP 


• . ..Mi. —MM. . . 

«n(-^)=0p-= Qp 


/ « 0M 
q P - 


OM . 


t . .. MI * -MP . . 

tan(- ^“air“ _ oir"" -tani1 ’ 

It is especially worthy of notice that we may change the sign 
of an angle without altering the value of itf cosine. 

Example. Find the values of 

oosec ( - 210°) and cos (A - 270°J. 
coseo ( - 210°) 3= - cosoo 210°= - cosec (180° +80°)= cosec 30° =2. 
cos (A - 270°) =s cos (270° - A ) =cos (180°+ 90°“ 1) 
as -oos(90°-A)= -sind. 
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100. I If (A) denotes a function of A which is unaltered in 
magnitude and sign when - A is written for d, then /(d) is said 
to ho an even function of A. In this case/( - d)=/(d). 

Tf when - A is written for d, the sign of /(d) is changed 
while tho magnitude remains unaltered, f{A ) is said to be an 
odd function of A, and in this case / ( - A)^ - f( d). 

From the fast article it will be seen that 

cos A and sec A are ee<yi functions of A, 
sind, cosec A, tan d , cotd are odd functions of A. 


Examples. x.a. 

Find tho numerical \siluc of 


A. 

cos 135°. 

2. 

sin 

100. 

3. 

tan 240°. 


4. 

cosec 225°. 

5. 

sin 

(- 

120°;. 

6. 

cot (- 

135°). 


7. 

cot 315°. 

8. 

CO'S 

(- 

2 10°). 

9. 

faec(- 

300*) 


10. 

. 3b* 1 

tan - - . 

4 

11. 

sin 

4ir 

3 

• 

12. 

2tt 

sec ~ . 


13. 

o«*cc (-?). 

14. 

cos 

(- 

■i)- 

15. 

cot 

5ir\ 

"oj- 



Express as functions of . 

d: 






cd 

n 

cos (270°+ A). 


17. 

cot (270“ - 

J)- 

18. 

sin (d - 

>90°) 

10. 

soc (A — 180*). 


20. 

sin (270°- 

A). 

21. 

i 

3, 

1 

-90°) 


Express as functions of 6 ; 






22. 

»»>(* *!)• 

i 

23. 

tan 


24. 

/3;r 

sec^ fcJ - 

4 


Express iu thi simplest form : 

25. tan (180* +.d) sin (90*+ A) sec (90*- A). 

26. cos (90*+A)+sin(180* - A)- sin (180*+ A)- sin (-A). 

27. sec (180*+A)sec(180‘- A)+eot (90*+A) tan(180*+A). 
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101. In Art. 38 wo have established the relations which 
subsist between the trigonometrical ratios of 90* - A and those 
of A , when A is an acute angle. We shall now give a general 
proof which is applicable whatever be the magnitude of rt. 


102. Circular Functions of 90* - A for any value of A. 



Cot a radius vector starting from OX revolve until it has 
traced the angle A, taking up the position OP in each of the two 
figures. 

Again, let the radius vector starting from OX revolve through 
90* into the position OY and then back again through an angle A, 
taking up the final position OP in each of the two figures. 

Draw PM and PM' perpendicular to XX'; then whatever 
be the value of A, it will be found that l 0PM'= l POM , 
so that the triangles OMP and OM’P are geometrically equal, 
having AIP equal to 0M\ and OM equal to M’P\ in magnitude . 

When P is above XX' , P is to the right of IT', 
and when P is below XX\ P is to the loft of IT'. 

When P is above XX P is to the right of IT', 
and when P is below XX\ P is to the ldft of JT\ 

Hence 3IP is equal to OM' in magnitude and is always of 
the same sign as OM ' ; 

and M'P is equal to OM in magnitude and is always of the 
same sign as OM. 
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By definition, 

sin (po'-A)~jA “ - 0 ^ =cos A ; 


tali (90*-^) 


if 0J/ _ 


A general method similar to thfe above may be applied to all 
the other cases of this chapter. 


103. Circular Functions of n . 360° f A. 

If n is any integer, n. 360° represents n complete revolutions 
of the radius vector, and therefore the boundary line of the angle 
u . 360° 4 - A is coincident with that of A. The value of each func- 
tion of the angle n . 300° +d is thus the same as the value of the 
corresponding function of A both in magnitude and iu sign. 


104. Since the functions of all coterminal angles are equal, 
there is a recurrence of the values of the functions each time the 
boundary line completes its revolution and comes round into its 
original ]>osition. This is otherwise expressed by saying that the 
circular functions are periodic, and 360° is said to be the amplitude 
of the period. 

In radian measure, the amplitude of the period is 2n. 

Noth. In the case of the tangent and cotangent the amplitude of 
the peiiod is half that of the other circular functions, being 180° or 
v radians. [Art. 97.] 

105. Circular Functions of n . 360° - A. 

If n is any integer’ the boundary line of m. 360°-A is co- 
incident witn that of —A. The value of each funotion of 
n . 3(50° — A is thus the same as the value of the corresponding 
function of - A 1x5th in magnitude and in sign ; lienee 

sin (w. 360°- A)=sin(- A)= - sin A; 
cos (n . 360° - A ) =cos ( - A ) =cos A ; 
tan(w. 360°- A)=tan(- A)= - tan A. 
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106. AVe can always express the functions of any angle in 
terms of the functions of some positive acute angle. In the 
arrangement of the work it is advisable to follow a uniform 
plan. « 

(1) If the angle is negative, use the relations connecting the 
functions of - A and *4. [Art. 90.] 

Tims Bin (-30°)= -sin 30*= ' 

cos (-845°) = cos 845*. 

(2) If the angle is greater than 360°, by taking oft' multiples 
of 360° the angle may be replaced by a co terminal angle less than 
300°. [Art. 10&] 

Thus tau 735° = tan (2 x 360° + 15°) = tan 15°. 

(3) If the angle is still greator than 180°, use the relations 
connecting the functions of 180°+ A and A. [Art. 97.] 

Thus cot 580“= out (360“ + 225°)= cot 225° 

=cot(180°+45°)=cot45°= 1. 

(4) If the angle is still greater than 90°, use <he relations 
connecting the functions of 180° — A and A. [Art. 92.] 

Thus cosC75°=cos(360°+316°)=cos315° 

=cos (180° + 135°) = - cos 135“ 

= - cos (180° - 45°) = cos 45° = -j- . 

Example. Express sin ( — 1190°), tan 1000°, cos ( - 980°) as func- 
tions of positive acute angles. , 

sin t - 1190°)= - sin 1190°= - sin (3 x 3Q0°+ 110°) = - sin 110® 

= - sin (180° -70°)= -sin 70°. 
tan 1000°= tan (2 x 360° + 280°) = tan 280° 

= tan (180° + 100°) = tan 100® 

= tan (180° - 80°) =- tan 80®. 
oos( —980 °) =008 980°= cob (2 x 860® +260®)= cos 260® 

=ooa (180° +80°)= -cos 80®. 
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107. From the investigations of this chapter we see that the 
niunltcr of angles. which have tho same circular function is 
unlimited. Thus if tail 0=1, $ may bo any one of the angles 
cotorwiivd with 45° or 225°. 


Example. Draw tho houndaiy linoi of .1 when sin^=^ 3 , and 

m 

write down all the angles numerically less than 360° which satisfy 
the equation. * 


Since sinG0°= 


% 


if we draw o It making / A’OPs=CO°, then OP 


is one position of the boundary line. 

Again, sin 60°= sin (180° - 60°) = sin 120°, 
so that another position the boundary 
lino will be found by making JOP'= 120°. 

There will be no position of the boundary 
line in the third or fourth quadrant, since 
in these quadrants the bine is negative. 



Tims in one complete revolution OP and 
OP' me the only two positions of the bound- 
aiy line of the angle A . 


Hence the positive angles arc 00° and 120° ; 

and the negative angles aie -(3G0 Q -12O e ’) and - (360° - 60°) ; that 
is, -210° and -300°. 


EXAMPLES. X.b. 


Find tho numerical value of 


1 . 

cos 480°. 

2. 

sill 900 s . 

3. 

cos ( - 780"). 

4. 

uin ( - 

5. 

see 900°. 

6. 

tun(- 855",. 

7. 

oosec(-GU0V 

8. 

cot 840". 

9 . 

cosec ( - 705") 

10 . 

cos 1125*. 

11. 

ot990". 

12 . 

bill 855°. 

13 . 

sec 1305°., 

14. 

cos i)G0°. 

15 . 

sec (-1373'*). 
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Find all the angles numerically less than 360* which satisfy 
the equations : 

21. cos0=^. 22. sin 0= - - . 

23. tan0=-^3. 24. cot0=-l. 

, If A is less than 90°, prove geometrically 

25. sec (4-180°)=- sec A. 

26. tan (270* + Jl) = -* cot J . 

27. cos(ul~90 o )=siii^. 

28. Prove that 

tan A + tan (1 80° - A ) + cot (90* + A ) = tan (360* - A ). 

29. Shew that 

sin (180* - A ) cot(90°-j4) cos (360* -^i) . 

tan (180* +d) ‘ tan (90°+^j * sin (-4) " = " smJ * 

Express in the simplest form 

sin(-^) tan (90°+^) cos^ 
sin (180° +il) ~ cot 4 sin (90° -M) 

cosec (180* -A) cos ( - A) 
sec (180 *+aT * co^90^MT’ 

n cos (90® -f it) sec ( - J)tan (180® -.4) 

** bdc{360 o ~+A) am (lSO'T^yc^O^Z)* 

33. Prove that sin + 0^ cos (it - 0) cot -f 0^ 

-sin (j - sin cot (|f *) 

When «=*—-, find the numerical value of 

4 

sin* a -cos* a +2 tan a -sec* a. 


34 . 



CHAPTER XI. 


FUNCTIONS OF COMPOUND ANC LES. 

{If preferred, Chapters XIII, XIV, XV may be taken 
before CkajAers XI and XII . ] 


108 , When an angle is made up by the algebraical sum of 
two or more augles it is^called a compound angle ; thus A 4-2J, 
A -13, and A + 13- C are compound angles. 

109 . Hitherto we have only discussed ihe properties of the 
functions of single angles, such as A, 13, a, 6. In the present 
chapter we shall prove some fundamental properties relating to 
the functions of compound augles. We shall begin by finding 
expressions for the sme, cosine, and tangent of A+B and A-B 
in terms of the functions of A and A 

It may be useful to caution the student against the prevalent 
mistake of supposing that a function of A +2/ is equal to the sum 
of the corresponding functions of A and 13, and a function of 
A - B to the difference of the corresponding functions. 

Thus? sin (.4 -f B) is not equal to sin A 4- sin B, 

and cos {A - B) is not equal to cos A - cos B. 

A numerical instance will illustrate this. 

Thus if A =00°, 21=30°, then A +2?- 90*, 

so that cos (A 4- B ) = cos 90° = 0 ; 

• 1 
but cos A -f cos 2? = cos 60*+ cos 30*= g 4- 

Hence cos (A + 23) is not equal to cos A 4- cos B . 

In like manner, sin (A 4- A) is not equal to sin A 4- sin A ; 
that is, sin 2A is not equal to 2 sin A. 

Similarly tan 3A is not equal to 3 tan A. 
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110. To prove the formula 

sin (A +B) =*sin A cos ZJ+cos A sin B, 
cos (A + B) — cos A cos B- sin A sin B. 

Let l L0Af=A t and l MOA t = B ; then L LQN=*A+B> 



In 0N y the boundary line of the compound angle A + B> take 
point P, and draw PQ and PR perpendicular to OL and 
resj>ectivoly ; also draw RS and RT perpendicular to OL and 
respectively. 


By definition, 

s»in(A+Z*) 


P<i _ RS+PT RS PT 
“ OP “ OP ~ 0P + OP 

RS OR PT PR 
0P + PlV OP 


*= sin A . cos B *f cos TPR . sin B . 


But L TPR= 90° - L TRP~ l TR0= l R0S=A ; 

sin (d +/»)=* sin A cos ZJ+cos J sin B: 

_0Q OS-TR OS TR' 
-OP OP ~0P~0P 

_ OS on TR PR ‘ 
~orop~pr'6p 

=cos A . cos 2?- sin TPR . sin B 
** cos A cos 2? - sin A sin B. 


Also 


cos (A +B) 


*£J5 
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V5 


111. To prove the formula 

sin ( A — B) =sin A cos B - cos A sin B y 
oos (A — B)=^coaA cos Z?+sin A sin B. 

Let l LOM=A y and l MON~B ; then l LON** A- B. 



In 0.V, the boundary line of the compound angle A-B, take an v 
point 1\ and draw PQ and PR ]>eipendicular to OL und U&l 
rosj >ectivcly ; also draw JIS and RT i>eri»endicular to OL and QP 
res} actively. 


By definition, 

sin (A - B) 


PQ 

OP 


RS-PT RS PT 
UP " OP OP 


RS OR PT PR 
~ 0R ' OP ~ M * OP 

=sin A . cos B - cos TPR . sin B. 


But l TPR= 90° - z. TRl'*~ l MRT= l MOL** A ; 

sin(.d A cos Z?-coaA sin B. 


Also 


cos (A - B) 


OQ 0S+RT_0S 
“OjP* ~ jP~ ~0P + 

OS OR RT RP 
~0R' OP + RP' OP 


RT 

OP 


s * cos A . cos B *4” sin TPR. sin B 
=cos A cos Zf+sin A sin B. 
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112. The expansions of sin ±B) and cos (A ±B) are fre- 
quently called the “Addition Formulae.” We snail sometimes 
refer to them as the U A+B” and “ A - B n formulae. 


113, In the foregoing geometrical proofs we have supi>osed 
that the angles A, B f A+B are all loss than a right angle, and 
that A — B is positive. If the angles are not so restricted some 
modification of the figures will be required. It is however 
unnecessary to consider these cases in detail, as in Chap. XXII. 
we shall shew by the Method of Projections that the Addition 
Formulae hold universally. In the meantime the student may 
assume that they are always true. 


Example 1. Find the value of cos 75°. 

cos 75° — cos (45° + 30°) = cos 46° cos 30° - Bin 45° Bin 30° 

1_ v/3 Jl 1_V3-1 
^ 2 ’ 2 n / 2 ' 2 “ 2^2 ’ 


Example 2. If Bin A = ^ and bin ~ , find sin (A - B). 

v lO 


But 


and 


sin (A - B) = Bin A cos B -- cos A sin B. 

cosA= 1 - ^ | ; 

cosH= gs 

. tJ 4 12 8 5 33 

Bin (.4 S - 13 - 65 - 


3 12 

Notk. Strictly speaking cosA=±- and cosJ3 = ± — , so that 

Bin (A - B) has four values. We shall however suppose that in Bimilar 
cases only the positive value of the square root is taken. 

« 

114. To prove that sin (A + B) sin (A - B) * sin 2 A 4 - sin 2 B. 

The first side , 

= (sinA cos B + cos A sin 2?)(sin A cobjB-cosA sin if) 
—sin 2 A cos 2 B- cos 2 A sin 2 B 
«sin* A (1 - sin 2 B) - (1 - sin 2 A) sin 2 B 
— sin 2 A - sin 2 27. 



functions of compound angles. 


EXAMPLES. XL a. 

ca " r ^astf. ^sser' w 

Trove that 

1. sin (A H.45”)=- l 2 (sin A + o«m A). 

2. cos (.1 +-1.Y )—J., (cos A - siifi .4). 

3. 2 sin (30° - ..l;=ios A - N /3 sin A. 

4. If co#i?--?, find sin (.1 +1}) and cos (A-B). 

3 12 

'"S. Ifsm,l = 6 , < onIi - 13 , find cos (d +£) and sin (d - B). 

6. If hoc. I = g' , foswZf=5 < find sec(J +U). 

Tiovo that 

"7. sin 75°= ccs lo”-'' 3 ^ 1 . 

a v2 

y 8. sin 15°= cos 75° - 

J \'2 

/ 0 sill (a+/3) 

“• =* tail a + tail (i. 

coa a cos & 1 

sin (a — 8) 

10. . — = cot fi - cot tt. 

Sill <1 am £ M 

coa 

11. _ ■ *= cot j$ -f- tail a. 

coa a Sill p 

'ifi. cos (A+B) cos *(A-B)«=cos 2 A - sin 2 B. 
is. sin (A + B) sin ( A - B) = c .a* B - coa 2 A. 

14. cos (45* -d)- sin (45*+A)— 0. 

'Is. cos (45* +A) + sin (A -45*)— 0. 

16. cos (A -B)- sin (A +2?)*= (cos A - sin A ) (cos B - sin 2?), 

17. cos (A + if) -|- sin (A — B) =« (cos A + sin A ) (cos B — sin B). 
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I 


Prove the following identities : 

,8. 2 sin (A + 45°) sin (xl - 45°) = sin 3 A - cos a A, 

19. 2 cos 0 + ci^ cos “ n ) ^ coh2 “ ” s “ l2 “■ 

' 20. 2 bin 0+ cos 0 4- 3^ — cos (a +fj) +sin (a - 0). 

/2i. bi “(?ix) + “5Cyr a ) + ain ( a -W -l o. 

cos# cosy cosy cos a cos a cos# 

115. 2Y> expand tan (-1 -fi?) i/i fcrww o/ tan A ane/ tan B . 

, . | n siu(A+Z?) sin J cos Z? 4- cos d sin Z? 

7 cos(A+Z>) cos A cos /i-sinJ sm B 

To express this fraction in terms of tarujents , divide each term 
of numerator and denominator by cos A cos Z* ; 


.\ tan (A +B)= 


sin A sin B 
cohA ^ cos B 
^ sin A sin Jj 1 
cos J. * cos B 


.... tan A + tan B 

tlrnt ia, tun (A+U) = ^ . 

A geometrical proof of this result is given in Chap. XXII. 

Similarly, we may prove that 

tan A - tan B 

au ^ 1 + tan A tan B' 

Example. Find the value of tan 75°. 

4 „ro . /iro , tan 45°+ tan 30° 

X 

+ J3 ja+i 


i--:, 


-J 8 
+ 1) 
8 - 
=8+V*. 


V3-1 


U/3 + l)Cs/8 + l) _4 + 2*/8 

— 8-i “ a 
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116. To expand cot (A +77) in terms of cot A and cot 77. 


cot ( A + 22) = ^ coa ^ ooa 77- sin A sin/? 

• sin (A +77) sin A cos 77+ cos A sin 77* 

To express this fraction in terms of cotangents , divide each 
term of numerator and denominator by sin 4 sin B; 

• c os A c os B 

cot(A 1 "}- bin l Hi “ 7r «***«**-! 

cos B c(»rt A cot 77 + cot A 

sin 7 j sin A 


Similarly, wo may prove that 


cof (A - 77) 


cot A cut 77+1 
cot 77 -cot A 


117. To find the expansion of sin (A +77+ C). 
sin (A + 77+ C ) -=sin {(4 + 77) + C } 

= sin (A +7?) cos ( y + cos (A +7?) sin C 

= (sin A cos 7? + cos A sin 77) cos C 

+ (cos A cos 77 - sin A sin 77) sin C 
=siu A cos 77 cos C+ cos A sin 77 cos C 

+ cos A cos B sin C - sin A sin 7? sin C. 


118. To find the expansion of tan (A +77+ O), 


tan (A +77+C)=*tan {(A +77) + (/} 


tan (A + 7?)+ tan C 
1 - tan (A +7?) tan C 


tan A + tan 7? 
1 - tan A tan 77 


+tan C 


” ’ tanA + t ani/ " 

~ 1 - tan A tan 77 


.tan C 


* fan A + tan 77-4- tan (7- tan A tan 77 ta n C 
“"I -tan A tan 77 -tan 77 tan 6*- tan C/tan A * 


Cor. If A +77+ 0= 180°, then tan (A +77+ C) = 0 ; hence the 
numerator of the above expression must be zero. 

tan A + tan 77 + tan tan A tan 27 tan £ 
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EXAMPLES. XI. b. 


[The examph s printed in more prominent type are important , and 
should be regarded as standard formula J 

L Find tan (A + B) when tan J =* } , Un B — \ . 

/ 3 

2. If tan A — ^ , and B -=45°, find tan (d - B . 

o 

3. If cot A ==^ , cot B - \ , find cot (.1 -f ZJ) and tan (d - B). 

7 o 

4. If cot -1 =^> tan ^~24’ *‘ IU * cot “-fl) and tin (.!+/?,. 


tan (45' + A)- 


1+tan A 


1-tanA' 
} tan(45'-A)- 1 1 ;-^. 

tan 15° -2-^3. 



cot 0-1 
cot 0+1 ’ 


cot 15° = 2 + N / «5. 


11. Find the expansions of 

cos (d + /? + C) and sin (d - B+ C). 

12. Express tau (d - B - C) in terms.of tin d, tan B y tafi C v . 

13. Express cot (d +Z? + C) in terms of cot d, cot /?, cot C. 


119. Beginners not unfrequently find a difficulty in the con- 
verse use of the A +B and A -B formula) ; that is, they foil to 
recognise when an e\pi ession is merely an expansion belonging to 
one of the standard forms. 

Example 1. Simplify cos (a - p) cos (a + p) - sin (a - p) pi n (a + 0). 

This expiession is the expansion of the cosine of the compound 
angle (a + /3) + (a-0), and is theielore equal to cos {(a+j9) + (a-j8)} ; 
that is, to cos 2a. 

Example 2. Shew that ^ = tan 3d. 

1 - tan d tan 2d 

By Art. llo, the first side is the expansion of tan (d + 2d). and is 
therefois equal to tan 3d. 
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XU] CONVERSE USE OF THE ADDITION FORMULAS. 


Example 3. Trove that cot 2 A + tan A = cosec 2.1. 


The first side 


cos 2.1 sin. I 
sin 2 A T cos. I 


cos 2 A cos A + sin 2A sin A 
sin 2 A cos A 


cos (2.1_- .1) _ cm A 
sin 2 A cos A “ sin 2 A cos A 


_1 

« sin 2A 


= cosec 2 A . 


Example 4. Prove that 

cos 40 cos 0 -+- Bin 10 sin 0 = cos *20 cos 0 - sin 20 siu 0 . 


The first side— cos (40 - 0 ) = cos 30 = cos (20 + 0) 
=cos 20 cos ^ - siu 20 Bin 0. 


EXAMPLES. XI. c. 


Prt^o the following identities : 

1. cos (.4 4- D) cos 7? 4 - sili (.1 + B) siu B- cos A . 
* 2. sin 3.1 cos A - cos 3 A. sin A — sin 2.1. 

3. cos 2ii cos a 4- sin 2a siu a = cos a. 


4. 

i 

A. 


4 

io. 

A 

4 . 2 . 

13 , 

14 . 


cos (30* +.4) cos (30* -A)- siu (30* + A ) siu (30* - A ) = ^ 

sin (G0° - A ) cos (30° 4- -A) 4- cos (G0° - .1 ) sin (30° 4* A) — l 

4*>s2ci siu 2a 

= cos 3a. 

see a cosoc a 


tan (a — /8)_+ tan # 

1 -tan(a-/3) tan/3 


tan a. 


cot (a 4-/3) cot a + 1 __ 
cot a-<3ot(a+/3) ~ 


tan 4.1 - tan 3.4 
1 4-tan 42 tan 3.1 


cot 0 - cot 2 0 = cosec 20. 

1 4- tan 20 tan 6 = sec 20. 

1 4- cot 20 cot 0 * cosec 20 cot 0. 

sin 20 cos 0 4- cos 20 sin 0 » sin 40 cos 0 - cos 40 siu 0. 

cos 4a cos a - sin 4a sin a —cos 3a cos 2a — sin 3a sin 2a. 



ELEMENTARY TRIGONOMETRY. 


[CHAP. 


lot 

Functions of Multiple Angles. 

120. To express sin 24 in terms of sin A and cos A. 
sin 2.4= sin (4 + 4)«=sin4 cos 4+ cos A sin 4;* 

that is, sin 2 A = 2 sin A cos A. 

Since A may have any value, this is a perfectly general formula 
for the sine of an angle in terms of the sine and wsine of the half 
angle. Thus if 2 A be replaced by 0, we havo 

6 6 

sin ^=2 sin ^ cos g . 

Similarly, sin 4A = 2 sin 2 A cos 2 A 

— 4 sin A cos A cos 2 A. 

# 

121. To express cos 2.4 in terms of cos A and sin A . 
cos 2 A = cos (A + A ) = cos A cos A —sin A sin 4 ; 

.that is, cos 24= cos 2 A -sin® A (1). 

There are two other useful forms in which cos 24 may be 
expressed, one involving cos A only, the other sin A only. 


Thus from (1), 

cos 24 «= cob 2 4 — (1 — cos 2 4); 

that is, cos 24 = 2 cos 2 4-1 (2). 

Again, from (1), 

cos 24 * (1 - sin 2 4) - sin 2 4 ; 

that is, cos 24 * 1 - 2 sin 2 4 (3). 

From formulae (2) and (3), we obtain by transposition 

1-f cos 24 =2 co8 2 4 (4), 

and 1 -cos 24 = 2 sin 2 A ....(5). 

By division, I^^ ctanM ^ 

Example. Express cos 4a in terms of sin a. 


From (3), cos 4a= 1 - 2 sin 2 2a= 1 - 2 (4 sin 9 a cos 2 a) 
=1-8 sin 2 a (1 - sin*a) 
=l-8sin fi a+8sin 4 a. 
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A] 


122. The six formulae of the last article deserve special 
attention. They are universally true so long as one of the 
angles involved is double of the other. For instance, 

* 

cos u = cos 2 — sin 2 ~ y 
cos o—2 cos 2 ^ — 1 , cos a «-* 1 — ? sin 2 ~ , 

I a J 

6 B 

1+cos 0«2 cos 3 i -cos 0=2 sin 3 -. 


Example . Tf coa 6 = *28, find the value of tan 

tan 3 * - L ~ cos e - 1 - ' 28 J72 _ 72 

‘2~l + cos0“'j + *28” 1-28 ~ 128 


0 

2 ' 




4 * 


123. To express tan 2.1 in terms of tan A. 


, tan 2.1= tail (.4 + -!)==* 


tan .4 4- t an A 
1 - tan A tan A 


that is, 


tan 2.1 = 


2 tan .1 
1 -“tan*A ’ 


121. To express sin 2A and cos 2.1 in terms of tan A. 

sin 2.1 = 2 sin A cos .4 — 2 S * n ^ cos 2 A~2 tan A cos 2 A ; 
cos.l 

. _ . 2 tan .4 2 tan A 

;. sin 2.1 = ‘o~r~ i — • 

see 3 .1 1 4- tan 3 A 

Again, 


cds 2.1 escos 2 -1 - sin 2 .1 = cos 3 A (1 - tail 3 A ) ; 


.\ *cos 2.1 


1 - tan 3 .1 
sec 3 .! 


1 - t an 3 A 
1 + tan 3 A * 


» , . 1- tan* (45° -.4) . ol 

Example. Shew that ) =* m2A - 

The first aide = cos 2 (45°- A)=cos (90° - 2A) = sin 2A. 


0-2 
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[ch/p. 


EXAMPLES. XI. d. 

[The examples printed in more prominent type are important 
and should be regarded as standard /oi'mulce.] 

If cos A = l , find cos 2d . 

u 

/ 2 

2. Find cos 2 A when sin A = - . 

/ 5 

/ 4 3 

3. If sin d*= find win 2d. 

5 

4. If tau d = ^ , find tan 28 . 

u 

5. If tan 8 — ^ , find sin 28 and cos 28. 

6. If cos a ~ £ , find tan ” . 

5 2 

7. Find tan A when cos 2d = 9G. 


Prove the following identities : 


'' 8. 

sin 2 A . A 

OA =tanA. 

1+ cos 2 A 

■ ' 9. 

sin2A . . 

l-cos-2A= CO * A - 

10. 

1-cos A . A 
“sinA - Un 2- 

'''ll. 

1+cosA A 

sinA =cot 2 ’ 

12. 

2 cosec 2d = sec a cosec a 



/13. 

tan a -foot a = 2 cosec 2a. / 


/14 

cos 4 a - sin 4 a = cos 2a. 

.^16. 

cot a - tan a — 2 cot 2a. 

16. 

. nA cot 2 A-l 
cot2A —2wtA-- 

47. 

cot A — tan A 
- , = cos 2d. 

cot d -f tan V. 


l+cot 2 d 4 

— — - = cosec 2 A. 

2 cotd 

4a. 

cot 2 d + 1 
— r,— 7 »— -=soc 2d. 

cot 2 d - 1 

/ 20. 

1+secd . *8 

z — = 2 cos* “ • 

seed 2 

> 

seed- 1 _ . „d 

-r- = 2 win 2 

seed 2 

22. 

2 - sec 2 d 

z — i — = c *os 28 . 

sec *0 

23. 

cosec 2 d - 2 __ 

cosec* 6 ” COB2$ - 
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Prove the following identities : 

24. (ain^+co8^) J =l+sinA. 

26. (ain^-cos^J^l-sinA. 

26. “”,3° — tau(45 , -o). 
l+sm2a v 7 

cos 2a . /JC , x 

27. r — t-o — cot (45 - a). 

1 - sin 2a 

28. sin 8 A = 8 sin A cos A cos 2 A cos 4 A, 

29. cos 4J= 8 cos 4 A -^8 cos 8 .4 + 1. 

30. ein A = 1 - 2 sin 2 ^45° - ^ . 

31. cos 2 ^ - aj - sin 2 ^ = sill 2a. 

32. tan (45° + A ) - tan (45* - A) = 2 tan 2/1. 

33. tan (45"-M)+tan (45° - A) -- 2 see 2/1. 


125. Functions of 3A. 

sin £ J --sin (2/1 + /l) =. siu 2.1 cos A + cos 2/1 sin A 
- 2 sin A cos 2 A + (1 - 2 sin 2 A ) sin A 
=2 sin A (1 - sin 2 A) + (1 - 2 sin 2 A) sin A ; 
=3 sin A- 4 sin 3 A. 

Similarly it piay be proved that 

cos 3A=4 cos 3 A - 3 cos A . 




IOC 


KLKMEMXAUY THKiONOMETKY. 




These formula) are i>erfectly general aud may be applied to 
cases of any two angles, one of which is three times the other ; 
thus 

cos Gu = 4cos 3 2a -3 cos 2a; 
sin OA = 3 sin 3*1-4 sin* 3*4 . 


, 126* To find the value of sin 18°. 


Let A = 1 8°, then 5 A = 90°, so that 2 A = 90° - 3.4 . 
. ' ’ . sin 2.4 « shi (90° - 3.4 ) - cos 3.4 ; 

.* . 2 sin A cos .4—4 cos 3 .1—3 cos .4 . 
Divido by cos A (which is not equal to zero) ; 

2 sin .1=4 cos 2 A -3 = 4(1 -sjn 2 *l)- 3; 
.*.4 sin- .1 + 2 sin .1-1=0; 


bin .4 = 


— 2 + \^4 + H> 
8 


-ljtyo 

" 4 


•Since 18° i^> an acute angle, we take the positive sign ; 


sin 18° 


v '. r > - 1 


Example. Find coa 18° and sin 64°. 

coslS- Vl-Bin»18o =N /r^p. a&jS!. 

8inct 54° and 3C° aie complementary, sin 64°= cos 36°. 

Now coa 38°= 1-2 sin J 18° = 1 - - ( ° ~ V9 » ^ — ; 

lo 4 

sin64°=' v/ - +1 . 

4 


EXAMPLES. XL e. 




i 


If cos A = ; * , find cos 3.4 

o 

3 

Find sin 3.1 when sm A = „ . 

5 

Given ton .4 =3, find tan 3^4. 
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Prove the following identities : 


^4. 


hin 3.4 cos 3.4 
sin 4 cos A 

'4 

,3 cos a + cos 3a ,, 

. ___„cot 3 a. 

3 sm a -sm 3a 


>^'5, 

J7. 


cot 3.4 = 


cot 3 A - 3 cot A 
3 cot 2 .4-1 * 


sm 3a + sin 3 a . 

- . =C0t a. 

cos'* a — cos 3a 


* cos 3 a - COS 3a 
o. ■ — ■ ■ ■ ■ * — ■+ 
COS a 

9. hill 18° -fain 30' 
11. cos 2 36° + sin 2 1 


sin 3 a 4* »iii 3 a 


sin a 

~ M 

— sin 54°. 

10i 

3 


8 “4- 

12. 


\ 


aw 36' -sin 18*=^ . 
4 oiu 18° cos 36° = 1 . 


*127. The following examples further illustrate the forniul® 
proved in this chapter. 

3 

Ed-ample 1 . Shew that cos® a -f sin 6 a — 1 - T sin 2 2a. 

4 

The first side= (cos* a + sin 9 a) (cos 4 a + sin 4 a - cos 9 a sin 2 a) 

= (cos 2 a + sin 2 a) 2 - 3 cos‘ J a sin 2 a 

3 

= 1- (4 cos 2 a sin 2 a) 

4 

= 1 - sin 2 2a. 

4 


Example 2. Prove that — ^4 = sec 2A - tan 2 A . 

cos A 4* sm A 


The right side = — -- 
cos 2*1 


sin 2*1 
cos 2.4 


1 - sin 2 A 
cos 2.1 * 


and since cos2.4=cob ? 4 ~sin s 4=*(cos4 4-sin4)(cos4 - sin.4), this 
suggests that we should multiply the numerator and denominator of 
the left side by cos A - sin A ; thus 


the first side= 

• (cos A 4- sm A ) (cos A - sm A) 


cos* A 4 - sin 9 A - 2 cos A sin A 
cos 9 A -sin 2 A 


1 - sin 2A 
cos 2 A 


= sec 2 A - tan 24. 
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[chip. 


Example 8. Shew that 


tan 8 4 - tan 4 cot 3A - cot A 


— = cot 24. 


The first side= 


sin 34 


Bin A 
cob A 


cos 84 
cos 8 A cos A 


cos 3 A cos A 
Bin 3 A sin A 

sin 3 A sin A 


sin 8 A cos A - cos 3 A sin A cos 3A sin A - sin 3 A cob A 

_ cos 3 A cos4+B in 8 A sin A 

“ sin 3 A cos A- cos 3 A sin A 

cos (34 - 4) cos 24 . _ . 

= 7—' ' =-r— -- =cot 24. 

sin (34 - 4) sin 24 

Note. This example has been given to emphasize the fact that in 
identities involving the functions of 24 and 34 it is sometimes best 
not to substitute their equivalents in terms of functions of 4. 


•EXAMPLES. XI. f. 

Prove the following identities : 

1. tan 2 A — sec 4 sin A — tan 4 sec 24. 

2. tan 24 4- cos A cosec A — cot 4 sec 24. 

0 l-cos20+sin2d_ 4 A 

3# l+cos20+sin 26 ' 

q 

1+COS0 + COS 5 

«. 

sin 4+ sin - 

It 

5. cos® a - sin* a -cos 2a 


(l-isin*2a) 


6. 4 (cos 6 6 + sin® 6) = 1 + 3 cos* 2 0. 

_ cos3a+sin3a , . n 

7. ; = l+2sm2a. 

cosa-Bina 

cos 3a -sin 3a , „ . « 

8 . ; = 1 — 2 sm 2a. 


cosa+sma 
cos a + sin a 
cosa-sina 


>tan2a+sec2a. 
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Prove the following identities : 

cot a — 1 _ 1 — sin 2a 
cot.a + l cos 2a 


1 + sind 
cos 6 


l+tan^ 
' 1 - tan | 


cosd 
1 — sin ^ 


c,,t l +1 

cot|-l 


13. sec A - tan A = tan ^45° - 

14. tan A -|- sec A = cot ^4^* ” ^ * 


l+sinfl 
1 - sin $ 




16 . (2 cos A 4-1) (2 cos -<1 - l)=2tos24+l. 

17 sin 2-4 ^os4 4 

I +cos 24* l+cos4 ~ al1 2 ‘ 

__ sin 24 l-cos4 , 4 

13 . . - a - A . =itan _ . 

1 - cos 24 cos A 2 

19 . 4 sin 3 a cos 3a + 4 cos 3 a sin 3a — 3 sin 4a. 

[Put 4 sin 3 a = 3 sin a -Bin 3a and 4 cos* a-- 3 cos a + cos 3a.] 

20. cos 3 a COS 3a -f sill 3 a sin 3a = cos 3 2a. 

21 . 4 (cos 3 20° + cos 3 40°) — 3 (cos 20° -f cos 40°). 

22 . 4 (cos 3 10° 4- sin 3 20°) = 3 (cos 10° + sin 20°). 

23 . tan 34 - tan 24 — tan 4 — tan 34 tan 24 tan 4. 

[Use tan 34 - tan (24+4).] 

2 ^ co t 6 tan 6 

cot $- cot 30 + tan 6 - tan 30 

tan 30+tan $ ~ cot 30+cot 0~ COt ^ 


[/&>;><« easy miscellaneous Examples on Chapters XI and XII 
mil he found on pages 122*, 122,.] 



CHAPTER XII. 


TRANSFORMATION OF PRODUCTS AND SUMS. 

Transformation of products into sums or differences. 

128. In the last chapter wo have proved that 

sin ,4 cos B 4-cob A sin B — sin # (A 4- #)> 
aiul sin A cos B — con A bin B — sin (A — B). 

By addition, 

2 sin A ous B = sin ( A 4- B) 4- sin (A-B) 1 ) ; 

by subtraction 

2 cos .1 sin Z»=s in (A +B) - sin (A — B) (2;. 

These formulas enable us to express tho product Of a sine and 
cosine as the sum or diticronco of two sines. 

Again, cos A cos B - sin A sin B — cos {A 4- B ), 

and cos A cos B 4- sin A sin B = cos (A — B). * 

By addition, 

2 cos A cos B — cos (A 4-2J)4-uos (. A - B) (3) ; 

by subtraction, 

2 sin A sin B = cos (A - B) - cos (A 4- B) ( 1). 

These formula) enable us to express 

(i) the product of two cosines as the sum of two cosines ; 

(ii) the product of two sines as the difference of two 

cosincb. 

129. In each of tho four formula) of the previous article it 
should bo noticed that on the left bide we have any two anglos 
A and B , and on tho right side the sum and difference of these 
angles. 
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fc i 


For practical purpo&es the following verbal statements of the 
results are more useful. 

2 sin A cos 2?= siu (sum ) + sin (difference ) ; 

2 cos A sin /> ^ain (sum) - sin (different ; 

2 cos A cos B = cos (mm) +• cos (difference ) ; 

2 sin A sin i> = cos (di (fere nee) -cou (mm). 

\.B. In the last of these formulae, difference precedes 
the sum. 

Example 1. 2 sin 7 A cos 4 A — siu (*««*) + sin (difference) 

—sin 11 /t + sin 3.4. 


Example 2. 2 cos 30 si* G0 = sin (.‘{0 + G0) - sin (30 - 60) 

= sin 90 - sin ( - 30) 

= sin 90 + sin 30. 

„ , 3J oA 1 ( /3^f 5X\ /.*M 5A\) 

Sample A cob y - cos ^ = - ( co 3 ^ j + COB ^ Jj 

- } [cos 4.4 + cos ( - A) J 
L 

-=] > (cos 4A + cos A). 


Example 4. 2 sin 75° sin 15° — cos (7o° - 1G°) - cos (7i>° + 15 J ) 

= cos 60° -cos 90° 



1 

2* 


130, After a little practice the student will be able to omit 
some of the steps and find the equivalent very rapidly. 

Example 1. 2 cos ^ + 0^ cos ^ - 0^ = cos ^ + cos 20 — cos 20. 

Example 2. sin (a - 20) cos (a + 20) — \ { sin 2a + sin ( - 40) ) 

=5 (sin 2a - sin 40). 

4 
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EXAMPLES* XXL ft* 

Express in the form of a sum or difference 


1. 

2 sin 36 cos 6. 

2. 

2 cos G4 sin 34. 9 

3. 

2 cos 7 A cos 5 A . 

4. 

2 sin 3 A sin 2 A. 

5. 

2 cos 54 sin Ad. 

6. 

2 sin 44 cos 84. 

7. 

2 sin 9 d sin 34. 

8. 

2 cos 94 sin 74. 

9. 

2 cos 2 a cos 1 la. 

10. 

2 sin 5a sin 10a. 

11. 

sin 4a cos 7a. 

12. 

sin 3a sin a. 

13. 

A . 3 A 

C0S 2 WU ~2 ’ 

11 

. 5.1 7 A 

sm- 2 -eos- 2 -. 

15. 

0 24 54 

2 cos — cos — . 

«S 

16. 

# . 4 . 34 
sm 7 am—. 

4 4 

2 cos 2p cos (a - p). 

18. 

2 sin 3a sin (a+0). 


19. 2 sin (24 + 0) cos (4 - 20). 

20. 2 cos (3d + 0) sin (d - 20). 

21. cos (60° H- a) sin (60° - a). 

Transformation of sums or differences into products. 

131. Since sin (A + B ) = sin A cos B 4- cos A sin 2?, 
and sin (4 — 2?) = sin ,4 cos 23 -cos .4 sin 2?; 

by addition, 

sin (4 + B) 4-sin (A - B) = 2 sin A cos B (1) ; 

by subtraction, 

sin (4 + B) - sin (A - B) = 2 cos A sin B (2). 

Again, cos ( A + B ) = cos A cos B- sin A sin 2?, 
and cos(A-2?)=cos A cos2J+sin A sin A 

By addition, 

cos (A 4- 2?)+cos (A - 2J) = 2 cos A cos 2? (3) ; 

by subtraction, 

cos (A + B) - cos (A - B) « - 2 si n A sin B 

=2 sin A sin ( - B) (4). 
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Let A+B=C\ and A 

then ^ = and D 

A 2 

* 

By substituting for .1 and B in the formula) (1), (2), (3), (4j f 
we obtain 

sin CM- sin /) — 2 sin — 1 — ^ ros ^ , 

- 2 2 * 

• jy 'Ho . C-I) 

am C- sin x)-2 c<># — - - sm - , 

2 2 * 

1 n a 1) C-D 
cos C/4- cos D = 2 cos cos — — , 

2 2 

' n . . (7+i> . Z)-C 
cos 6 - cos D - 2 sin - sin - . 

2 2 

132. In practice, it is more convenient to quote the formu- 
la) wc have just obtained \ci bally as follows : 

sum of two sines =• 2 sin (half -sum) cos (half -difference ) ; 
difference of two sines = 2 co«i (half sum) sin (half-difference ) ; 
sum of two cosines— 2 cos (half -sum) cos (half -difference ) ; 
difference of two cosines 

= 2 sin (half-sum) sin (half-difference reversed) 

i 

. 140 fO 0 140 -G0 

Example 1. sin 110 + sin 00 = 2 sin ^ — cos - - - 

= 2 sin 100 cos 40. 

9d +■ 7.1 . 9.1-7J 
Example 2. sin J 4 - sin 7JL = 2 cos — ^ - flm — % — ’ 

=2 cos 8 A sin A. 

Example 3. cos A + cos 8-4 = ? * »s ~ cos^-~i^ 

0 9.1 7 A 

= 2 cos cos . 

Example 4. cos 70° - cos 10° = 2 sin 40° sin ( - 30°) 

= - 2 sin 40° sin 30°= - sin 40°, 



114 


ELEMENTARY TRIGONOMETRY. 


[cUAf. 


FiXAMPLES. 23I.b. 


Express in the form of a product 


1. 

sin 80+sin 40. 

2. 

sin 50 -am 0. 

a 

cos 70 -fees 30. 

4. 

cos 90 -cos 110. 

5. 

sin 7a- sin 5a. 

a 

cos3a+cos8a. 

7. 

sin 3a + sin 13a. 

a 

cos 5a— cos a. 

9. 

cos 2d + cos 9d. 

10. 

sin 3d -sin lid. 

11. 

cos 10° — cos 50'. 

12. 

sin 70° + sin 50 \ 

Prove that 



13. 

cos a- cos 3a , 

ss. ‘In 

sin3a-sma 

14. 

sn> 2a + sill 3a a 

cos 2a --cos3u~ 2' 

15. 

cos 40 — cos 0 A 50 

bin0-sin40 SI= n 2' 

16. 

cos 20 -cos 120 A t/1 
sin 120+ sin 20 ~ Unbe - 


17. sin (60° + d) - sin (60° - J) = sin d. 

18. cos (30 ° - A ) + cos (30° + A) « ^3 cos d. 

19. cos^+a)-cos^-a)« - v /2 sin a. 


20 . 


21 . 

22 . 


cos(2a - 3)3) + cos 3)3 _ 
sin (2a- 30) +sin 3)3 ~ C ° "* 


cos (0 — 3< ft)- cos (30 + 0) 
sin (3 0 + <£) + sin (0 - 3 </>) 


*=tan (0 +2<£). 


sin (g+ 0) - sin 4 )3 u- 3^ 
cos (a4-0) + cos 4)3 U 2 


133. The eight formula? proved in this chapter are of the 
utmost importance and very little further progress can t>e made 
until they nave been thoroughly learnt. In the first group, the 
transformation is from products to sums and differences in the 
second group, there 4 b the converse transformation from sums 
and differences to products. 

Many examples admit of solution by applying either of ihese 
transformations, but it is absolutely necessary that the student 
should master all the formula) and apply them with equal 
readiness. 
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134. The following examples should be studied with great 
cai*©. 

Example 1. Prove that 

sin 5A + sin 2A - sin A = sin 2.4 (2 cob 3.1 f 1). 

The first side = (sin 5 A - sin A ) + sin 2. 1 
= 2 cos 3 A sin 2.4 4- sin 2 A 
=sin 2.1 (2 cos 3^1 + 1). 

Example 2. Prove that w 

cos 20 cos 6 - sin 4 6 sin 6 — cos 3 0 cos 20. 

The first side = ^ (cos 30 j- oos 0) - 1 (cos 30 - cos 50) 

J , * 

= ^ (cos 0 -h cos 50) 

= cos 30 cos 20. 

Example 3. Hnd the value of 

cos 20° 4- cos 100° 4- cos 140^ 

The expression = cos 20° 4- (cos 100° + cos 140°) 

— cos 20° f 2 cos 120° cos 20° 

, =cos20° +2 cos 20° 

= cos 20° - cos 20° = 0. 

Example 4. Express as the product of three sines 
sin (/3+ 7 - a) + sin (7 + a - p) 4- sin (a+/3 - 7) - sin (u+0 1-7). 

The expression = 2 sin 7 cos (p - a) 4* 2 cob (a + p) sin ( - 7) 

=2 sin 7 {cob (fl - a) - cos (a 4-/3)} 

= 2 sin 7 (2 sin p sin a) 

=4 sin a sin p sin 7. 

Example 5. Express 4 cos a cos p cos 7 as the sum of four cosines. 

The expression = 2 cos a { cob (£ 4 - 7) 4- cos (0 - 7) } 

=2cos a cos ()3 +7) 4 * 2 cos a cos (p-y) 

« eos (a + P + 7 ) + oofl ( a - P - 7 ) + oos (a 4- p - 7 ) 4- cos (a - p + 7 ) 
=cos(a+/ 3 + 7 )+cos(/ 34 - 7 -a)+eos( 7 +«-/J)+cos(a+^- 7 ). 
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Example 6. Prove that sin 9 5s - em 2 3x = sin 8 j? siu 2x. 

First solution . 

flin 2 5x - sin 2 3x = (sin 5x + sin 3a-) (siu 5x - sin 3x) ^ 

= (2 sin 4x cos x) (2 cos 4x sin x) 

= (2 sin 4x cos 4.r) (2 sin x cos x) 

= sin 8-r sin 2x. 

Second solution . 

sin Sx sin 2x = ^ (cos Gx - cos lOx) 

a 

= | {1 - 2 sin 2 3x - (1 - 2 sin 2 5x)J 
= sin a 5x-sin a 3x. 

Third solution . 

By using the formula of Art. Il l we have at ouce 

Bin 2 ojc - sin 2 Sx = sin ( 5x + Sx) sin (5x„- 3x) = sin 8.c sin 2x. 


EXAMPLES. XII. c. 

Provo the following identities : 

'L cos 3-1 +sin 2.1 - sin 4.A = cos 3.1 (1-2 sin .1). 
-2. sin 30 -sin 6 - sin 50 = sin 30(1 -2 com 20). 

3. cos 0 4* cos 2d + cos 5 6 = cos 26 (1 4- 2 cos 3 6 t . 


Cl | 

sir a - sin 2a + sin 3a =* 4 sin - cos a cos ' ~ . 

2 2 


sin 3a + sin 7a + sin 1 Oa *= 4 sin 5a cos — cos -> . 


7 a 3a 

T cos ‘2 

6. sin A + 2 sin 3*4 4- sin 5*1 = 4 sin 3.1 cos 2 A 
sin 2a + sin 5u - sin a 


7. 

8 . 

9 . 

10 . 


— a — r * ~~~k — i -tan 2a - 

cos 2a + cos 5a + cos a 

sin a + sin 2a + sin 4a+sin 5a_ ^ ^ 

cos a + cos 2a + COS 4a + cos 5a ~ 

cos 7 $ +cos 3 6 - c os 5 6 - cos 6 _ ^ ^ 

sin 70 - sin 36 - sin 50 + sin 6 *" 

cos 3*1 sin 2-4 - cos 4-4 sin 4. = cos 2-4 sin Jl 
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Prove the following identities : 

11. cos 5.4 cos 2 A - cos 4 4 cos 34 = - sin 24 sin A. 

12. sin 46 cos 6 ~ sin 3 6 cos 26 = sin 6 cos 26 L 

13. cos 5° — sin 25° -= sin 35°. 

[Use sin 2o°=cos 65°.] 

14. sin 65° + cos 65° — J2 cos 20°. 

15. cos 80° + cos 40 ' - cos 20° =- < ). 

16. s in 78° - si n 1 8^4- c os 1 32° — 0. 

17. sin 2 5.4 — sin 2 24 « sin 74 sin 34 . 


18. 


19. 


20 . 


21 . 


22 , 


n . r . * 74 . . 34 

cos 24 cos 54 — cos* — - sm* -- . 


sin (u + £ + y) + sin (« - /3 - y) + sin (« + 0 - y) 

+ sin (« - /3 + y) — 4 sin a cos 0 cos y. 
cos(0+y -a) -cfM(y + «-/3) + cos (a + 0-y) 

— cos (a + /y + y)=4 sin a cos 0 sin y 


sin 2a -f sin 20+sin 2y - sin 2 (a+04-y) 

*4 sin (/?+y) sin (y +a) sin («+£). 


cos a rcos/i + cosy + cos(a-t-j3+y) 

-4 cos^^ y c 


y fa 


cos 


a-f0 

2 


23 . 

24 . 

25 . 


26 . 


27 . 

28 . 

29 . 


4 jin A sin (60° + A ) sin (60° — 4 ) = sin 34 . 


4 cos 6 cos 
cos 6 f COS 


(~]r + tf') cos -dW cos 36. 


cos 8 4 + cos 8 (60° + 4) + cos 2 (60° - A ) =| . 

[Put 2 cos 2 4 = l + cos24,] 
sin 2 4 + sin 2 (1 20° + 4) + sin- (120° - 4) - 1 . 
cos 20° cos 40* cos 80® = ^ . 

sin 20° sin 40° sin 80° V3- 


H.K.B.T. 


r 
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135. Many interesting identities can be established connect- 
ing the functions of the three angles A, B f (7, which satisfy the 
relation A +3+ <7— 180°. In proving these it will be necessary 
to keep clearly in view the properties of complementary and 
supplementary angles. [Arts. 39 and 96.] * 

From the given relation, the sum of any two of the angles is 
the supplement of the third; thus 

sin (3+ C)=sin A, cos (A +3)-=? - cos (7, 
am ( C+ A) as - tan 3, cos B — - cos (<7+ A ), 
siiiC=»8in(A+2J), cot A = -cot(34*£). 
ABC 

Again, - 5 - + + 7 , = 90°, so that each half angle is the comple- 

L it it 

meat of the sum of the other two ; thus* 

A+B . C . C+A B . B+C .A 

cos - 2 — =sm 2 > 8111 ~ 2 —==COS 2 * a - '«*•£* 

C . A+B . A B+C . 5 

008 2 = 8111 2 '» 8111 Y 5=5 008 2~ 9 tan- = cut--— . 

Example 1. If A + 3 + C= 180°, prove that 

sin 24 + sin 23 + sin 2C = 4 sin A sin B sirr C. 

The first side = 2 sin [A + B) cos (A -B) + 2 sin C cos C 
=2 sin C cos (A - B) + 2 sin (7 cos C 
= 2 sin C {cos (A -B) + cos C } 

=2 sin (7 {cos (A -3) - cos (A +3)} 

=2 sin <7x2 sin A sinB 
=4 sin A sin I? sin G. 


Example 2. If A + B + C = 180°, prove that 

tan A + tan B + tan C= tan A tan 3 tan G. 
Since A +3 is the supplement of (7, we have 
tan (A +3) = - tan (7; 
tan 4+ tan 3 . rtm 

•• l-to itoV* 110 ' 
whence by multiplying up and rearranging, 

tan A + tan 3+ tan (7= tan A tan 3 tan (7. 
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I 

Example 3. If A + B + (7= 180°, prove that 

oob A + cob B + cob (7=1 + 4 sin ^ sin — sin ^ . 

A fi J 

The first side =2 cos cos— ^— + cos (7 

2 2 

„ . C ^-11 , „ . ,0 

=2 sin — cos — s — +1-2 sm* - 

i « • 2 

- , „ . C ( A-D . C\ 

= l+2sm- 2 -^cos— --sm^J 

. , n . C ( A-Ti A + tt\ 

= l + 2sin ¥ ^cos - 2 cos-j-J 

= l+2sm| ^2 B in~ijin^ 

- . A . A . B . C 
= 1 + 4 sin — sin - sm . 


EXAMPLES. Xn. d. 


If .4+ 2? +,(7= 180°, prove that 

1. siD 2 A - sin 2B + sin 2(7= 4 cos -4 sin I? cos (7. 

2. sin 2^1 - sin 2B - sin 2(7= - 4 sin u4 cos J3 cos (7. 

i 

ABC 

3. sinA+sinB+sinC=4cos g-cos^cos 2* 

A smA+smB-sm C7=4sm -g-sm — cos — . 

ABC 

5. cos A — cos B + cos C— 4 cos — sin — cos — - 1. 


6. 


si n 2? -+sin C- sin A . B C 
sm3+si^B+sin (7** 2 11 2* 


7. tan?tan5 + tan^tan^ + tan^tan|=l. 

[U$e tan^~ 5=cot~ , and therefore tan ^ tan ^ = 1. ] 


9 — 2 
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If 4 4- /J 4-6'- 180 - , prove that 
0 14-cos 4 - cos 2? 4- cos C . B .C 

14-cos44-cosjB-cos<7 2 2 

9. cos 24 4- cos 2.Z?4-cos2C'4-4cos4 cos cos 6 T 4-1 =0. 

10. cot B cot C7+ cot 0 cot 4 4~ cot 4 cot Z?a= 1, 

11. (cot B 4- cot C) (cot C + cot 4) (cot 4 4 cot B) 

= cosec A coscc B cosec 0. 

12. co» 2 A 4- cos 2 B 4- cos 2 C y + 2 cos .4 cos I? cos 6= 1 . 

[ Use 2 cos 2 4 - 1 4 cos 24 .] 

,o o A . .B . q C , n . A . B . C 

13. sin- -- + sui- 2 + am 2 — — 1 - 2 sm -- sm — sin — . 

14. cos 2 24 + cos 3 2 B 4- cos 3 20= 1 4 2, cos 24 cos 2 B cos 26. 

- cot B 4-cot C cot 6*4- cot 4 cot 4 4- cot B __ 

tdnB+tanC tan 64- tan 4 tan 4 4- tun 

. A. BC 

. a . 4. „ . A tan it tan - tan ~ 

16 tail A 4 tan /74-tan C __ 2 2 2 

(sin 4 + sin j^4*sin 6) 2 ~~ 2 cos 4 cos B cos 0 ' 


*136. Tlio following oxamplos further illustrate the formula! 
proved in this and the preceding chapter. 


Example 1. Prove that cot (4 + 15°) - tan (4 - 16°) = 


The first side =-°^— 

sin (A + 15°) 


sin (4 - 15°) 
cos (4 - 15®) 


4 cos 24 

2 sin 24 4-1 ’ 
« 


CQg ( A + 15°) cog (A - 15°) - gin (A + 15°) Bin (/t - lit 8 ) 
gin (iJ + 13°) cos (A - 13°) 

_cog { (,A + 15°) + (A- 15°) } 

= sin (A + 16°) cog (A - 15°) 

2 cos 24 _ 2 cos 24 

“ 2 sin (4 4 - 15°) cos (4 - 15°) “ sm 24 +"sin 80° 

4 cos 24 
~~ 2 bin 24 + 1 * 


Non? In dealing with expressions which involve numerical angles 
it is usually advisable to effect some simplification before substituting 
the known values of the functions of the angles, especially if these 
eontain surds. 
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! Example 2. If 4 + JB + (7 = 7r, prove that 


A B C A ir- A v-J] v-C 
cos — + cos - + COS — = 4 COS — COS COS — . . 

AAA '1 4 4 


The second uido=2cos 


r-jr 2rr~(IJ + C) Ji-t 

\ oau 5 J And _ 


•-4r 2 w~(L 

4 L C08 


V-A 7T + .1 v- 4 B-C 

= 2 cos cob - — H 2 cos cos 

±1 14 

f TT 4\„ li±U B-C 
— (cos 2 COS — If 2 cos - cos ^ 

.4 JJ C 

=- cos - f cos — + cos -- . 

J 2 a 


•EXAMPLES, xn.e. 

Provo tho following identities : 

1. cos (« + B) sin (a - / 3) + cos (/3 +y) sin (£ - y) 

+ cos (y -f 5) sin (y - 8) + cos ($ f a) sin (ft - a) =0. 

2 sinJ/9 -_y) sin (y - a) sin (a-fl ) = 
sin ftsin y **" sin y sin a ^ sm a sin £ 

0 sin a+ sin /3 + sin (a -f j3) .a , 0 
3 - sinV+^— sinM) = COt 2 COt 2- 

4. sAi a cos (/3 + y ) - sin /3 cos (a -f y) * cos y sin (a - j3). 

5. cos a cos (0+y) - cos £ cos (a +y) ■= sin y sin (a - /3). 

6. (cos 4 — sin A) (cos 24 — sin 2.4) = cos A — sin 34. 


7. If tnn 6 =* - f prove that a 00 s 2 $+b sin 20 = a. 

[See Art . 121.] 

o tk. A1 , . 0y4 , ol (1 + tan 4) a — 2 tan * A 

8. Prove that sm 2 A + cos 0 4 » x ^ ^ j- - . 


9. Prove that sin 44 ■ 


4 ton J (1 - tan* A) 


v ' A ™ (1+ tan* 4) 2 

10. If A + J3=45°, prove that 

(1 +tan 4) (1 +tan 2?)=*2. 
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Prove the following identities * 

11. oot(16--^) + tan(15- + ^)=-±^i^. 

li cot( 16 * + ^) + tau( 16 - + ,i)=^^^ 3 - M . 

13. tea (A + 30*) ton (.1 - 30') = . 


14. (2 cos .4 + 1) (2 cos at — 1)(2 cos24 — l) = 2cos44 + l. 

15. tan(/3-y) + tan(y-a)+tan(a-£) 

== tan (ft - y) tan (y — a) tan (o - ft). 

16. sin (ft - y) + sin (y - a) + sin (a - ft) 

+ 4 sin sin sin a ~— =0. 
2 2 2 


17. COS 1 (ft — y) + COS 2 (y — a) + COS 2 (a — ft) 

= 1+2 COS (ft - y) COS (y - «) cos (a — ft). 

18. cos 2 a+ cos 2 ft -2 cos a cos ft cos (« + ft) =sin 2 (a+ft). 

19. sin 1 a+sin 2 /3+2 sin a sin ft cos (a+ft) =sin 2 (a+ft). 

20. cos 12° + cos 60°+ cos 84° = cos 24° + cos 48°. 

If A + B + C= 180®, shew that 

A . B , C A B+C C+A A+B 

2 2 2 4 4 4 

-O A B C 7T + A 7 T—B ft+C 

22. cos — -cos — + cos - =4cos — — cos . cos . 

2 2 2 4 4 4 

m .A. B t .C, tA . ft- A . ft B . 7 t-c 

23. sin — +sm — +sin - = 1 + 4 sin — . sin — - sin — 7 — . 

2 2 2 4 4 4 


If o+/3+y=-Q, shew that 
Si 

. sin 2a + sin 2ft + sin 2y , , ^ 

24. - ~r — ~ . ■ _ 7 / — cot a cot ft. 

sin 2a + sm 2ft - sin 2y 

25. tan j3 tan y+tan y tan a+tan a tan £=1. 
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{East/ Miscellaneous Examples on Chapters XI and XIL) 
Provo, the following identities : 


1. cosec (a+j8)= 


cosec a cosec $ 
cot a cot £ 


2 . 

3. 

4. 

5. 


, • 1 + tana tan fl 

cosec 26 — cot 26 — tan 6. : 

2 cos 2 (45° - A ) = 1 -f sin 24 . 

2 cos 2x cosoc 3 j? = ^oaw .r - cosec 3a\ 


6. cos (4 +B) cos + 1 *=cos 2 A +cos a A 

7. 1+cos 44 =2 cos 24 (1 — 2 sin 2 4). 

8. Express cot 24 in terms of tan A, and tan 2-4 in terms of 
cot A. 


A 

9. If tail -- = t, prove that 

(i) sin A + tan A -= ; (ii) sec .4 -f tan4=^j~~-. 


in „ sin 34 

? [>ress s » n _ 8 i n 4 


in terms of cos A. 


11. If sin a - *28 and cos/3=‘6, find the value of cos(a+/3). 
Thence from the table of cosines find a+fi to tho nearest minute 
Check the result by finding a and /3 separately from the data. 

12. If a=£+y, shew that 

sin (a+p+y)+ sin (a + 3 - y ) +sin (a +y) 

=4 sin a cos 0 cosy. 

13. Prove that cos 57°+ sin 27*«=cos3\ and verify the rela- 
tion by means of the Tables. 

14. Express 4 sin 5a cos 3a cos 4a as tho sum of threo sines. 

15. By means of tho Ta bles find approximately the numerical 
value of the expression 4 cos 20° cos 30° cos 40*. 

[First express the product as the sum of three cosines.] 
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16. Find the smallest value of d which satisfios the equation 

sm 4 6 cos d« j+sm cos ^ • 

17. Prove the identities : ' 

(i) (x tan a +y cot a) (jt? cot a +y tan a) — {x +y) 2 + cot 2 2u ; 
f (ii) cos p cos (2 a - £) = cos* a - sin 2 (a - p ) ; 

(iii) cos a + cos 3a + cos 5a -f cos 7a — ^ sin 8a cosoc a. 

i& if cosd=*8 f find the numerical values of sin 2d and 
cos 2d. Check the rosults by first finding d from the table of 
cosines. 

19. If 2A +/?— 90°, prove that cos ii = — • 

20. Provo that 

(i) -.—,7:0 - - ”^*=4 i (ii) sin 54°= sin 162®+sin 30°. 

' sm 10 cos 10 ' x 

21. I f B -f <7— 1 80°, prove that 

2(1 - sin Z? sin C)=cos 2 J?+cos 2 C. 

22. If A + B -f C= 180*, prove that 

1 - 2 sin B sin C cos A + cos 2 A = cos 2 B -f* cos 2 C. 

23. If A -h B + <7-= 0, prove that , 

1 +2 sin B sin C cos A -f cos 2 A =cos 2 Z?+cos 2 O. 

24. Prove that 

sinM — cos 2 A cos 2B *= si n 2 B- 00s 2 B cos 2 A. 

25. Prove that tan 50® -tan 40® =2 tan 10°. Verify the re- 
lation by using the table of tangents. 

26. If cot d— *5 find sin 2d and cos 2d. Check the values as 

in Ex. 18. 1 

27. By means of the Tables, find the two smallest values of 

d which satisfy the equation 1 

*362 cos d+sind«l. 

[From the table of tangents find a such that tan a » *362 ; then 

the equation may be written sin (a + d) *= cos a ■» sin (90° - a),] 



CHAPTER XIII. 


RELATION^ BETWEEN THE SIDES AND ANGLES OF 
A TRIANGLE. 


137. hi any triangle the tides are proportional to the sines of 
the opposite angles; that ?s, 

ain A sin B sin O’ 


(1) Lot the triangle A BC be acute-angled. 

From A draw A D perpendicular to 
the opposite side ; then 

A D—A 7?sin ABD~c sin B , 
and AJJ= AC sin ACT)— b sin C; 

.\ bamC-cmn B, 

that is, ."75= -~7v 

sin B sin 0 



(2) Lot the triangle A BC have an obtuse angle B. 

Draw AT) perpendicular to CB 
produced; then 

AD*=*ACs\n ACD- 6 sin (7, 
and AD—ABsin ABD 

■=»c sin (180° - B) *= c sin B ; 

&sinC*=csin B; 



that is, 


b c 
sin 2? mC' 

In like manner it may be proved that either of these ratios 
is equal to . 

a b e 
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138. To find an expression for one side (c) of a trianglJin 
terms of the other two sides and the included angle ( C ). 

(1) Let C be an acute angle. 

Draw BD perpendicular to AC; 
then by Euc. il 13, 

AB*=BC*+CA*-2AC. CD) 

<?*s=a 2 4-& 2 — 2h. a cos C 

=a*+& 2 -2tt&cos C. A D b 

(2) Let G bo an obtuse angle. 

Draw BD perpendicular to AO 
produced ; then by Euc. n. H', 

AIP=BC*+CA*+2AC. CD -, 

. ■ . c 1 = n 2 + b 2 + 2b . a con BCD 
= a 2 + 6 2 4- 2 ab cos (1 80° - C) 

= a a + 6 a — 2a6 cos 6 r . 

llenco in each case, c 2 = a 2 + 6 s - 2a& cos (7. 

Similarly it may bo shown that 

a 2 = 6 2 -|- c 2 — 26c cos A , 
and 6 2 — c 2 + a 2 - 2ca cos 2?. 




139. From the formulae of the last article, we obtaip 

&2 +0 a_ a 2 „ c 2 + a 2 -6 2 „ a 2 +6 2 -c 2 

C08 ^ = _..__. ; cos 5=-- 2c - S cosC= . 

These results enable us to find the cosines of the angles when 
the numerical values of the sides are given. 

140. To express one side of a triangle in terms of the adjacent 
angles and the other two sides . 

(1) Let ABG be an acute-angled A 

triangle. AS. 

Draw AD perpendicular to BG\ then f \ 

BC=BD+CD j 

**AB cos ABD+ AC cob ACD; ] 

that is, a**c cos JJ+6 cos (7. B D a C 
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(2) Let the triangle ABC have an obtuse angle C. 

Draw AD perpendicular to BC 
produced; then 

BO=BD-CD 

=AB cos A BD -AC cob ACD; 

•\ a=c cos B—b cos (180° - C) 

=*c cos Z?-f b cos C. 

Thus in each case a b cos (7 4 c cos B. 

Similarly it may l>e shewn that 

6=ccos A+acos < 7 , and c=acosi?+6cos A. 

Noth. The formulas \we have proved in this chapter are quite 
general and may be retarded as the fundamental relations subsisting 
between the sides and angles of a triangle. The modified forms 
which they assume in the case of right-angled triangles have already 
been considered in Chap. V. ; it will therefore be unnecessary in the 
present chapter to make any direct reference to right-angled triangles. 



*141. The sots of formula) in Arts. 137, 138, and 140 have 
been established independently of one another ; they are how- 
ever not independent, for from any one set the other two may 
be derived by tho help of the relation A + B +C= 180*. 

For instance, suppose wo have proved as in Art. 137 that 
a b c S 
♦ ,sinA~"*siuZ? sin C' 


then since sin A — si n ( B + C ) = sin B cos (7+ sin C cos B ; 

- binZ? sin C n 

1= . - . cos H — : — jCOsZ?; 
sin A bin A 


1 = - cos 6'+ - cobB; 
a a 

a—b cos (7+<? cos B. 


Similarly, wo may prove that 

5*a0cos A cos C } .-ml c=acosZ?-h & cos A. 

Multiplying 'these last three equations by a, b t -c respec- 
tively ana adding, we have 

a 1 2 + 6 2 -c 2 =2a6cos C\ 

,\ c 2 =a 2 +6 2 - Zab gob G. 

Similarly the other relations of Art. 138 may be deduced. 
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Solution of Triangles. 


142. When any three parts of a triangle are given, provided 
that one at least of those is a side, the relations we hav^ pro\ eel 
enable us to find the numerical values of the unknown parts. 
For from any equation which connects four quantities three of 
which are known the fourth may bo found. Tims if e, a, B are 
given, we can find b from the formula 

b 2 — c 2 + « 2 - 2 ca cos B ; 

and if B, C\ b are given, wo find c from the formula 
c _ h 
sin C ~~ mn B ' 


We may remark that if the throe angles alone are given, the 
formula 

a _ c 

bin 4 ~ sin B ~~ sin U 


enables us to find the ratio 9 of the sides but not their actual 
lengths, and thus the triangle cannot ho completely solved. In 
such a case there may be an infinite number of equiangular 
triangles all satisfying the data of the question. 


143 . Case T. To solve a triangle having given the three 
sides , 

The angles and B may be found from the formula) 

& 2 +c 2 -*a 2 , „ c a + « a ~6 a 

cosA = , and cos if = ; 

26c 2ca 

then the angle <7 is known from the equation C=* 180° - A. - B. 


Example 1. If a = 7, 6=5, c= 8, find the angleB A and B, having 
given that cos 38° 11' = ~ . 

, &* + c 2 -rt* 5 ? + 83 -7 a 40 1 _ * 

008 2fec “ " 2x5x8 "2x5x8"a ; 

/. A = 60 °, 

_ «j3+oM« 8 a +7 a ~6 2 88 U. 

008 ” 2 ca 2x8x7 2 x 8 x 7 ^ 14 ’ 


/. 3 = 88 ° 11 '. 
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^ Example 2. Find from the Tables the greatest angle of the 
triangle whose sides are 0, 13, 11. 


Let a=6, ft =13. c=ll. Since the greatest angle iB opposite to 
the greatest side the required angle is J?. 


And 


_c>+ a a -ft J _ll a -fff- 1&» _ -la 
, 2ca ~ 2xllx6~2x ll'x 
= - eos 84° 47', from the Tables; 

.*. B = 180° - 84°47' =-- 95° 13'. 


c =--0909 


Thus the required angle is 95° 13'. 


144. Case II. To stive a triangle having given two sides and 
the included angle. f 

Let 6, c, A bo given ; then a can bo found from the formula 

a 2 =6 2 +c ,z -26ccos^. 


We may now obtain B from either of the formulae 

„ c*+a *-& 2 . „ ft sin if 

cos /?= — , or smzf= ; 

2ca a ’ 

• 

then G is known from the equation (7= 180° — A - B. 


Example . If «= 3, 6=7, 0=98° 13', solve the triangle, with the 
aid of the Tables. 


c 2 =o fl + ft 2 - 2«6 cos C 
=9 + 49-2x3x7oos 98° 13'. 

Now cos 98° 13'= -sin 8° 13' [Art. 98] * 

= - -1429, from the Tables, 

*. c 2 = 58 + 6*006 = 64, approximately; 

Wa*-l»_64+9-49_ 24 _1 

"* Bsa 2ca ~ 2x8x3 ~278x3~§ 5 


11 = 60 °. 

/. A = 180 ° - 60 ° - 98 ° 13 ' = 21 ° 47 '. 
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145. Case III. To solve a triangle having given two angles 
and a side,) 

Let By Cy a be given. 

The angle A is found from A = 180® — B—C; and tho sides 5 
and c from 

t a sin B , a sin C 

0 =—. — -r- and c=~. — . . 
sin A sin A # 

Example . If -4=105°, C=60°, 5=4, solve the triangle. 

JJ = 180° -105° -60° =15°. 

_ 5 sin (7 4 sinCC 0 4J 3 JV2___4 J6 

’ ' 0 sin V sui 15° “ 2 ' J'd - 1 ^3 - 1 

/ c = 6 x /2 *-2^/6. 

5 sin 4 4 sin 105° __ 4 bin 75° 

~ sin 2? — sin 15° ~ sinlo’ 

_4x^L +1 x- 2 ^ 

“ 2^/2 %/J-l s/3-1 ’ 

•. o=4(2 + s /3). 

EXAMPLES. Xni. a. 

( Tables must be used for Examples marked with an asterisk,) 

1. Ifa=15, 5=7,c=13,find6'. 

2. If a= 7, 5=3, c= 5, find -4. 

3. If a=6, 5=5 */3, c=5, find the angles 

4. If a =25, 5=31, <?=7\/2, find A 

5. The sides of a triangle are 2, 2§ , 3 J , find the greatest angle. 

6. Solve the triangle when a=^3+l, 5=2, c= »JQ, 

7. Solve the triangle when a=*/2, 5=2, c=^3— 1. 

*8. If a=8, 5=5, 0=^18, find (7. 

*9. If the sides are as 4 : 7 ; 5, find the greatest angle. 
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li If 


«=2) 6=^3+!, C=60’, find c. 


11. Given a=3, c=5, B= 120’, find b. 
*12. Given 5=7, c=6, d =75’ 31', find o. 
*13. lf%=8, c=ll, *1=93*35', find a. 

*14. If «=7, e=3, i?= 123’ 12', find h 


% 

15. Solve the triangle when a — 2 J6, c — 6 2 J3, 

16. Solve the triangle when A --£2°, b- 2, c—J 5+ 1. 

17. Given .4 = 75°, Z?= 30°, b—J&, solve the triangle. 

18. If B = 60°, 6 , = 15°, b-J 6, solve the triangle. 

19. If 4=45°, 71=105°, c= s % solve the triangle. 

20. Given -4=45°, J5 = GO 0 , shew that c : <.r= % /34-I : 2. 

21. If (7=120°, c=2 % /3, a = 2, find b. 

22. If B=60°, a= 3, Z>=3*/3, find c. 

23. Given (a 4- 6 b c) (5 4- t* - a) = 3fo, fi ml J . 

24. Find the angles of the triangle whose sides are 

. 34-^3, V3, JO. 

25. Find the angles of the triangle whoso sides are 

JZ± 1 n/3_-1 \/3 

2^/2 * 2J%“ 9 2“' 


26. Two sides of a triangle are ^ and , and the 

included angle is 60° : solve the triangle. 


146. When an angle of a triangle is obtained through the 
medium of the sine there may be ambiguity, for the sines of 
supplementary angles are equal in magnitude and are of tho 
same sign^so that there are two angles less than 180° which 
have the same sine. When »n angle is obtained through the 
medium of the cosine there is no ambiguity, for there is only 
one angle less than 180° whose cosine is equal to a given 
quantity. 

Thus if sin A =£, then A =30° or 150° ; 
if cos A~fai then A =* 60*. 
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Example. If C=60°, 4=2^3, c=3»J2, find A. ' 

From the equation Bin B = - ? , 

wehavo aiuS= W> • ° t =72 : 

.-. JB = 45° or 135°. 

» The value £=135° is inadmissible, for in this 9 ase the sum of 
B and C would be greater than 180°. 

Thus -4 = 180° - 60° - 45° = 75°. 


147. Case IV. To solve a triangle having given two sides and 
an angle opposite to one of t/iem. 

Let a f b,A be given ; then B is to be found from tho equation 

. „ b . . * 

sm Z?=-smi4. 
a 

(i) If a< b sin A, then ^ > l f so that sin B> 1, which 
is impossible. Thus tliero is no solution. 

(ii) Ifa»6smj4, then — — =»1, so that sin J3=l, and 1 3 
has only the value 90°. 

(iii) If a > b siu A , then j?— < 1 , and two values for B may 

bo found from sin /?= - . These values are supplementary, 

so that one angle is acute, the other obtuse. 

(1 ) If a<b , then A </?, and therefore B may either be acute 
or obtuse, so that both values are admissible. This is known as 

the ambiguous case. 

(2) If a=6, then A*=B; and if a>b, then A>B; in either 

case B cannot be obtuse, and therefore only the smaller value of 
B is admissible. r 

When B is found, C is determined from C— 180 ° - A-B, 

Finally, c may be found from the equation 


From the foregoing investigation it appears that the only case 
in which an ambiguous solution can arise is when the smaller of 
the two given sides is opposite to the given angle. 
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^ 148 . To discuss the Ambiguous Case geometrically . 

Let a, ft, A be the given parts. Take a line AX unlimited 
towards X ; make L XAC equal to A, and AC equal to ft. Draw 
CD perpendicular to AX y then CD =6 sin A. 

With centre C and radius equal to a describo a circle. 


(i) If a < 1) sin A, the circle will 
not meet AX; thus no triangle 
can be constructed with the givfen 
parts. 


(ii) If <z— ft sin tlio circle will 
touch AX at D\ thus there is a 
right-angled triangle with the given 
parts. 



(iii) If a>ftnm.d, the circle 
will cut AX iu two points B x> B 2 . 

(1) These points will bo both 
on the same sicfe of A y when a <b 7 
in which case there are two so- 
lutions, namely the triangles 
AB x C t AB 2 C. 

This is the Ambiguous Caw. 



(2) The points , B t will be on opposite sides of A when 

a>ft. 


In this ease there is only one 
solution, for the angle CA B 2 i« 
"the supplement ofjhe given angle , 
and tnus the triangle AB 2 C does 
not satisfy the data. 

(3) If a -ft, the point B % 
coincides with A t so that there 
is only one solution. 


C 
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Given Ji =45°, c=JlZ f 8, solve the triangle. 


We have sin C=?- B ' n ^ = — = ^. 

6 a^2V2 2 

C=60° or 120°, ' 

and since 6<c, both these values are admissible. The two triangles 
which satisfy the data are shewn in the figure. 

Denote the sides BC lf BC 2 by a lt a?, and the angles BAC l% BAC % 
byA ll A% respectively. 



(i) In the &ABG lt LA 1 =lb°\ 
k ““ 

n/2 

(ii) In the A ABC,, iA t ~l 6°; 

n /2 


Thus the complete 
solntion is 


rC= 60°, or 120°; 
Jil=:75 0 , or 15°; 
[ass^/6+^/2, or ^6 — ^/2. 


EXAMPLES. 'gTTT b. 

1. Given a« 1, 6=V3, ^=30 9 , solve the triangla 

2. Given 6=3^2, c«=2 v /3, (7=45°, solve the triangla 

3. If (7= CO 9 , a =2. e=*/6, solve the triangla 
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* 

4- If -4—30°, a = 2, c=5, solve the triangle. 

5. If B— 30 # , 6=^/6, c=2 ^3, solve the tnangle. 

6. If .5=6 0°, 6=3^2, c* 3+^/3, solve the triangle. 

7. If a =3 + c=3 - ^3, (7 — 15°, solve the triangle. 

& If A = 18®, a = 4, b = 4 + >/80, £olve the triangle. 

9. If .5= 1<$5°, a— 3 a/ 2, 6 — 2^/3, solve the tnangle. 

149. Many relations connecting the sides and angles of a 
triangle may bo proved by means of the formulas we have 
established. 

A li — G 

Example 1. Prove that (6 - c) cos - - = a sin — . 

\ * 1 

a b c 

Let *=-A 7 = -^- *=-. 

Bin A Bin Ji am C 

then a = kBmA t 6 = &sinii, r = ftsinC7; 

/. (6-c)cos^- = fc (sin J3- sin C) cos'jj- 

_ 5 + C . 71- <7 J 

= 2ft cob ““2~" 8111 “‘J - 008 

OJ . A A . B-G 
= 2k sin ^ cos sin - ^ — 


= k Bin it Bin 


5-C 


=asm — . 

C A 36 

Example 2. If acos 9 ^- + ccos 3 - -' 2 * shew that the sides of 
the triangle are in a.». 

C A 

Since » 2a cos 9 - + 2ccoB 9 -g- = 3J>, 

a(l + cosr?) + c (1+oos A) = 3b, 

:. a+c+(acos(7+c cos.d)=3&, 

>*, fl+c+i— 36, 

.*. a+c=26. 

Thus the sides a, 6, c are in a.f. 


10—2 
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Example 3. Prove that 

(b a - c*) cot A + (c 9 - a 9 ) cot B + (a* - V) cot <7=0. 


Let 


, a 6 c ,. 
*=rrr-, = r, = 5 then 


sin A sin B sin C * 


the first side 


, =fc*|( 9 m»Z»-«n»0“^ + + | 

= fc 2 |sin(B + C)sin(B + + j. [Art. 114]. 

But sin (B + (7) =sin A, and cos A = - cos (B + (7) ; 
the first side 

= - k* {sin (B - C) cos (B + C) + + } 

= {(sin 2 B - sin 2(7) + (sin 2(7 - sin 2A) + (sin 2A - Bin 2B)} 

= 0 . 


EXAMPLES. Xm.c. 

Prove the following identities : 

1. a (sin B — sin C) 4* b (sin 0 - sin A ) + e (sin A - sin B) =0. 

2. 2 (be cos A 4- oacos B+abcos C)=a*+U*+c\ 

3. a (6 cos 6 Y - c cos B)—b 2 - c 2 . 

A (b 4* c) cos A 4- (c 4- a) cos B+(a+b)coa C=a + b+c. 

5. 2^asin a ~4-csm 2 ~^=c + a-6. 

cos B c-b cor A „ . . a sin 0 

cos~C T 6^ ccosii * 7 * ^^b-acostf- 

a x . A B-(7 

8. (o+o)siu - = acos — g — . 

a+6 . 9 C cos i4 4-cos B 

9. -- sin 1 g . 

10. asin(B -(7) + 6 sin (£-.4)4-0 sin (ii-B)=0. 

-- sin(i4-B) a a -6* csin(.4-B) a a -b a 

1 sin^+B)* "c* ' b sin (C-A) ** c* - a 2 " 
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\AU articles and examples marked with an asterisk may be 
emitted on the first reading of the subject'] 


*150. The ambiguous case may also be discussed by first 
finding the third siae. 

As before, let a, 6, A be given, then 

008 26c * 

/. o*-26cos A.c*f fr 2 -a 2 =0. 


By solving this quadratic equation in c, wo obtain 
C«* b cos A ± *Jb 2 cos 3 A + a 2 - b 2 
*5 cos A + \A ,2 -& 2 sin 3 d. 

(i) When a <b sin A, the quantity under the radical is 
negative, and the values of c are impossible ; so that there is 
no solution. 


(ii) When a — b sin A , the quantity under the radical is zero, 
and c=b cos A. Since sin A < 1, it follows that a < b , and there- 
fore A <B. Hence the triangle is iin]>ossil>le unless the given 
angle A is acute, in which case c is positivo and thero is one 
solution. 

(iii) When a > b sin d, there arc three cases to consider. 

(1) Suppose a < b t then A <JJ, and as before the triangle is 
impossible unless A is acute. In this case b cos A is positive. 

Also s/d 1 - b 2 sin* A is real and < \]b 2 — b 2 sin 2 A ; 
that is V ar - 6- sin 2 A<bcmA\ 

hence both values of c are real and positive, so that there are 
two solutions. 

(2) Suppose a > 6, then \/ a 2 - 6- sin 2 A > */b 2 - b 2 sin 2 A \ 

that is sfcP-b 2 sin 2 A >b cos A ; 

hence one \ulue of c is positive and one value is negative, 
whether A is acute or obtuse, <oid in each case there is only 
one solution. 

(3) Suppose a thou s/a 2 -b* sin 2 A — 6 cos A ; 

,\ <j*=26cos A or 0; 

hence thero is only one solution when A is acute, and when A is 
obtuse the triangle is impossible. 
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Example . If b, e, B are given, and if 6<c, shew that 
(a l - a 2 ) 9 + (a, + aj 3 tan 3 27 = 46®, 
where a 1§ a t are the two values of the third side. 

c a +a 9 -b ,J 

From the formula cos 27 = s . 

2ca 

'we have a 9 - 2c cos B . a + c 3 - 6 3 =0. 

But the roots of this equation are a x and a 9 ; hence by the theory of 
quadratic equations 

+ a a =2c cos B and ofa-cP-h 9 , 

( a i “ «j) a = K + «a) a ~ * a l a l 

-= 4c 9 cos 3 B - 4 (e* - 6 3 ). 

(oj - flj) 1 + («! + flj) 2 tan 3 B = 4c 3 cos 3 !? - 4 (c 3 - 6-) + 4c a cos 9 B tan 3 1? 

= 4c 9 (cos 3 B + sin 8 B) - 4c* + 46 s 
= 4c* -4c* +46* 

= 46*. 

♦EXAMPLES. XHI.d. 

1. In a triangle in which each base angle ia double of the 
third angle tho baso is 2 : solve tho triangle. 

2. If 27= 45", (7=75°, and the perpendicular from A on BC 
ia 3, solve the triangle. 

3. If a=2, 6=4 — 2 y 3, c = 3 J2 - J6, solve the triangle. 

A If A = 1 8°, b - a = 2, ab - 4, find the other angles. 

\ Given 27=30°, c=150, 6=50^3, shew that of tho two 
triangles which satisfy the data one will be isosceles and the 
other right-angled. 

Find the third side in the greater of these triangles. Would 
the solution be ambiguous if the data had been 27=30®,-c=160, 
6=75? 

6. If 4=36°, o=4, and the perpendicular from G upon AB 
is V 5 - 1) find the other angles. 

7. If the angles adjacent to the base of a triangle are 22$° 
and 112$®, shew that the altitude is half the base. 

8. If o=26 and .4=327, find the angles and express c in 
terms of a. 
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9. The sides of a triangle ore 2*4-3, a?+Zx + 3, **+2*: 
shew that the greatest angle is 120°. 

Shew that in any triangle 

* i _ n A | p 

10. (6 — a) cos C+c (cos 2? - cos A)=c sin - - — cosec — r — • 

2 2 


11. a sin +fi^ = (6+c) sin ^ . 

12. Bin (B + cos ^ — J±J cos ^ coa . 

^ 1 4-cos (4 - B) cos C a?+b 2 

1 4- con (A - C) cos/? ~~ a 2 + c 2 ’ 

14. If c 4 - 2 (a 8 + $) c 2 + a 4 4- a*6 2 + £> 4 = 0, prove that (7 is 60* 
or 120*. 


15. If a, b y A are given, and if c i9 c» aro the values of the 
third side in the ambiguous case, provo tliat if c 1 >c 2 , 


(1) 

( 2 ) 

(3) ’ 

(4) 


<?t-c 2 =2a cos 2^. 

Cj - C 2 b sin A 
cos 1 a ~A = - 
2 a 

c i + - 2cjC 2 cos 2.1 - 4a 8 cos 2 A . 
sin— sin ^ 1 — — =cos A cos B v 

2 A 


16. If ,4 =45°, and c v c. 2 be the two values of the ambiguous 
side, shew that 


17. If cos A + 2 cos C : cos A 4- 2 cos B = sin 2? : sin (7, prove 
that the triangle is either isosceles or right-angled. 

18. If a, by c are in A.P., shew that 

a ft n 

C0l?£, cot cot 0 are also in A.r. 

Z 35 


19. Shew that 

a 1 si n (27-CQ 6 8 sin(ff-,i) ^sin^-i? )^ 
am 54-sin G + sin (74-sin A * 1 " sin it +sin 
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MISCELLANEOUS EXAMPLES, D. 

1. Provo that (1) tan 20cot0-l»sec 20; 

(2) sin a -cot# cos a= -cosec0 cos<a +0). 

2. If a =48, 6=35, C=60°, find c. 

8 15 

3. If cos a =j^ and cos /9=--, find 

tan (a+0) and cosec (a+/9). 

M r* * r j xu 1 r si n 23a ~ ?<* 

4. If a= - , find the value of ——p,- , 

21’ bid 2a + sin 14a 

5. Prove that sin 0 (cos 20 + cos 40+ cos 60) = sin 30 cos 40. 

6. lfft=V2, 0=^/3 + !, A =45*, solve the triangle. 

7. Prove that 

(1) 2siu 2 36° = v /5 sin 18 a ; (2) 4 sin 36° cos 18°= Jb. 

o it, x sin 3a , cos 3a . 

8. Provo that . - + =4coa2a. 

sm a cos a 

9. If 6 = c = 2, a = ^6 - ^2, solve the triangle^ 

10. Shew that 

(1) cos 2a— cot 3a sin 2a = tan a (sin 2a+cot 3a cos 2a). 

(2) cos a + cos 2a + cos 3a = 4 cos a cos ** cos-- 1. 

11. In any triangle, prove that 

(1) 6* sin 2(7+ c 2 sin 2B =* 26c sin A\ 

tv\ a% H * n . & 3 jdn (C—A) c 2 sin (A 

' ' sin A sinE sintf ~ 


that 


12. If A, B t C , L are the angles of a quadrilateral, prove 


tan A+tan E+tan (7+tanE . . „ 

=tan ^ *“ 13 ten ^ D - 

[Vte tan (A +ZJ)=tan (360°- C-D).] 



CHAPTER XIV. 


LOGARITHMS. 


151. Definition. Tko logarithm of any number to a given 
base is the index of the power to which the base must be raised 
in order to equal the given number. Thus if a x =X i x is called 
the logarithm of N to Jbt x base a. 

Example 1. Since ttl , the logarithm of Nt to base 3 is 4. 

Example 2. Since 10 1 - 10, 10 2 =100, 10^ 1 000, 

the natnral numbers 1, 2, 3,... are respectively the logarithms of 10, 
100, 1000, to base 10. 


Example 3. Find the logarithm of -00S to base 25. 

, Let x be the required logarithm ; then by definition, 

that is, (5 2 )* - 5- J , or 5“ = 5 ~* ; 

whence, by equating indices, 2x~ ™ 3, and x- - 1-5. 


152. The logarithm of N to base a is usually written log a X p 
so that the same meaning is expressed by the two equations 
a x = A’', jp=log a N. 

From those equations it is evident that id 0 ** N =X. 

Example, Find the value of log . 01 *00001. 

Let log . 0 * *00001 = x ; then ( *01)* = -00001 ; 

J 1 y_ ± JL _ jl 
VR 5 ; ~100000’ or 10 s *- 10* • 

.*• 2x=5, and 2*5. 


153. When it is understood that a particular system of log- 
arithms is in use, the suffix denoting the base is omitted. 
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Thus in arithmetical calculations in which 10 is the base, we 
usually write log 2, log 3, instead of log 10 2, log 10 3, 

Logarithms to the base 10 are known as Common Log- 
arithms; this system was first introduced in 1G15 by Briggs, 
a contemporary of Napier the inventor of Logarithms. * 

Before discussing the properties of common logarithms we 
shall prove some general propositions which are true for all 
logarithms independently of any particular basQ. 

154. The logarithm of 1 is 0. 

For a 0 — 1 for all values of a ; therefore log 1=0, whatever the 
base may be. 

155. The logarithm of the base itself is 1. 

For a 1 ~a ; therefore log 0 a=l. 

156. To find the logarithm of a product. 

Let MN be the product ; let a bo the base of the system, 
and suppose 

•‘■“log aM, ^=log a N ; 

so that a* = M y a v N. 

Thus the product MN= a x xa v —a x+v \ 
whence, by definition, log a MN—x+y 

=log a J/+log a ^. 

Similarly, log a MNP = log a M+ log a N+ log a P ; 
and so on for any number of factors. 

Example . log 42 = log (2 x 3 x 7) = log 2 + log 3 + log 7. 

157. To find the logarithm of a fraction. 

M 

Let ^ be the fraction, and suppose 

o:=lo g a M, y=\og a N\ 

so that a*=sjf, a v =*N. 

M a * 

Thus the fraction ; 

whence, by definition, loga ^ ssc # - y 

= log a -V- l°ga 
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Example . log (2f ) =log y = log 15 - log 7 

=log (3 x 5) - log 7 =log 3 -flog 5 - log 7. 

158 . To find the logarithm, of a number raised to any power y 
integral or fractional. 

Let log a ( be required, and suppose 

.r=log a M } so that a x ~M ; 

then 

whence, by definition, log ft (M p ) ~px ; 
that is, log a (3fp) = p log a 31. 

Similarly, * log* (M') = i log a M. 


159. It follows from tho results wo have proved that 

(1) the logarithm of a product is equal to the sum of the 
logarithms of its factors ; 

(2) the logarithm of a fraction is equal to the logarithm 
of the numerator diminished by the logarithm of the de- 
nominator ; * 

(3) tho logarithm of tho ;>th power of a number is p times 
tho logarithm of tho number ; 

(4) the logarithm of the rth root of a number is i of the 
logarithm of the number. 

Thus by the use of logarithms tho operations of multipli- 
cation and division may be replaced by those of addition and 
subtraction ; the operations of involution and evolution by those 
of multiplication and division. 


Example* Express log in terms of log o, log b , log c . 

The expression^ log {a 5 »Jb) - lo AJ ^/c 1 2 

2 

slog^ + log^/fc - jjjlOgC 

1 2 

= 5 log a + g log b - g log e. 
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160. From the equation 10* » tV, it is evident that comrhon 
logarithms will not in general be integral, and that they will 
not always be positive. 

For instance, 3154>10 3 and <10 4 ; 

.*. log 3154 =3+ a fraction. 

Again, *06>10“- and CIO” 1 ; 

' log *06= -2 +a fraction. 

161. Definition. The integral part of a logarithm is called 
the characteristic, and the fractional part when expressed as a 
decimal is called the mantissa. 


162. The characteristic of the logarithm of any numto to 
base 10 can be written down by inspection, as we shall now 
shew. 

(i) To determine the characteristic of the logarithm of any 
number greater than unity. 

It is clear that a number with two digits in its integral part 
lies between 10 l and 10 2 ; a number with three digits in its 
integral part lies botweon 10 2 and 10 3 ; and so on. Hence a 
number with n digits in its integral part lies between lO"" 1 
and 10**. 


Lot N be a number whose integral put contains n digits; 
then 


AT— io(*-i) + ‘ 

. ' . log N— (n - 1) -I- a fraction. 


llcuco the characteristic is n - 1 ; that is, the characteristic of 
the logarithm of a number greater than unity is less by one than 
the number of digits in its integral part, and is positive. 


Example. The characteristics of 

log 314, log 87*263, log 2*78, log 3500 
are respectively 2, 1, 0, 3. 

(ii) To determine the characteristic of the logarithm of a 
number less than unity . 

A decimal with one cipher immediately after the decimal 
point, such as *0324, being greater than *01 and less than *1, lies 
between 10* 2 and 10 a number with two ciphers after the 
decimal point lies between 10~ 3 and 10~ 2 ; and so cn. Hence 
a decimal fraction with n ciphers immediately after the decimal 
point lies between lO-t** 1 ) and 10 * n . 
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Let D bo a doeimal beginning with n ciphers; then 
log 1) = - (n + 1) -f a fraction. 

Hence the characteristic is — (?i+ 1) ; that is, the characteristic 
of the logarithm of a number less than one is negative and one more 
than the number of ciphers immediately after the decimal point. 

Example. The characteristics of 

log -4, log -3748, log a 000133 t log -OR 
are respectively -1, -1, -4, -2. 


163. The mantissce are the same for the logarithms of all 
numbers which have the same significant digits. 

For if any two numbers havo the samo sequence of digits, 
differing only iu the position of the decimal point, one must be 
equal to the other multiplied or divided by some integral power 
of 10. Hence their logarithms must differ by an integer. In 
other words, their decimal parts or mantissa) aro the same. 

Examples, (i) log 32700 = log (3*27 x 10*) = log 3*27 + log 10* 

— log 3-27-14. 

*(ii) log -0327 = log (3-27 x 10“*) = log 3*27+ log 10~* 

= log 3-27 -2. 

(iii) log -000327 =log (3-27 x 10“ 4 ) =log 3*27 + log 10~* 

= log 3*27 - 4 . 

Thus, log 32700, log ‘0327, log *000327 differ from log 3-27 only in 
the integral part ; that is the mantissa is the same in each case. 

Note. The characteristics of the logarithms are 4, - 2, - 4 respec- 
tively. The foregoing examples shew that by introducing a suitable 
integral power of 10, all numbers can be expressed in one standard 
form in which the decimal point always stands after the first significant 
digit , and the characteristics are given by the powers of 10, without 
using the rulds of Art. 1C2. 

164. Tho logarithms of all integers from 1 to 20000 have 
been found and tabulated. In Chambers’ Mathematical Tables 
they are given to seven places of decimals, but for many prac- 
tical purposes sufficient accuracy is secured by using four-figure 
logarithms. These are available for all numbers from 1 to 9999, 
and their use is explained on page 163 A . 
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165. Advantages of Common Logarithms. It will now 

be seen that it is unnecessary to tabulate the characteristics, 
since they can always be written down by inspection [Art. 162]. 
Also tho Tables need only contain the mantissa of the logarithms 
of integers [Art 163]. • 

In order to secure these advantages it is convenient always to 
lce$p the mantissa positive , and it is usual to write the minus sign 
over a negative characteristic and not before it, so_as to indicate 
that the characteristic alone is negative. Thus 4*30103, which 
is the logarithm of *0002, is equivalent to —4+ *30103, and must 
be distinguished from —4*30103, in which both the integer and 
the decimal are negative. 

166. In tho course of work wo sometimes have to deal with 
a logarithm which is wholly negative. In such a case an arith- 
metical artifice is necessary in order to write the logarithm with 
mantissa positive. Thus a result such as -3*69897 may be 
transformed by subtracting 1 from the integral part and adding 
1 to the decimal part. Thus 

- 3*69897 = -3~l + (l- *69897) 

= -4 + *30103=4*30103. 

Example 1. Required the logarithm of *0002432. 

In the Tables we find that 3859636 is the mantissa of log 2432 
(the decimal point as well as the characteristic being omitted) ; and, 
by Art. 163, the characteristic of the logarithm of the given number 
is -4; 

/. log *0002432 =4*3859636. 

Example 2. Find the oube root of *0007, having given 
log 7 = *8450980, log 887904= 6*9483660. 

Let x be the required cube root ; then 

log *=ilog (-0007) =g (4-8450980) (6+2-8460980); 

that is, log x - 2*9483660 ; 

but log 887904 = 5*9483660 ; 

.*. x =*0887904. 

167. Tho logarithm of 5 and its powers can easily be obtained 
from log 2 ; for 

log 5= log ~=log 10 - log 2 = 1 - log 2. 
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EXAMPLES. XIV. a. 

1. Find the logarithms respectively 
of the numbers 1024, 81, *125, *01, •$, 100, 

to the bases 2, ^3, 4, *001, *1, *01. 

2. Find tlie^ values of 

log 8 1C, log 81 243, log. 0l 10, log 4Q 343^7. 

3. Find the numbers whose logarithms respectively 

to the bases 49, '25, *03, 1, *64, 100, *1, 

are 2, ~ “1, 1*, -4. 

4. Find the respective characteristics 

of tho logarithms of 325, 1G03, 2400, 10000, 19, 

to the bases 3, 11, 7, 9, 21. 

5. Write down the characteristics of the common logarithms 

of 3*26, 523*1, *03, 1*5, *0002, 3000*1, '1. 

6. The mantissa of log 64439 is *8091488, write down the 
logarithms of '64439, 6443900, '00064439. 

7. The logarithm of 32'5 is 1*5118834, write down the 
numbers whose logarithms are 

*5118834, 2 5118834, 4*5118834. 

[When required the following logarithm* may he used 
log 2 - *3010300, log 3 = *4771 213, log 7 « *8450980.] 

Find the value of 

A log ^68. 9. log 2352. 10. log36'28. 

11. log «/6804. 12. loRv^Iea. 13. log02ll 

14. log cos 60*. 15. logs'll* 60". 16. log-yiectt 5 . 

Find the numerical value of 
17. 21og^-logl|+31og|. 
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18. Evaluate 16 log ~ - 4 log ~ - 7 log — . 

19. Find the seventh root of 7, 

given log 1 -320469 — *1207283. 

20. Find the cube root of *00001764, 

, given log 260315 = 5*4154995. 

21. Given log 3571 — 3*5527899, find the logarithm of 

3*571 x *03571x^3571. 

22. Given log 11 — 1*0413927, find the logarithm of 

(•00011)* x (1 *21 ) 2 x (13-31)^12100000. 

23. Find the number of digits in the integral parts of 

/21Y*» , /126Y«» 

y an<i y) • 

24. How many positive integers have characteristic 3 when 

the base is 7 ? 

168. Suppose tluit wo have a table of logarithms of numbers 
to base a and require to find the logarithms to ba^e b . 

Let N he one of the numbers, then log* N is required. 
Lety=log 6 iV r , so that b*~N. 

*• log a (^)*log a iV; 
t hat is, y log a b =■ log a N ; 

or lo 8» * l0 S« N •;•(!)• 

Now since N and b are given, log a N and log a b are known 
from the Tables, and thus log 6 N may bo found. 

Hence it appears that to transform logarithms from base a 

to baEe b we have only to multiply them all by ; this is a 

constant quantity and is given by the Tables ; it is known as 
the modulus. 
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If in equation (1) wo put a for wo obtain 


log&a — log a 6* lo& *° = C£V 

log k axlog 0 6«l. 

169. In the following example* all necessary logarithms 
will be given. The use of four-figure Tables will be explained 
in a future section. 

Example 1. Given log2 --*3010300 and log 4844544 = 6*6852530, 
find the value of (C 4) A x ( ^ : 256) 3 +-^80. 


Let x bo the value of the expression ; then 
1 1 w 61 j 3 , 250 1 

J 4 


logit= l0 lc * 10 •* 4 l0g 1000 - 2 l0g 80 


* 1U00 


= 1 (log 2* - 1) + 1 (log 2* - 3) - J (log 2* + 1) 

(lV 6 "s) k **“(A + l + i) 

-=( 5 +£o) log2 ~ 2 ^ 

= 1*5051500 \ *0301030-2-85. 


Thus log x~'A 0852530. 

But log 48 14541 = G-GS52530, 

. x~ *04844544. 


Example 2. Find how many ciphers there are between the decimal 
point and the first significant digit in (*0501) 10 ; having given 

log 2 =*301, log 3 = *477, log 7 *-845. 

Denote tho expression by E - f then 
504 

iog>;=ioio g]0000 

= 10 (log 504 -4) 

= 10 {log (2 3 x3 ,J x »' -4} 

= 10 { 3 log 2 + 2 log 3 + log 7-4) 

= 10 (2 *702 -4) = 10 (2*702) 

= 20+7 02 = 1302. 

Thus the number of ciphers is 12. [Art. 162.] 

H.K.B.T. Q 


Slofc2=* *903 
21o K 3» *954 
log 7 ° *8 15 
2 702 
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Exponential equations. 

170. If in an equation the unknown quantity anpqprs as an 
exponent, the solution may be effected by the help of logarithms. 

Example 1. Solve the equation 8 B “ 8 *=12 4 - S *, having given 

log 2 = *30103, and log 3 = -47712. 1 

From the given equation, by taking logarithms, we have 

(5 - 8x) log 8 =5. (4 - Ox) log 12 ; 7 ] 0 * 2=2 10721 

41u*3=l DOS is 

/ 3 (5 - 3x) log 2 iu «73 

= (1 - 2x) (2 log 2 + log 3) ; 

*. 15 log2 - 8 log 2 - 4 log 3 

= x (9 log 2 - 4 log 2 - 2 log 3) ; 

__ 7 log 2 j- 4 log 3 __ *19873 
” X ~ 6 log 2-2 log 3 “ -56091 ‘ 

Thus x= *36 nearly. 

Example 2. Given log 2 = *30103, solve the simultaneous equation 
*J r . 5*ssl, 5*+K 2*= 2. 

Take logarithms of the given equations ; 

.*. xlog2 + y log5=0, (x f 1) log 5 + y log 2=log 2. 

For shortness, put log 2 =a, log 5 = 5. 

Thus ax-hby = 0, 

and b (x + l) + ay=a, or 5r + ay=a-o. 


5 lo*2«=l-C0)15 
2logS= 05*24 
*65091 

55091 ) 19S7JO ( 36 
105*273 
'331570 
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EXAMPLES. XIV. b. 

[ When required the values of log 2, log 3, log 7 given on p. 145 
may be u$ed.\ 

Find the value of 

1- (\ 4 J e * rif)* , given log 9-076220 = -95 /9033. 

2. 4^378 x N/T()8-r (v'1008 x «JTWS), 

given log 301 824 =6*4797536. 

3. (I080)i x (-24)* x 1^10, 

given* log 2407206 •= 03922100. 

Calculate to two decimal places the values of 

4. log^ 800. 5. log, 49. 6. log m 4000. 

7. Find how many cipliors there are before tlio first signifi- 
cant digits in 

(-00378)^ and (-0&>9)“ 

8. To what base is 3 the logarithm of 1 1000 ? 

given log 11 = 1*0113927 and log 222398 = 5*3471309. 

Solve to two decimal places the equations : 

9. 2*“ 1 =5. 10. 3*~ 4 =7. 11. 5 1 *=6*' 3 . 

12. 5* - 2 “ y and 5 2 + v = 2 2 "*. 

13. 2*=3* and 2* +1 =3*- 1 . 

14. Given log 28= a, log 21 = 6, log25=c, find log 27 and 
log 224 in terms of a, b , c. 

15. Givbn log 242 = a, log 80=6, log45=c, find log 36 and 
log 66 in terms of <z, h % r. 


11—2 
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MISCELLANEOUS EXAMPLES. E. 

1. Provo that # 

cos (30* + A ) cos (30° - A ) - cos (60* + A ) cos (60° -A)=*$. 

2. If -4 + /? + (7=* 1 80*, shew that 

sin 2.4+sin2£+sin 2(7 . A . B . C 

— . . , -yy - =8 sin - sin - sin tt. 

sin A +sm/J+sm(7 2 2 2 

3. If «=2, c—s/2, /?= 15*, solve the triangle. 

4. Shew that cos « + tan “ si n a = cot ^ sin a - cos a. 

5. If b cos A = a cos By shew that {he triangle is isosceles. 

6. Provo that 

(1) sin 6 (sin 30 + sin 50 + sill 70+ sin 90)=bin60sin40 ; 

sin a + sin 3a + sin 6a + sin 7a . 

(2) — ■ — — - — — — — = tan 4a. 

x cos u + cos 3a + COS 5a + cos 7a 

, c , ... cos 3a , sin 3n . _ 

7. Shew that . h — = 2 cot 2a. , 

sin a cos a 

8. If b=a(i/:i— 1), (7=30°, find A and B. 


9. Shew that tail 4a — 


4 tan a - 4 tan 3 a 


<7. uu«*ta rxu — — ■ — — — 7~ . 

1-6 tan 2 a +tan 4 a 

10. In a triangle, shew that 

(1) a 2 cos 2 U + b‘ z cos 2.4 = a 2 + 5 2 - 4a6 sin A sin 3 ; 

(2) 4 (be cos 2 — + ca cos 2 ^+ai cos 3 ^ ^ (a + 5 + <0 2 - 

11. If a*+6 4 +(J 4 =*2c 2 (a 3 H-6 2 ), prove that C7«4£° or 135*. 

[flo/re as a quadratic in c 9 .] 

12. If in a triangle cos 3.4 + cos 32?+ co4 3(7*1, shew that 
one angle must he 120°. 
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THE 'USE OF LOGARIT HMIC TABLES. 
Seven-Figure fables. 

{The use of Four-Figure Tables will be found explained 
on page 103 A .) 

\ 

171 . In a book of Sfivcn-Figure Tables there will usually be 
found the mantissa of the logarithms of all integers from 1 to 
100000; the characteristirs can be written down by inspection 
and are therefore omitted. [Art 102.] 

The logarithm of any number consisting of not more than 
5 significant digits can be obtained directly from these Tables. 
For instance, Mipj>ose the logarithm of 330*34 is required. 
Opposite to 33034 we find the figures 5207785; this, with the 
decimal point .prefixed, is the mantissa for the logarithms of all 
numbers whose significant digits are the same as 33634. AVe 
have therefore only to prefix the characteristic 2, and wo obtain 

log 336*34=2*5267785. 

Similarly, log 33634 = 4*5267 7 85, 

and log -0033634=3*6267785. 

172 . Suppose now that we required log 33634*392. 

Since this number contains more than 5 significant digits it 
cannot be obtained directly from the tables ; but it lies between 
the two consecutive numbers 33634 aud 33635, and therefore its 
logarithm li& between the logarithms of these two numbers. 
If we pass from 33634 to 33635, making an increase of 1 in the 
number, the corresponding increase in the logarithm as obtained 
from the tables is *0000129. If now we pass from 33634 to 
33634*392, making an increase of *392 in the number, the in- 
crease in the logarithm will be *392 x *0000129, provided that the 
increase in the logarithm is proportional to the increase in the 
number. 



be proved that when the increase made is small in comparison with the number , the 
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5271X41 1270 1399 1528 1657 1786 1915 2044 2173 2302 

2431 2560 2689 2818 2947 3076 3205 3334 3463 3592 

3721 3850 3979 4108 4237 4366 4494 4623 4752 4881 

5010 5139 5268 5397 5526 5655 5783 5912 6041 6170 

6299 6428 6557 6686 6814 6943 7072 7201 7330 745S 
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Similarly, 

and 


log 33051 = 4*6269980, 
log 33652 « 4*5270109, 


the transition in the mantissa) from 526... to 527... being shewn 
by the bar drawn over 0109. This bar is repeated over each of 
the subsequent logarithms as far as the end of the line, and in 
the next line the mantissa) begin with 527. 

Example . Find log 33634*392. 


From the Tables, log 33035 = 4 *5267914 

log 3363 1 = 4 *52G7785 
difference for 1 = *0000129 

Now by the Rule of Fiojjortional Parts, 
log 33634*392 will be greater than log 33G34 
by *392 times the difference for 1 ; lienee to 
7 places of decimals, we have 

log 33634 =4*5267785 

proportional difference for *392= *0000051 
.*. log 33034-392 = 4-52G783G 


0000129 

•392 



•258 

11 

01 

S8 

7 

*0000050 

508 


In practice, tho difforonco for 1 is usually quoted without the 
ciphers; if therefore we treat the difference 129 as a whole number , 
on multiplying* by *392 we obtain the product 50*568, and we take 
the digits given by its integral part (51 approximately) as the propor- 
tional increase for *392. 


175. The method of calculating the proportional difference 
for *392 which we have explained is that which must be adopted 
when we have nothing given but the logarithms of two con- 
secutive numbers between which lies the number whose logarithm 
we are seeking. 

But when the Tables are used tho calculation is facilitated 
by means of the proportional differences standing in the column 
to the right. # This gives the differences for tenths of unity. 

The difference for *392 is obtained as follows. 

•392x129-^+ i ^ + j^o) xl29s=39+11,6+,26s “ 60 ' 86 ' 

The difference for 9 quoted in the margin (really 9 tenths) is 
110, and therefore the difference for 9 hundredths is 11*6; and 
similarly the difference for 2 thousandths is *26. 
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In practical work, the following arrangement is adopted. 


add for 


log 33634 


a 4*52677851 
3 39 

9 111 

2 


6 

26 


log 33634-392 - 4*5267836 


170. The following example is solved more concisely as a 
model for the student. In the column on the left we work from 
the data of the question ; in the column on the right we obtain 
the logarithm by the use of the Tables independently of the two 
given logarithms. 

Example . Find log 38 *656208, having given 

log 33656 = 4-5270625 and log 33657=4-5270754. 


log 33-657= 1-5270754 

log 83-656= 1-5270625 

diff. for 001= 129 


2s| 

diff. for -000208= 26 

log 33-656 =1-5270625| 

log 33*656208=1-5270652 


032 

80 

832 


From the Tables, we have 


log 33-656 
odd for 2 


0 

8 


= 1*52706251 
26 
0 
1 


log 33-656208 = 1-6270052 


177. The Rule of Proportional Parts also enables us to find 
the number corresponding to a given logarithm. 

Example 1. Find the number whose logarithm is 2*5274023, having 
given log 8*3683 =*5274108 and log 3 ‘3682 =-5273979. 

Let x be the required number ; then 

logx= 2*5274023 log -033683 = 2*5274108 

log -033682= 2*5273979 log -033682= £*5273979 

diff. = 44 diff. for *000001= 129 


hence x lies between *038682 and *083683, 
and is greater than *038682 by ^ x *000001, 
that is by *00000034. 

.*. «» *03368284. 


129 ) 410 ( 34 
387 
530 
516 
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In working from the Tables, we proceed as follows. 

logs; = 2*5274023 

log *033682 =.2*5273970 
* 44 

3 39 

50 

4 52 

• - — * 

*03368234. 

We aie saved the trouble of the division, as the multiples of 129 
which occur during the woik are given in the approximate forme 39 
and 52 in the difference column opposite to the numbers 3 and 4. 

Example 2. Find the^fifth root of *0025612, having given 
log 2-5612 =*4084435, log 3-0317 = -4816862, log 3 *0318 =-4817005. 

Let x = ('0025612)1 • then 

log log (-0025612) = ? (3-4084435) = 1 (5+2-4084486) ; 

= 1-4816887. 

log x , = 1*4816887 log -30318 = I -4817005 

log -30317= 1-4816802 log -30317 = 1-4816862 

diff.= 25 dift. for -00001= 143 

proportional increases ^ x -00001 = - 00000175 . 148 ) “« ( 178 

148 1070 

Thus .r= -30317175. 1001 

ooo 

71* 


EXAMPLES. XV. a. 

1. Pind\he value of log 4951634, given that 

log 49516-4-6947456, log 49517 -4 6947543. 

2. Find log 3*4713026, having given that 

log 347-13 - 2-5404921, log 34714 - 4-6405047. 

3. Find log 2849614, having given that 

log 2-8496 - -4547839, log 2-8497 - -4547991. 
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4. Find log 67*63325, having given that 

log 576-33 - 2*7606712, log 5763*4 = 3-7606788. 

5. Given log 60814=4*7840036, diff. for 1 =72, find 

log 6081465. 

6. Find the number whose logarithm is 4-7461735, given 

log 55740=4-7461670, log 55741 =4**<461 748. 

7. Find the number whose logarithm is 2*8283676, given 

log 6-7354 = -8283634, log 67356 = 48283698. 

8. Find the number whose logarithm is 2*0288435, given 

log 1068-6 = 3-0288152, log 1 -0687= -0288558. 

9. Find the number whose logarithm is 3*9184377, given 

log 8*2877 = -9184340, log 8287'8 = 3*9184392. 

10. Given log 253-19=2-4034465, diff. for 1 = 172, find the 
number whose logarithm is 1*4034508. 

11. Given log 2 031 3 = -3077741, log 2 0314 = *3077954, 

and log 1-4271 = -1544544, 

find the seventh root of 142-71. 

12. Find the eighth root of 13*89492, given 

log 13894 = 4*1 428273, log 138-95 = 2*1428586. 

13. Find the value of \/242447, given 

log 2-4244 = 3846043, diff. for 1 = 179. 

14. Find the twentieth root of 2069138, given 

log 20691 = 4-3157815, diff. for 1=210. 


Tables of Natural and Logarithmic Functions.' 

178. Tables have been constructed giving the values of the 
trigonometrical functions of all angles between 0° and 90* at 
intervals of 10". These are called the Tables of natural sines, 
cosines, tangents,... In the smaller Tables, such as Chambers', 
the interval is 1'. 

The logarithms of the functions have also been calculated. 
Since many of the trigonometrical functions are less than unity 
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their logarithms are negative, and as the characteristics are 
not always evident on inspection they cannot be omitted. To 
avoid the inconvenience of printing the bars over the character- 
istics, the logarithms are all iucreased by 10 and are then 
registered under the name of tabular logarithmic sines, 
cosines,... 

The notation used is L cos A, L tan 6 \ thus 
L sin A = log sin A + 10. 

For instance, 

L Bin 45“ =10+ log ain 45“ =10+ log 

= 1 0 - i log 2 = 9-8494850. 

\ 

• 

179. With certain exceptions that need not bo here noticed, 
the rule of proportional parts holds for the natural sines, co- 
sines,... of all angles, and also for their logarithmic sines, 
cosines, .... In applying this rule it must be remembered that as 
the angle increases from 0° to 90° the functions sine, tangent, 
secant increaso, while the co-functions cosine, cotangent, cosecaut 
decrease. 

Example 1 ; Find the value of *in 29° 37' 42". 

From the Tables, sin 29° 38' = *4944476 

bin 29° 37' = *4941948 
difl. for 60"= 2628 

.*. prop 1 increaso for 42"- ^ x 2528 = 1770 

sin 29° 37' = *4941948 
sin 29° 37' 42"= *4943718. 

Example 2. Find the angle whose cosine is *7280843. 

Let A be the required angle ; then from the Tables, 

cos 43° 16'= *7281716 
cos A =*7280843 
prop 1 part “ 873 

60 

1994 ) 52380 ( 26 
8988 
12500 
11964 


cop 43° 16' =*7281716 
cos 43° 17'= *7279722 
difl. for 60" 1994 

But cos A is less than cos 43° 16' ; 
hence A must be greater than 43° 16' 
by x 60", that is by 26" nearly. 
Thus the angle is 43° 16' 26". 
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180. In order to illustrate tho use of the tabular logarithmic 
functions we give the following extract from the table of log- 
arithmic sines, cosines,... in Chambers’ Mathematical Tables. 

27 Deg. 

Sine Diff. Cosec. Secant D. Cosine / 

9*6670468 10-3429532 100501191 C A 9*9498809 60 

9*6572946 iVJt 10*3427054 100501835 9*9498165 59 . 

9*6575423 *7" 10*3424577 100502479 9*9497521 58 

9*6577898 10*3422102 10*0503124 5™ 9*9496876 57 i 

9*6580371 10*3419629 10-0503770 010 9*9496230 56 


9*0706576 0 „ fl0 10*3293424 10*0537968 r7A 9*9462032 4 

9-6708958 10*3291042 10-0538638 9*9461362 3 I 

9*6711338 "So 10-3288662 10*0539308 £*7 9-9460692 2 , 

9*6713716 X™ 10*3286284 10*0539979 Sii 9 9460021 1 • 

9*6716093 10*3283907 10*0540651 9*9459349 0 j 

Cosine Diff. Secant Coseo. D. Sine ( ' j 

62 Deg. 


181. Wo havo quoted hero tho logarithmic sines, cosecants, 
secants, and cosines of the angles differing by V between 27* 0' 
and 27° 4', and also between 27° 56' and 27° 60'. Tho same 
extract gives the logarithmic functions of the com 
these angles, namely those between 62° O' and 62* 4 
between 62° 6ff and 62* 60'. 

The column of minutes for 27* is given on the left and 
increases downwards, the column for 62° is on the right and 
increases upwards. 

The names of the functions printed at the top refer .to the 
angle 27°, the names printed at tne foot refer to the angle 62°. 
Thus 

X cos 27* 3' =*9*9496876, £cosec27* 58' -10*3288662, 

Xsin 62* 2' =*9*9460692, Xcos 62* 59'«9*657294C. 

The first difference column gives the differences in the log- 
arithms of the sines and cosecants, the second difference column 
gives the differences in the logarithms of the cosines and secants, 
each difference corresponding to a difference of 1' in the angle. 


plements of 
, and those 
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Example 1. Find I , cob 02° 67' 12". 

From the Tables, L cos C2° 67' = 9 -6677898 

Loos 62° 68' =9 -6676423 
• dill, for 60" 2475 

.-. proportional decreate for 12" = IH x 2475 =*495. 

60 

« L eoa 62° 67'= 9-6677898 
Subtract for 12" 495 

.-. L cos 62° 67' 12"= 9-6677403 

Example 2. Given L sec 27° 39'— 10-0526648, dill, for 10" =110, 
find A when L sec A = 10*0527253. 

L sec /t =10-0527253 
L ate 27° 39' = 10-0526048 
did. 605 

proportional increase x 10" =55". 

Thus A =27° 39' 55". 


. EXAMPLES. XV. b. 

1. Find sin 38° 3' 35" having given that 

bin 38° 4' = *6165780, sin 38° 3' = *6163489. 

2. Find tan 38 a 24' 37*5", having given that 

tan 38° 25' = *79306 10, tan 38° 24' = *7925902. 

3. Find cosec 55° 21' 28", having given that 

cosec 55° 22'= 1*2153535, cosecO.V 21'= 1 2155978. 

4. Find the angle whose secant is 2*1809460, given 

sec 62° 43' =2*1 815435, sec 62° 42' = 2*1803139. 

5. Find*the angle whose cosine is *8000931, given 

cos 30® 4 V = *8000007, cos 30® 40' = *8001491 . 

6. Find the angle whose cotangent is *87GG003, given 

cot 48® 4G' = *8764620, cot 48° 45' = *8769765. 

7. Find L sin 44® 17' 33", givon 

Zsin 44* 18' =9*8441 137, Zsin4*® 1 7' =9 *8439842. 
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8. Find Z cot 36° 26' 16", given * 

Z cot 36* 27'= 10*1315840, Zcot36* 26'* 10*1318483. 

9. Find Z cos 55* 30' 24", given 

Zcos 55° 31 # =9*7529442, L cos 65* 30'=9*753l280. 

10. Find the angle whose tabular logarithmic sine is 
9*8440018, using the data of example 7. 

11. Find the angle whose tabular logarithmic cosine is 
9*7530075, using the data of example 9. 

12. Given L tan 24* 50' =9*6653662, diff. for 1' = 3313, find 

Z tan 24° 50' 52*5". 

13. Given Z cosec 40* 5' = 10*191 180p, diff. for l'= 1502, find 

Z cosec 40* 4' 17*5". 

182. Considerable practice in the use of logarithmic Tables 
will be required before the quickness and accuracy necessary in 
all practical calculations can be attained. Experience shews 
that mistakes frequently arise from incorrect quotation from the 
Tables, and from clumsy arrangement. The student is reminded 
that care in taking out the logarithms from the Tables is of the 
first importance, and that in the course of the work he should 
learn to leave out all needless steps, making his solutions as 
concise as possible consistent with accuracy. 

Example 1. Divide 6-6425693 by *3873007. 

From the Tables, 

log 6*6425 = *8223316 

6 40 

9 59 

3 20 

log 6*6425693= *8223362 

log *3873007 = 1 *5880483 


1*2342879 
1*2342641 
238 
229 
90 
76 

Thus the quotient is 17*15098. 


By subtraction, we obtain 
From the Tables, log 17*150 = 

9 

3 


log *38730 = 1*5880475! 

0 0 
7 78 

log *3873007 =1-5880483 
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Example 2. The hypotenuse of a right-angled triangle is 8*141024 
and one side is 2*503167; find the other side. 


Let e be the hypotenuse, a the given side, and x 

then 


the side required; 


a? 2 =c 2 - a*= (c 4 * a) (c - a ) ; 

2 logs=log (c + a) + log(c-a). 


From the Taltfes, log 5*7341 

9 

1 


*7584653 

68 


8 


8*141024 
« = 2*598107 
c+a - 35*734191 
c a=> *547858 


log *54785 — l;73s6G17 
7 55 

By addition, *4971394 


Dividing by 2, we have v 

logo; =*2485697 

log 1*7724 =*2485617 

80 

3 74_ 

60 

2 49 


Thus the required side is 1*772432. 


EXAMPLES. XV. c. 

[Li this Exercise the logarithms are to he taken from Severn 
Figure Tables .] 

1. Multiply 300*2618 by *0078915104. 

2. Find the product of 235*6783 mid 357*8438. 

3. Find the continued product of 

163-2419, 2*8632503, and *07583646. 

4. Divide 1*0304051 by 27*093524. 

5. Divide 357-8364 by -OQ'S 18973. 

6. Find x from the equation 

•0 1 78345a? =21 *85632. 

7. Find the value of 

3-78956 x -0536872 -r -0072916. 
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8. Find the cube of ’83410039. 

9. Find the fifth root of 16063-01S. 

10. Evaluato v / 384’731 and ^15-7324. ' 

11. Find the product of the square root of 1034*3963 and the 
oube root of 353240. 

12. Subtract the squaie of *7503260 from the square of 
1*035627. 

13. Find the value of 

( 34’73« i)* x \/'2 t 53894 
~ ^4-39082 ' 


Example 3. Find a third proportional to the cubo of -3172564 
and the cube root of 23*32873. 


Let x he the required thiid proportional ; then 

(•3172564)* : (23-32873)*= (23-32873)1 : x ; 
Whence x ■= (23-32873) 3 + (-3172564)* ; 

■ log r-=® log 23-32873 - 3 log -8172564. 


From the Tables, 

log *31725 =1*5014016 
6 82 
4 55 


1*5014103|5 

3 


2 ‘5012311 


log 23*328 =1*3078775, 

7 130 

3 5 6 

1*3678910|6 
2 

8 1 2*7357821 
*9119274 
2*5042311 


By subtraction, log# =2*4076963 

log 255*67 =2*4076798 

165 

9 153_ 

120 

7 119 

Thus the third proportional is 255*6797. 
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14 . Find a mean proportional between 

*00372581 CD and *66301078. 

15. Find a third proportional to the square of *43607528 and 
the square root of *03751786. 

16. Find a fourth proportional to 

56712*43, 29*302564, *33025107. 

17. Find the geometric mean between 

(•036689)* and £2-879432)*. 

18. Find a fourth proportional to 

V / 3?78f‘I ) ^357-814, {/7830-43. 

\ 

19. Find the value *of 

sin 27° 13' 12" a cos 4G° 2' 15". 

20. F ind the value of 

cot 97° 14' 16" x see 112° 13' 5". 

21. Evaluate 

sin 20° 13' 20" x cot 47° 53' 15" x scu 42° 15' 30". 

22. Find "the value of ab sin C, when 

«= 324*1368, /> = 41 7*2431, 0=113* 14' 16". 

23. If a : 5=sin A : sin B , find a, given 

b = 378*25, A = 35° 15' 33", B = 1 19° 1 4' 1 8". 

24. Find the smallest values of 0 which satisfy tho equations 

(l) tan 3 0=4; (2) 3 sin 3 0+2 sin 0=1. 

12 

25. Find x from the equation 

x x sec 28* 17' 25"= sin 23* IS' 5" x cot 38* 15' 13". 

26. FinS 0 from the equation 

sin 3 0=c s 2 acot0, 
where a =32* 47' and /3 = 4l* 19'. 
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Use of Four-Figtu’o Tables. ' 

182a* To find the logarithm of a given number from the 
Tables. 

Example 1. Find log 38, log 380, log *0038. * 

We first find the number 38 in the left hand column on page 874. 
Opposite to this we find tho digits 5798. This, with the decimal 
point prefixed, is the mantissa for the logarithms of all numbers 
whose significant digits are 38. Hence, prefixing tlio characteristics 
we have 

log 38=1*5798, log 380 = 2-5798, log *0038 = 3*5798. 

Example 2. Find log 3*86, log *0386, log 386000. 

The samo line as before will give the mantissa of the logarithms 
of all numbers which begin with 38. From this line we choose the 
mantissa wh ch stands in the column headed 6. This gives -SfiGO 
as the mantissa for all numbers whose significant digits are 386. 
Hence, prefixing tho charactei istics, we have 

log 3-86 = *5866, log *0386 = 2*5866, log 386000 = 5 *5866. 


182b. Similarly tho logarithm of any number consisting of 
not more than 3 significant digits can bo obtained directly from 
the Tables. When the number has 4 significant digits, use is 
made of the principle that when the diliercnce between two 
numbers is small compared with cither of them, tlio difference 
between their logarithms is very nearly proportional to the 
difference between the numbers. It would bo out of place to 
attempt any demonstration of the principle here. It will be 
sufficient to point out that differences in the logarithms corre- 
sponding to small differences in the numbers have been 
calculated, and aro printed ready for use in the difference columns 
at the right hand of the Tables. The way m which these 
differences are used is shewn in the following example. 

Example . Find (i) log 3*864; (ii) log *003868. 

Here, as before, we can find the mantissa for the sequence of 
digits 386. This has to be corrected by the addition of the figures 
which stand underneath 4 and 8 respectively in tile difference 
columns 

(i) log 3*86 =*5860 (ii) log *00380 = 8*5866 

difl. for 4 5 diff. for 8 9 

log 3*864 = *5871 .*. log *003868= 3*5875 

Mote. After a little practice the necessary * correction* from the 
difference columns can be performed mentally. 
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iB2p. The number corresponding to a given logarithm is 
called its antilogariihm. Thus in the last example 3'864 and 
•003868 are respectively the numbers whose logarithms are *5871 
and 3*5875. 

Hence antilog -5871 =3*8G4 ; antilog 5*5875 = *003868, 


182n. To fold the antilogarithm of a given logarithm . 

In using the Tables of antilogarithms on pages 376, 377, it 
is important to l o member that we are seeking numbers corre- 
sponding to given logarithms. Thus in the left hand column 
we have the first two digits of the given mantissfx , with 
the decimal point prefixed. Tlio characteristics of the given 
logarithms will fix the position of the decimal point in the 
numbers taken from tlie Tables. 

Example 1. Find the antilogarithm of (i) 1*583; (ii) 2*8249. 

(i) We ffr'.t And *58 in the left hand column and pass along the 
horizontal line and take the number in the vertical column headed 
by 3. Thus *583 is the mantissa of the logarithm of a number whose 
significant digits are 3828. 

Hence antilpg 1*583=38*28. 

(ii) antilog 2*824 = *0GGC8 

difl. for 9 14 

.*. antilog 2*8249 = *06682 

Here corresponding to the first 3 digits of the mantissa we find 
the sequence of digits 6668, and the decimal point is inserted in the 
position corresponding to the characteristic 2. To the number so 
found we add 14 from the difference column headed 9, placing it 
under the two last digits of the given mantissa. 

Example 2. Find the product of 72*38 and *5689. 

# log 72*3 =1*8591 
difl. for 8 5 

log -568 =1*7543 antilog 1*614 =41*11 

difl. for 9 7 difl. for 6 6 

log produot = 1*6146 antilog 1*6146 =41*17 

Thus the required product is 41*17. 


12—2 
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Find the value of *° * our significant 

14*oo X *077 


By Art. 157, log fraction — log numerator - log denominator . 


Numerator, 
log 8*27 = *5145 
difl. for 4 6 

log *0059 =87709 
log numerator =2 ’2859 


Denominator, 
log 14*8 =1*1703 
diff. for 3 9 

log *077 = 2*8865 
log denominators: *0577 


Thus 


2*2859 
subtract *0-577 

log fraction = 2*2282 

3*274 x *0059 
14*83 x” *077 


antilog 2*228 =*01690 
diff. for 2 1 

antHog 2 *2282 = 01691 
= *01621. 


(— iy 

Example 4. Find the value of - .. 4- to the nearest integer. 

4/22x6*9 

Denote the expression by x t then 

log x = 4 (log 330 - log 49) - i (log 22 + log 6*9), 

log 330=2*5185 
log 49 =1*0902 
*8283 

4 

8*3132 
subtract *7271 

log x = 2-6861 = log 385*6, from tbe Tables, 
a- =386, to the nearest integer. 


log 22 = 1*3424 
log 6*9= _*8388 
3 [2J.812 
*7271 


EXAMPLES. XV. d. 

[Atmoers to be given to four significant figures.] 

Find by means of the Tables the value of the following 
products : 

1. 2834x17-62. 2. 8-034 x 189a 3. 00567 x -0297. 

4. 3-7 x 8-9 x -023. 5. 31-9x1*51x9*7. 6. 43 x 8-07 x *0392. 
Find the value of 

_ 17-3 . £035 fl *2179 .. «7 

• 2S4-8' 837-6' -08073 ' 6398* 
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‘2-38x3-901 
4*83 ‘ 

14-72 x 38-03 , a 925-9x1-597 

A 3879 ' 13 ’ 74-03 ‘ 

14. 

1 5*38 x *0137 

15. 

2-31 x 037 x 1-43 


276V -0038 ' 

0561x3-87 x 0091’ 


16. 

#tFT. 17. 

#ii. 

18. #8205: 19. 

#10-15. 

20. 

(097) 4 . 21. 

(2-301)*. 

22. (51-32)1. 23. 

(089)*. 

24. 

/ *0137 x *0296 

V 873*5 " • 

«. . 83x#92 

* mxOT 



/* 678 y 9*01 

26. Find the value of ^ ^ - to the nearest integer. 

27. Find a moan proportional between 2*87 and 30*08; and 
a third proportional to *0238 and 7*805. 

28. Find a mean proportional between 

#3473 and Vmi. 

29. By taking logarithms, and solving for logo? and logy, 
find values of jc and y (to four significant digits) which satisfy 
the equations 

ay =5, o;^ 7 =11. 


Example 5. Find the value of the expression 


pukwhf 


when 


/>= 7*8, «=*66, r=~ 6 » t= 3*1416, X=14, ^=*025. 

log p = log 7*8 = *8921 

logw = log *C6 =1*8195 
logX = log 14 =1*1461 

log ir a =}2 log 3*1416= *9942 
log ij * =2 log *025 =4*7958 

log A=2 log 256 * 4-81(54 

* 7777m 


[*4641 


antilog *464 =2*911 
diff. for 1 1 


antilog *4641=2*912 


.*. antilog 4*4641 = 29120. 
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30. Find the value 


0{2 *s/l> 


f= 2-863, <7=3219, »r=31416. 

31. When »i=18*34, «=35-28, find the valpe of 

Z 

32. Calculate the values of 

(i) pr™, where 93*75, r=l*03, 4; 

(ii) l^* 3 , where 71- = ^, r«5*875. 


33. If*': 


, find F when- 
gr ' 

m= 33*47, r=9*6, v=G0, ^=32*19. 


34. Find r from the formula r=- 71 -r 3 , given 

u 

l’=537-6, ir = 3-1416. 

35. If find / when s=289-3, f=3$. * 

« 

33. If j^y«s8*7 x 10 s , find n when x-= 73*96 and 27*25, 

37. The volume of a sphere of radius r is given by the 

4 

formula ]%=; wr 3 ; find the radius of a sphere whose volume is 
6 

33*87 cu. cm. 

38. A cubical block of metal, each edge of which is 36*4 cm., 
is melted down into a sphere. Find the diameter of the sphere 
as correctly as possible with Four-Figure Tables. 

V 3 Q *' 

39. If — = , calculate v, having given that 

r 8=4000 <7= 

r auuu, g - o on * 


Also shew that the value of — sk — aR> where tt= 3*1416, is 

vxouxdo 

approximately 24. 



XV.] 


FOUR-FIGURE TABLES. 


163, 


Four-Figure Tables of Logarithmic Functions. 

182e. The use of Tables of natural sines, cosines, and 
tangents •has-been explained in Chap. IV. [See Art, 39*.] 

The logarithms of the functions have also been calculated to 
four places of decimals. Since many of the trigonometrical 
functions are le&$ than unity their logarithms are negative, and 
as the characteristics are not always evident on inspection they 
cannot be omitted. To avoid the inconvenience of printing the 
bars over the chaiocteristics, the logarithms are increased by 10 
and are then registered under the name of tabular logarithmic 
functions. 

The notation used is Ztein A, L tan 6 ; thus A sin A is equiva- 
lent to log sin A 4- 10. 

The Tables on pages 384 — 389 give tho logarithmic sines, 
cosines, and tangents of all angles between 0° and 90 J at intervals 
of 6 minutes. For intermediate angles the difference columns 
aro used in tho same way os for the natural functions. 


182f. When there is a change in the characteristic in the 
middle of a horizontal line, the transition is marked by printing 
a bar over tho mantissa. 

Thus from the second page of logarithmic tangents we liavo 


8V 

85* 

0' 

— 

O' 

— 

12' 

18' 

24' 

30' 

30' 

42' 

48' 

54' 

10*9784 

11*0580 

9857 

0009 

9932 

0759 

0008 

0850 

0085 

0044 

(HH4 

1040 

0244 

1138 

0326 

1238 

0409 

1341 

1 

0494 

1440 


Here the transition from 10*9... to 11*0... begins at 84* 18'. 


Thus 


L tan 84° 18'= 11*0008, 


and for all subsequent angles in this line the characteristic of 
the logarithmic tangent is 11 instead of 10. 


Obs. As the angle increases from 0* to 90* the logarithmic 
sine, tangent, and secant increase, while the cosine, cotangent, 
and cosecant decrease. 
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Example 1. Find the value q< L sin 41° 15'. * 

From the Tables, 

L sin 41° W =9-8187 

diff. for 3' 4 * ' 

L sin 41° 15' =9*8191 

Example 2. From the equation L cos 0= 9*6577, find 0 to the 
nearest minute. 

L oos 0=9*6577 

I oos 63° =9*6570, from the Tables; 
diff. 7, by subtraction. 

Hence 0 is leas than 63° by a number of minutes corresponding to 
a difference 7. Taking the nearest difference in the Table we find 
that 3' must be subtracted from 63°. Thus 0 = 02° 57'. 


182q. Tho device for socuring a positive characteristic men- 
tioned in Art 182e is merely a convenience for the purposes of 
tabulation. In practice it is more expeditious if the 10 is 
subtracted mentally in copying down the logarithms, as shewn 
in the following example. 


Example. Find from the Tables the value of 

cot 27° 12' x sin 34° 17' 

Bee 77° 23' 

Denote the expression by x t then 

*= tan 62° 48' x sin 84° 17' x cos 77° 23'. 
log «= log tan 62° 48' + log sin 34° 17' + log oos 77° 23'. 

log tan 62° 48'= *2891, subtracting the 10, 
log sin 34° 17'= 1*7507, 
log oos 77° 23' =1*3393, 

log x =1*3791 


And antilog 1*3791= *2394. 
Thus *= *2394. 
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EXAMPLES. XV. e. 


leuji 


Find from the Tables the values of 
1. sin 29° 38'. 2. tan 38* 25'. 3. cos 15* 11'. 

4 see 4^*46'. 5. cot 42“ 27'. 6. cosec 65* 22'. 

Find to the nearest minute tlio values of $ fi'oni the following 
equations: 

7. sind=-3126. 8. cos 5 =-1782. 9. tand-4. 

10. cotd='793l. 11. ootd— 1‘5321. 12. cosd=§. 

li 

Find tho values of 

13. Z sin 44° 17'. 14.s Zcot27°34'. 15. Zoos 72*10'. 

Evaluate 

16. sin 27* 13* x cos 46* 1«'. 17. “-4v.!5»- 

tan 22 27 

g sin 34° 17' x tan 82® 6' 19 cos 28° 14' 

A8 ‘ ” cos 12°37 / sec 37° 26'" 

20. Find the smallest positive angle which satisfies the 

equation tan T ,r = - . 

1.5 

21. Find the value of a6nin(7 when a =32*73, 6=27*86, 
C~ 30° 16'. 

22. Calculate tho value of 


(i) wa 2 cot^, when a =2*0, n- 8; 

(ii) ~ r* sin ~ , when r=3*3, ?i=10. 

2 <» 

23. Given tan <f> •= ^ sin 0, find <j> when = *35, 0=66* 14'. 

24. Thd length of tho bisector of the angle yl of a triangle 

fll. A 

ABO is cos ^ . Assuming (His, find its value when 

6-32-78, c- 19-23, .4 -=115° 34'. 

25. Evaluate when v=48, a =23°, £-3219, 

»— - 37 . 



CHAPTER XVI. 


SOLUTION OF TRIANGLES WITH LOGARITHMS. 

{The section on Four-Figure Tables , page 183 A mag 
be taken after Art . 188.) 

183. The examples on the solution of triangles in Chap. XIII. 
furnish a useful exercise on the formula) connecting the sides 
and anglo of a triangle; but in practical work much of the 
labour of arithmetical calculation is a\oided by the use of 
logarithms. 

We shall now shew how the formula) of Chap. XIII. may 
be used or adapts for use in connection with logarithmic 
Tables. 


184. To find the functions of the half-angles in terms of the 
sides. 

A » 

We have 2 sin 2 - = 1 - cos A 

A 

-i b 2 +c 2 —a 2 
2 be 

2bc — b 2 — c?+a 2 a 2 — (6 2 — 2 bc+c 2 ) 

~~ 26c ”” 26c 

(q+6-c) (q-6+c) 

™" 26c 26c 


Let 

then 

and 


a+6+c=2c; 

a+6- c=2i-2c=2 (*-c), , 

a-6+c=2j-26=2 (c-6). 

2 26c be ’ 
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Again, 2 cos 8 ^ = 1 + coa ;l = 1 -t- ' l \ c ? -®* 

2 2 be 

(6+c) , -o J (6+e+o)(6+c-a) 

, " 2bc ~ 2 be ' ! 


.A 

2 ' 


2 cos 2 " 1 - 2 *(«~ a ) . 


2 be 


be 


cos 


A .. /*(«-«) 
2 “ V &<f * 


Also tan ^ = sin cos 4 
2 2 2 


, )>c 


n/ s/ 

2 v s(s-a) 


be 

s(s-a) 9 


s(s-a) 

185. Similarly it may be proved that 


sin 


cos 


B 


= X /(*-<•>(*-"_> /(«-«) (ir 6 ) . 

2 V ca ’ 1 2 “ V ab ~ ’ 

P = '/«(*£&) c , _ AA^). 

2 V 'ca ’ 2 V aft - ’ 

tan - - A AE3>5E“> tan?- / (s “l") (*“ 6 ) 

In each of these formulae the positive value of the square 
root must be taken, for each half angle is loss than 90°, so that 
all its functions are positive. 

186. To find sin A in terms of the sides. 

. . . A A 

smil = 2sin- cos ^ 


j'- 


\s - b) (« - & s (a-a) < 
be be 9 


sin A=fo*/s(s-a)(s-b)(8- c). 

We may also obtain this formula in another way which is 
instructive. 
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We have ' 

sin* A =* 1 - cos* A = (1 + cos A) (1 - cos A) 

. 

_(6±c)*j-a* a 

, 26c * 26c 

_(6+c+a) (6-f c-a) (a-f-6- c) ( h-b+ c) 

" "46 2 c* " ----- 

- (* - 6) («-c) 

46 2 c a 

sin A~ 4 / 8 ( 3 - a) (s- 6)(j-c). 

OC v 

The positive value of the square root must be taken, since 
the sine of an angle of any triangle is always positive. 


EXAMPLES. XVI. a. 


O 4. G 

2. a bin — tan-=*-a. 

Ja 4 0 


Prove the following formulae in any triangle : 

1. 6 cos* 4 +0 cos 2 

A A 

0 versed a(a+c-6) . , . 

3. w = i /V. \* 4. 6sin 2 ~+asm 2 -=i-c. 

verslf 6(6+c-a) 2 2 

5. (s - a) tan ^ « (* - 6) tan ~ = (s - c) tan ^ . 

6. Find the value of tan ~ , when a* 10, 6=17, c=21. 

2 

rt 

7. Find cot ^ , when a = 13, 6 =» 14, c = 1 5. 

z 

8. Trove that 

- COS* — + T COS 2 — -f - COS 8 7: *1 -r- . 

a 2 6 2 c 2a6c 

Prove that 

6-c -A c-a , a-6 .(7 n 

— «** 2 + — 0081 s + - r c08 ’ 2“°- 


9 . 
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18V. To solve a triangle when the three tides are given. 
From the formula 


tan — < 
2 


A 1 


[s - b) ( *- c) 
s(s-a) ’ 


log tan- “ | flog (•-&)+ log (s - c) - log * - tog (* - a)} ; 


whence - may be obtained by the help of the Tables. 


Similarly B can be found from the formula for tan — , and 

then C from the equation C = 180° - A - B. 

In the above solution, we shall require to look out from the 
tables four logarithms oyl}\ namely those of t, «- a, s-b, s-e ; 
whereas if we were to solve from the sine or cosine formulae we 
should require sir logarithms ; for 


A /$U-a) . B 

008 2 “ V ibe ftnd 008 2 



so tlxat we should have to look out the logarithms of the sue 
quantities #, s- a, s - b } a, i, c . 

If therefore all the angles have to be found by the use of the 
tables it is best to boIvg from the tangent formula) ; but if one 
angle only is required it is immaterial whether the sine, cosine, 
or tangent formula is mnxL 

In cases where a solution ha9 to f>o obtained from certain 
given logarithms, the choice of formula) must depend on the 
data. 


Note. We shall always find the angles to the neaiest second, so 
that, on account of the multiplication by 2, the half-angles should be 
found to the nearest tenth of a second. 


188, In Art 178 we have mentioned that 10 is added to each 
of the logarithmic functions before they are registered as tabular 
logarithms ; ljut this device is introduced only as a convenience 
for the purposes of tabulation, and in practice it will be found 
that the work is more ex{>editio i* if the tabular logarithms are 
not used. The 10 should be subtracted mentally in copying 
down the logarithms. Thus we should write 

log Bin 64* 15'= 1 *9545793, log cot 18° 35' = -4733850, 

and in the arrangement of the work care must be taken to keep 
the mantissa positive. 
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Example 1. The sides of a t -i angle are 85, 40, 63; fi'nd the 
greatest angle; given log 2 = -3010300, log 3= 4771213, 

L cos 47° 53' as 9*8264910, diff. for 60"=1397. 


Since the angles of a triangle depend only on the ratios of the 
sides aud not on their actual magnitudes, ^e may substitute for the 
sides any lengths proportional to them. Tims in the piesent case 
we may take a =6, 6=7, c=9; then C is the gi eat curt angle, and 


cos 


C _ /*(*-_£)_ /21 3 1«_ /if 

2 ~ V “«!> “ V ¥ * 2 X o x 7 'V 20’ 


C 1 

log cos -^ == 2 (2 log 3 - log 2 - 1). 

Thus log cos £=1-8266063 

log cos 47° 03’ = V82C49] 0 
diff. U53 

proportional decrca*€=^y^x60''=49-G"; 
y= 47° 52' 10 -5". 

Thus the greatest angle is 95° 44 # 21". 


2 log 3= *1)542126 
1*301010 ) 

2) 1 <>51.126 
18266063 


1153 

60 

1397 ) 69180 ( 49 5 
558 S 

1 >:mk) 

12571 
t 7270 


Example 2. If a = 283, 5 = 317, c = 428, find all the angles. 


tan 


A _ /(*-&)(*-<•) / 197 x 86 

2 V 8(s-a) “ v 514 


514 x 231 * 


/. log tan ~ i (log 197 •+ log 86 - log 614 - log 231). 
From the Tables, 


28.3 

317 

423 

2)J028 
614= jt 
2.31 

197— *“6 

86*i-e 


log 197=2-2944662 
log 86=1-9344985 

4- 2289647 

5- 0745751 

2) 1*1543896 


log 514=2*7109631 
log 231 =2 '3636}20 
6 0745751 


log tan =1*5771948 

log tan 20® 41' =1*5769685 
diff. 2868 
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But- diff for 60" is 3822, 

2363 

.*. prop 1 , increases x 60" =37*1"; 


2363 

60 


3822 )14i 790 (87*1 
11460 


^ = 20-41' 37-1" and ^41° 23' 14'. 


27120 

26754 

8660 


Again, 


,B _ /(• -©)(*-«)__ / 86x23 1 

ta “ 2 "V “V 61"^ 1M7 ; 


log tan 


B_ 1 
2 ~~ 2 


(log 86 + log 231 - log 514 - log 197). 


log 86= 1 *9344985 log 51 4 = 2*7109631 

log 231 = 2 3636120 log 197 - 2 2944CC2 

4 29M105, 5*0054296 

5-0054233 

2 ) 1*2926812 

log tan ^=1-6408400 
.s 

log tan 23° 53 ' - JTj 461988 
diff. ‘ 141 B 


But diff. for CO" is 3412; 

* 1418 

.*. prop 1 , increase = — — x 60" = 24*9". 
o4i Z 

.*. ^ = 23° 53' 24*9" and B --- 47° 46' 50". 


1418 

60 

3412 ) 85080(24*2 
6821. 

KIM 10 
1.KU8 
31020 


Thus A = 41° 23' 1 4", B = 47° 46' 50", C = 90° 49' 56". 


EXAMPLES. XVI. b. 

1. The sides of a triangle are 5, 8, 11; find the greatest 
angle ; given ^og 7 = *8 450980, 

L sin 56° 47 =9*0225205, L sin 56° 48' = 9*9220032. 

2. If a=40, 6=51, c=43, find ; given 

L tan 24° 44' 13" =9*6634464, 
log 128 = 2*1072100, log 603=2*7803173. 

3. The sides a, 6, c are as 4 : 5 : 6, find B ; given log 2, 

L cos 27° 53' = 9*9464040, diff. for 1' = 669. 
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4 . Find the greatest angle cf the triangle in which the fades 
are 5, 6, 7; given log C — *7781 5 13, 

L cos 39° 14' —9*8890644, diff for l'« 1032. 

5. If a— 3, 5— 1*75, c— 2*75, find C\ given log2, 

L tan 32° 18' -9*8008365, diff. for l'«2796. 

& If the sides are 24, 22, 14, find the least angle; given 
L tan 17“ 33'=9*500042, diff. for l'-430. 

7. Find the greatest angle when the sides are 4, 10, 11; 
given log 2, log 3, 

L cos 46° 47' - 9*8355378, diff. for 1'- 1345. 

8. If a : b : c=15 : 13 : 14, find the angles ; 
given log 2, log 3, log 7, 

L tan 26° 33' -9*0986847, diff for l’-3159, 

L tan 29° 44' « 9*7567587, diff for 1' * 2933. 

9* If a : b : e— 3 : 4 : 2, find the angles ; given log 2, log 3, 

Z tan 14° 28'- 9*4116146, diff. for 10"«870, 

L tan 52° 14'- 10*1108395, diff for 10" -435. 


189. To solve a triangle having given two sides and the in- 
ducted angle. 

Let the given parts b eb, c, A, and let 

^^sin jB^sin (7^ 

™ b “ c 9 


then 


sin B - sin C lb - Icc b-c t 
sin B + sin (J “ kb +kc ™ 6+c 9 


B+C . B-C 
2c° a - mn— - 



b-c 
b+ o' 
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% . B-C b-c. B+C b-c , A 

•• tan — = tan — — = , — cot — , 

2 6 + c 2 6 + 2 2’ 

811100 3 ~“ == 00 ~ 2 - 

B — C A 

. \ log tan — 2 * - = log (6 - c) - log (6 + c) flog cot — , 

from which equation we can find 

A 

Also 90° - ~ y and is therefore known. 


By addition and subtraction wo obtain B and C. 

From the equation • a—^ *J in jj - , 

1 sm B 9 

log a = log 6 +log sin A - log sm B ; 

whence a may be found. 


Example 1. If the sides a and b are in the ratio of 7 to 3 f and 
the included angle C is 00°, find A and B; given 

log 2 = -3010300, log 3 = -4771 213, 

Ltan 34° 42' = 9*8403776, diff. for l'=2699. 


tan 


A Ii a - b C 7 3 30 „ 4 ,3 

2 a + b 2 7 + 3 * 


10 " 


log tan^-g - =21og 2 - 1 -t * 1°K 3 ; 

log tan ^ g ^ = 1 "8406207 

log tan 34° 42 / =l '8403776 
diff. ' 2431 

prop 1 , increase = x CO" = 54" ; 

=34° 42' 6." 

2 

And d±?=90°-^=60 o . 

By addition, A =94° 42' 64", 

and by subtraction, 2* = 25° 17' 6". 


2 log 2 * 8020600 
~ log 8“* ‘2386607 
'WQ02O7 


2481 

_60 

2600)145800(64 

13405 

10910 

10706 


H.K.S.T 
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Example 2. If a=681, c=243, r=60° 42', solve the triangle, by 
of 


the UB6 of Tables. 


tan — — = ~~~ e°t ~ ^ cot 25° 21' ; 
2 a + c 2 924 


/. log tan 438 -log 924 
+ log cot 25° 21' 

.-. log tan A -~ *?= 0002383 

log tan 45° =-0000000 
difl. " ' 2883 

And diff. for 68" is 2527; 


prop 1 , increase = — ? x 60" = 67" ; 


A-C 

2 


=45° O' 57". 


Also -t? =9 0P_£ = 04035, 


log 498= 2-6414741 
log cot 25” 21'= -82443 62 
2-9659108 
log 924=2-965 6720 
•0002883 


2383 

JTO 

2527)142980 ( 50-6 

12035 

10030 

15162 

14680 


By addition, 
and by subtraction 


A = 109° 39" 57", 
<7= 19° 38' 3". 


Again, 


6= 


c sin li 


sin (7 1 

log 6= log e + log sin B — log sin C 
=log 243 + log sin 50° 42' 

-log sin 19° 38' 3" 

log b =2-7479012 
log 559-63 a? 2-7479010 


5= 659-63, 

Thus A = 109° 89* 67", 0=19° 38' 3", 6 = 559-63. 


log sin 19° 88' =1*5263387 
A x 3540= 177 

log sin 19° 38' 3" = 1*5263564 

log 243=2-3856063 
log sin 50° 42'= 1-8886513 
2-2742576 
log sin 19° 38' 8" = P5263564 
2-7479012 


190. From the formula 


^B-0_b-c^A 
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it will l)e seen that if 5, c, and B— C are known A can he found ; 
that is, the triangle can do solved when the given parts are two 
sides and the difference of the angles opposite to them. 

EXAMPLES. XVI. c. 

1. If a =9, 5=6, 6’= 60°, find A and B; given log2, log 3, 

L tan 19°« 6' =9*5394; 87, L tan ID* 7' -- 9*5398371. 

2. If a— 1, e=9, X=65®, find. A and C; given log2, 

X cot 32° 30'= 10* 19581 27, 

X tan 51° 28' - 10*0988763, diff. for I ' = 2592. 

3. If 17#= 75, (7=69°, find A and B ; given log 2, log 3, 

X tan 35° 49' ^ 9*8583357, diff. for 60" = 2662. 

4. If 5=27, c=23, A =44° 3CK, find B and C ; given log 2, 

L cot 22° 15' = 10*3881591, 

X tan 11° 3'= 9*2906713, diff. for l'= 67 11. 

5. If c=210, « = 110, X=34° 42' 30", find C and A ; 
given log 2, 

. Xcot 17° 21' 1 5" = 1 0*5051500. 

6. Two sides of a triangle are ao 5 : 3 and include an angle 
of 60° 30' . find the other angles ; given log 2, 

Xcot 30° 15' = 10*23420, 

X tan 23° 13'= 9*63240, diff. for l'=35. 

7. If a =327, c*=256, B =56° 28', find A and C; given 

log 7*1 - *8512583, log 5*83 = *7656686, 

L tan 61° 46' =10*2700705, 
h tan 12° 46'= 9*3552267, diff. for V = 5859. 

8. If 5 4c, A =63°, find B and C ; given log 2, log 3, 

X tan 57° 30' =10*19581 27, 

X tan 43° 18'= 9*9742 , 33, diff. for 1' =2531. 

9. If #=23031, 5=7677, <7=30* 10' 5", find A and B s 
given log 2, 

X ton 15° 5' =9*4305727, diff. for 10" =838, 

Xcot 61° 41' =9*7314436, diff. for 10" =504. 


13—2 
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191. To solve a triangle having given two angles and a side. 

Let the given parts bo denoted by B, C, a; then the third 
angle A is found from the equation A — 180° - B-C> 


and 




a sin B 
sin 4 * 


log 6= log a -flog sin log sin A ; 
whence b may be found. 

Similarly, e may be obtained from the equation 
log c = log a + log sin 0 -- log si n A . 


Example. If 5 = 1000, A— 45°, C=G8 n 17' 40"', find the least side, 
having given 

log 2 = *3010300, log 7-6980 = *8864118, cliff, for 1=57, 

L sin 66° 42'= 9*9630538, diff. for l'-=544. 

B = 180° - 45° - 08° 17' 40" = 60° 42' 20". 


The least side=a=~ 

sm B 


1000 sin 45° 
sin 60° 42' 20" ; 


•\ log a= 3 + log - log sin 66° 42' 20" 

=3- 1 log 2 -log sin 66° 42' 20" 
=3 --1136809 


log sin 66° 42'= 1-9630538 

IJJ x 544= 181 

bO 

2 log 2= -1505160 
-1135869 


log a =2-8864131 
log 769-86=2-8864118 
dill. 13 

13 

prop 1 , in crease =—=-22. 

Thus the least side is 769-8622. 


EXAMPLES. XVLd. 

1. If 21=60° 18', (7=64° 30', a =100, find o ; given 

L sin 84* 30' =9-9 106860, log 8 9646162 =-9536317, 
Z sin 65° 16' =9-9681543. 
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If jjL = 5D% 71=05*, c= 270, find a ; given log2, log 3, 
log 25538 = 4 •407 1869, 7, sin 55°=9-9133645, 
log 20539 =4-4072039. 

3. 1/ A =-45* 41', <7=62° 5', J=100, find o ; given 

log 9-2788 = -907 49, Lain 62° 5' =9-04627, 

7/ sin 72° 14'=9-97878. 

4. If 7?=7®°30', <7=78° 10', «=102, find l and c; given 

log 1 -02 = -009, log 1 -85 = -267, log 1 -92 = -283, 

Z/ Kin 70° 30'=9-974, c 7,siu 78° 10'=9-990, 

7„sin31° 20' =9-7 10. 

5. If a— 123, 71= 29° 17', <7= 136°, find <• ; given log2, 

log 123= 2*0890051, Zsin 10° 43' =9-4327777, 
log 32110=4-5066403, 77=135. 

6. If A =44", <7=70°, 6= 1006-62, find a and r ; given 

l sin 44° =0-84 1 7713, log 100662 = 50028656, 

L sin 66° =91)607302, log 103543 =50151212, 

7, sin 70° =91)729858, log 7054321=6-8839067. 

7. If a=1652, 7? =26° 30', (7=47° 15', find b and c ; 

L sin 73* 45' =94)822938, log 1052 =‘2180100, 

Lain 26“ 30' =90495274, leg 70780=0852481, 2)=57, 

L sin 47° 15' = 9-8658868, log 1-2636 = ‘101 6096, 7) =344. 


192. To soh e a triangle when two sides and the angle opposite 
to one of them are given. 

Let a, b, A be given. Then from sin 71= ^ sin A, wo have 
log si n 77= log b - log a+ log sin A ; 


whenoo B may be found ; 
then <7 is found from the 

Again, 


equation (7= 180° - A - B. 
‘'ssin(7 

c~- “ A 

s.nil 7 


log c =* log a + log sin (7- log sin ii. 

If a<b , and A is acute the solution is ambiguous and there 
will be two values of B supplementary to each other, and also 
two values of C aud <?. [Art. 147.] 
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Example. If 6=63, c=36, C=29°23' 16", find 13 ; given 
log 2= >3010300, log 7= >8450980. 

Lein 29° 23'= 9 0907721, difl. for l'=2243, 

L sin 69 s 10'= 9-9338222, difl. for l'=755. 


b 63 

sin B — sin C = sin C 

C OQ 

=T sin 29° 28' 16"; 

/. log sin B =log 7 - 2 log 2 

•flog sin 29° 23' 15"; 
log Bin B = 1*9338602 
log sin 59° 10' =r 9338222 
ditf. “ ' 440 

440 

* prop 1 , increase = x CO" =- 35" ; 

too 

.>. B=59°10'S5". 

Also since c < b there is another value 
of 13 supplemental y to the above, 
namely 11= 120° 49' 25". 


log sin 29° 23' — 1 >6907721 

1IC 

00*2243= 561 

log 7= -8150980 
•5359202 
2 log 2= >6020600 

1*9338662 

440 
60 

755 ) 20400 ( 35 
2265_ 

3750 

3775 


EXAMPLES. XVI. e. 

1. If a=145, 6=178, JJ=41° 10', find A ; given 

log 178 =2-2504200, L sin 41° 10'=9-8183919, 

log 146=21613680, L sin 32° 25' 35"=9-72!)33!)0. 

2. If A =26* 26', 6= 127, a =85, find B ; given 

log 1 27 = >1038037, A ton 26° 26'=9>648512), 
log 8-5 =-0294189, L sin 41° 41' 28" =9-8228072. 

3. If c=5, 6=4, (7=46°, find A and B\ given ’ 
log 2 = -30103, L sin 34° 26' = 0-7525750. 

4 If a=1405, 6=1706, .4=40°, find B ; given 

log 1>405 = 1476763, log 1>706=>2319790, 

L sin 40° =9-8080675, L sin 51° 18' =9-8923342, 
diff. for l'-101S. 
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6k if Z=112° 4', 6=573, c=394, find A and C ; given 
log573=2-7081546, log 394 =2 -5954962, 

L sin 39° 35' = 9-8042757, diff. for 60"- 1627, 

Zoos 22“ 4'=9-9609614. 

6. If 6=8-4, c— 12, 2?=37“ 36', find A ; given 

log 7 = -8450980, Z sin 37* 36' =9-7854332, 

Zbin 60“ 39' =9-9403381, diff. for l'=711. 

7 . Supposing the data for the solution of a triangle to be as 
in the three following c«%ses, point* out whether the solution will 
bo ambiguous or not, and find the 111 ml side in the obtuse angled 
triangle in the ambiguous case : 

(i) A —30°, a — 125 fret, c = 250fect, 

(ii) A —30^ a = 200 feet, c=250feot, 

(iii) A = 30°, a — 200 feet, <■ — 125 feet. 

Given log 2, 

log G*0389 — *7809578, L siu 38° 4 1'- 9*7058800, 
log 0*0390- ‘7809650, L sin 8° 41' =9 1780001. 

193. Some formulae which are not primarily suitable for 
working with logarithms may ho adapted to such work by 
various artifioes. 

194. To adapt the formula c 3 — a L -f-5* to logarithmic compu- 
tation. 

W e have c a — a 3 ^1 + . 

Since an angle can always be found whose tangent is equal 
to a given numerical quantity, wo may put -—tan d, and thus 
obtain 

t ,2 =a 3 (1 + tan 2 6) = a 2 sec 2 6 ; 

• c — a seed; 

logc— lor: a -flog see 6L 

The angle 6 is called a subsidiary angle and is found from 
the equation 

log tan 0— log b - log a. 

Thus any expression which can be put into the form of the sum 
of two squares oan be readily adapted to logarithmic work. 
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195. To adapt the formula c 2 =*a 2 +b 2 -2ab cos C to, log- 
arithmic computation . 

From the identities 

C C C C 

cos C= cos 2 -sin 2 -, and l*=cos 2 ^ + sin 2 - , 

Z Z Z 2 

wo have 

c 2 =(a* + b 2 ) ^cos 2 ~ + sin 2 - 2 ab ^cos 2 ^ - sin 2 Q 

= (a 2 + 1 2 - 2a&) cos 2 ~ + (a 2 -f b 2 -f 2 a6) sin 2 ^ 

= (a — b) 2 cos 2 (a + Z>) 2 sin 2 ^ 

“(® - b ? cmi f ( 1 + («5) 2 ^ f } • 

Take a subsidiary angle 8, such that 

. - a + b C 

tan 8= — , tan--, 
a~b 2’ 

then c 2 — (a - b ) a cos 2 ~ (1 + tan 2 d) 

— (a — b) 2 <*os 2 ^ sec 2 d ; 

Z 

Q 

•\ c=(a-b) cos — seed; 

z 

Q 

/. log c = log (a - 6) + log cos --flog seed, 
where d is determined from the equation 

Q 

logtan d=log (a-f 6) -log (a- 6)+logtan — . 

z 

196. When two sides and the included angle are riven, we 
may solve the triangle bv finding the value of the third side first 
instead of determining tne angles first as in Art. 189. 

Example . If a= 3, c = 1, B = 53° T 48" find b ; given 

log 2 =*8010300, log 2-5298 =*4030862, diff. for 1 = 172, 

L 00826° 83' 64"= 9-9515452, L tan 26° 83' 64" =9*6989700. 
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W <k have Z» a =c a +tt a -2ca cosjB 

= (a* + c 2 ) ^cos a ~ +sin 2 ^ -2oc ^cos a ^ - sin a 
= {a- c) a cos 5 ? + (a + c) a sin* ~ 

= (* - c) 9 cos 3 g (X + tan 3 0) (1), 

where tan 0 - a ~- tan ^ = 2 tan 26° 33' 54" ; 

(i-c 2 

log tan 0 = |pg 2 + log tan 20° 33* 54" 

= ■3010300 + 1-6989700 
= 0 ; 

whence tan 0—1, and 0 = 45°. 


From (1), 


6 = (a - c) cos see 0 

= 2 sec 45° cos ^ 
=-2^/2 oob 26° 33' 51"; 


log 6= log 2 + ^log‘2 

+ log cos 2G° 33' 54" 
log b = -4030!I02 
log 2-5298= -4030862 
difl. 40 

But difl. for 1 is 172 ; 


log 2= -3010300 
| log 2= -1603160 

log cob 26° 33' 54" = I -9513462 
'4030902 


* .. , . 40 10 „„ 

/. proportional increase = ^ = 43 = 


Thus the third side is 2-529823. 


197. The formula c 2 = a 2 + b 2 - %ab cos C may also be adapted 
to logarithmic computation in two other ways by making use of 

C G 

the identities cos C= 2 cos 8 ^ - 1 and cos (7® 1-2 sin 8 . 



180 


ELEMENTARY TRIGONOMETRY. 


(CHAP. 


Wo shall take the first of these cases, leaving the other as an 
exercise. 

o* *■* a 9 + b' 1 - 2 ab cos G 


- a 2 -f-6‘ J — 2ab ^2 co3- ~ - 1^ 

= (a -f b) 1 — 4 ab cos 2 ^ 

2 , 

= (a+i)8 { 1 -(^ C084 -2}- 


Let 

then 


4 ab 


(a+b)*™ 2’ 

c* = (a + 6) 2 (1 - cos 2 0) = (ft + by sin 2 0 ; 

.*. c=(a + 6)sin0; 
log c=Iog (a + b) 4 log sin 0. 

To determine 0 we have the equation 

A 2 *Jab C 
cos 0= , . cos - ; 

u + b 2 

1 0 
Iogcos0 = log 2 + -(loga + log b) -log (a+b)+\og cos 



Since 2*Jab is never greater than a+b and cos - is positive 

22 

and less than unity, cos0 is positive and less than unity, and 
thus 0 is an acute angle. 


-I' 


cos 2 0, 


EXAMPLES. XVI. f. 

1. If a =8, 6=7, c=9, find the angles ; given log 2, log 3, 

L tan 24* 5' =9*8502809, diff. for 60" =3390. 

L tan 36* 41' =9*8721123, diff. for 60"=2637. 

2 The difference between the angles at the baso of a tri- 
angle is 24°, and the sides opposite these angles are 175 and 337 ; 
find all the angles ; given log 2, log 3, 

Titan 12* =9*3274746, Zcot66° 27"=9-827229& 



XVI.] 


SOLUTION OF TRIANGLES WITH LOGARITHMS. 


161 


3 * Oue of tlie sides of a right-angled triangle id two-sevenths 
of the hypotenuse ; find the greater of the two acute angles ; given 
log 2, log 7, Zsin 14° 11' =9’45G921, Zsin 14* 12' =9456031. 

4. Find tlio greatest side when two of the angles are 78° 14 
and 71° 24' and the side joining them is 2183 ; given 

log 2*183 = ‘3300537, log 4*2274 = *6260733, Z)=103, 

L sin 78® 14' =9*0907766, L sin 30° 22' --0*7037486. 

5. If 6=2ft. 6 iu., c=2ft., A =-22° SO 1 , find the other angles; 

ami then bIicw that the aide <» is, very approximately 1 foot, 
(•iveii log 2, log 3, ‘ 

L cot 1 r 1 0' = 1 0-70 165, L sin 49“ 27' 34" = 9-88079, 

A sin 22’ 20'= 9 r»7077, A tan 29’ 22' 2C"=9-75041. 

6. If (7 = 1-50234, &«=■ 437(50, C -58’ 42' 6", find A and B ; 
gi\en log 66234= 1-75, 

logout 29’ 21' — *250015, logout 29” 22'= -24971 5. 

7. If <i=D, 6=12, .'1 — 30°, find the values of c, having 
given 

log 12=1-07918, Amu 30° =9-69897, 

log 9= -05424, L sin 11’ 48' 39" =0-3 1 108, 
log 171 = 2-23301, L sin 41’ 48' 39" =9*82391, 
log 368=2-56635, L sin 108’ 11' 21"=9*97774. 

8. The sides of a triangle are 9 and 3, and the difference of 
the angles opposite to them is 90° : find the angles ; having given 
log 2, 

L tan 26’ 33' = 0-6980847, L tan 26° 34' = 9-C99000C. 

9. Two sides of a triangle are 1404 and 960 respectively, 
and an anglo opposite to one of them is 32“ 15' : find the angle 
contained by the two sidos ; having givon log 2, log 3, 

log 13=1-1139434, L cosec 32’ 15'= 10*2727724, 

A sin 21° 23'=9-5621316, A sin 51* 18'= 9*8923236. 

10. If 6 : c= 1 1 : 10 and A = 35° 25', use the formula 
lau 5 (/f~*'l“ tanS g 01 * 5 to find B and C; 

given log 1-1= -041393, A tan 12* 18’ 36"= 9*338891, 

L cos 24“ 37' 12" =9*958607, A cot 17“ 42' 30"= 10 495800, 

A tan 8’ 28' 56-5" =9-173582, 
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11. If 4=50°, 6=1071, a =873, find B\ given * 

log 1*071 = *029789, log 8*73=-- '941014, 

L sin 60° = 9*884254, L sin 70° = 9*972986, 

L sin 70° l' = 9*973032. 

12. If a=6, 6=3, (7=36° 52' 12", find o without determining 
4 and B; given log 2 =*30103, log3=*47712, 

' log 40249 = 4*60476, L sin 18° 26' 6" = 9*5, 

Zcot 18* 26' 6" = 10*47712. 

(In the following Examples the necessary Logarithms must be 
taken from the Tables.) 

13. Gi veil a = 1 000, 6 =• 840, c == 1 258, find B. 

14. Solve the triangle in which a =525, 6 -650, c=777. 

# 

15. Find the least angle when the sides are proportional to 
4, 5, and 6. 

16. If if=90°, 4(7=67*321, 4/1=28*58, find 4 and ('. 

17. Find the hypotenuse of a right-angled triangle in which 
the smallest angle is 18° 37' 29" and the side opposite to it is 
284 feet. 

18. The sides of a triangle are 9 and 7 and the angle botween 
them is 60° : find the other angles. 

19. How long must a ladder be so that when inclined to the 
ground at an angle of 72° 15' it may just reach a window 42*37 
feet from the ground ? 

20. If a =31 *95, 6=21*96, (7=35°, find 4 and B. 

21. Find B } C, a when 6 = 25*12, c = 13*83, 4 = 47° 15'. 

22. Find the greatest angle of the triangle whoso sides are 
1837*2, 2386*6, 2173*84. 

23. When a=21*352, 6=45*6843, c=37*2134, find 4, B , 

and (7. • 

24. If 6=647*324, c= 850-273, 4 = 103° 12' 54", find the re- 
maining parts. 

25. If 6=23*2783, 4=37° 57', Z?=43° 13', find the remaining 
sides. 

26. Find a and 6 when jB=72° 43' 25", (7=47* 12' 17", 
«= 2484*3. 
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27* If -42?= 45 17, -4(7=150, -4=31° 30', find the remaining 
parts. 

28. Find -4, 2?, and 6 when 

• a=324*68, c=42J*73, t Y =35 # 17' 12". 

29. Given a=321*7, c=435*6, ;i =30° 18' 27", find (7. 

30. If 5= 1325, c— 16(55, 7? --52° 10', solve the obtuse-angled 
triangle to which the data belong. 

31. If a=3795, 2?=73° 1ft' 15", < : '=42° 18' 30", find theother 

sines. 


32. Find tho angles of the two triangles which liave 6=17, 

c= 12, and (7=43° 12' 12". v 

• 

33. Two sides of a triangle are 2*7402 ft. and *7401 ft. 
respectively, and contain an angle 50° 27' 5"* find the base and 
altitude of the triangle, 

34. The difference between the angles at the base of a 
triangle is 17* 48' and tho sides subtending those angles are 
105*25 ft. and 76*75 ft. : find tho angle included by the given 
sides. 


35. From the following data : 


(1) ^1 = 43° 15', -4Z? = 36*5, 7?(7-=20, 

(2) 4 = 43° 15', AB- 36*5, 2?(7=30, 

(3) ^4 = 43° 15', AB= 365, B< 7=45, 


point out which solution is impossible and which ambiguous. 
Find tho third side for the triangle tho solution of which is 
neither impossible nor ambiguous. 


36. In any triangle prove that c—{a - b) sec 0, where 

, A 2sjab . C 

tan 0 = ,-sin 

. a-b 2 


If a= 17*32, 6=13*47, (7=47° 13', find c without finding A 
and B. 

37. If tan^=^"^taii“, prove that c={a — b) cos ^ sec 
If a=27*3, 6=16*8, (7=45* 12', find 0,and thence find c. 
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Solution of Triangles with Pour-Figure Logaxithnls. 

197 To solve a triangle when the three sides are given. 

[For general explanation of method sea Art. 187.] 
Example . If as 283, 6=317, c=428, find all tlie angles. 


ta /E50'jL5> == / 
2 V *(*-«) \'i 


197x8(5 . 
614 x~231 * 


A 1 


317 
488 
2 jl<>28 

~ 514 «* 

231 ~s -a 

se-s-c 


log tan ^ ^ (log 197 + log 86 - log 514 - log 281). 

From the Tables, 

log 197 = 2-2945 log 614=2-7110 

log 86 = 1-9345 log 231 = 2-8636 

4-2*290 6-0746 

5 0746 

2 ) 1-1544 
log tan ^ = 1-5772 

log tan 20° 42' = 1-6773; ^=20° 42', approx., and ^4 = 41° 24' 


x 231 . 
514x1^7 5 
log 614 = 2-7110 
log 197=2*2946 
5-0055 


B /(*-r)(*-a) /86 

Again, tan^^---^ - ^ ^ 

log 86=1-9345 
log 231 =2-3636 
4**2981 
5-0055 

2 ) 1-2926 
log tan ~ = 1-6463 

log tan 23° 48' = 1-6445 
18 

diff. for 5'= 17 

.*. ~ = 23° 53', approximately, and 13=47° f6'. 
Thus 2 =41° 24', B=47°4C', C=90°50'. 


This solution may bo compared with that of Ex. 2, Art. 188. 

[Examples XVI. g. Nos. 1 — 10 may be taken here.] 

Note. Any small error in obtaining the half angle is doubled 
when we multiply by 2. Thus a half angle obtained to the nearest 
minute will not necessarily give a final result to the same degree of 
accuracy. 
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If greater accuracy is required we may proceed as follows ; 


log tan j =1-5772 

log tan 20° 3G'= 1-5750 
* diff. 22 


log tan 20° 42'= 1*5773 

log tan 20° 36' =1*5760 
dill, for 6' *23 


A 99 

. . jr is greater than 20° 36' by ^ x 6' or 5'*7 ; 
2 2c 

.. £=20°41'-7, and A = 41°2V. 


23 ) 132 ( 5*7 

115 

170 

101 


197b. To solve a triangle having given tm sides and the 
included angle. 

[For general explanation of method see Art 189.] 

Example . If a— 681, c = 243, B=50° 42 / , solve the triangle. 

t A-C a-e .J? 438 438. 

tat, - j- - — cot j ^ cot 25* 21'=^ tan 04* 3V , 

, x A-C , , no . log 438=2*6415 

. log tan g =log 438 - log 924 logtan64 o 39 ^ . 8246 


-f log tan 64° 39' ; 


log tan = '0003 ; 


2*96(50 
log 924 = 2*9667 


By addition 
and by subtraotion 


= 90°- |=n4° 39'. 

A= log’ 40', 
0=19*38'. 


, csinJi 243 sin 60*42' Iog243=2-886b 

Again, ®“rinC “ sin 19* 88' log sin 60° 42' = 18887 
.*. log 6 = log 243 + log sin 50 c 42' 2*2748 

f - log sin 19° 38' ; log sin 19° 88'= l5263 

.*. log 6=2*7480; 2 * 740Oi 

whence 6=559*8. 

Thus A =109° 40', C=19°38' l 6=559-8. 

This solution may be compared with that on p. 172. 
[Examples XVI. g. Nos. 11 —20 may he taken here.] 
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197 c . To solve a triangle having given two angles and *a side . 
[For general explanation of method see Art 191.] 

Example. If ft = 1000, A = 45°, C=6S^ 18', find the least side. 

B = 180° - 45° - 08° 18' = C6° 42' ; 


the least side=a= 


ft sin A _ 1000 sin 45° 
sin B ~~ sm66 c 42' 


log a = log 1000 4- log sin 45° 
-log sin 66° 42' 
=2-88(54; 
whence a =769-8. 


log 1000=3 
log sin 45° =1-8495 

tfmi 

log sin 66° 42'= 1-9631 
2-8H04 


[Example** XVI. g. Nos. 21 — 30 \nay bo taken here.] 


197 d . To solve a triangle when two sides and the angle 
opposite to one of them are given . 

[For general explanation of method see Art. 192.] 

Example . If 6 - 03, c = 36, C = 29° 23', solve the triangle. 

. D b 63 . 

sin/?-=- um (; = - A sin 0 
c 36 

= j sin 20° 23' 

4 

log sin B- 1-9338; 

B = 59° 10'. 

Also since c< ft, there is another value of B supplementary to the 
above, viz. 120° 50'. [See Art. 148.] 

Thus we may say B l = 69° 10', B 2 = 120° 50' ; 

.\ Jj= 180°- 59° 10' -29° 23' =91° 27', 

^,=180° - 120° 50' - 29° 23'= 29° 47\f 
cnlnAj 30 sin 91° 27' log 36=1-5563 

‘ “ 1_ sinC ~ *in2U®23' - log gin 86° 38' = 1-9900 

80 sin 88° 33' 1-6563 

“ sin 23° 23' log gin 29° 23' = 1-0906 

= 1-8654. 1-8664 

o 1 =73'35, from the Tables. 


log-7 =-8451 
log sin 29° 23' =1-6908 
. -5359 

log 4= -6021 

1-9338 
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Again 


c Bin A 7 
a 3 


Thus 


* sin C 
- 3Csin29 0 4r 
sin 29° 23' 

=1*5616. 

.*. 02=36*44, from the Tables. 
, (P=59 o 10' t or 120° 6Cy, 

finally \ A = 91° 27', or 29° 47', 
l 0=73*35, or 36*44. 


log 36=1*5563 
log sin 29° 47' =1*6961 
1*2524 

log sin 29° 23' = Id)908 
1*5616 


[Examples XVI. g. No?. 31—37 may be taken here.] 


EXAMPLES, XVI, g. 

((riven the three sides.) 

4 

1. If a=25*3, 5=11*7, c=19*0, find A , using sin 

2. If a =68*75, 5=93*25, c=63, find B , using cos^. 

3. Find the smallest angle of a triangle whose sides are 
11*24, 13*65, 9*03, using the sine formula. 

4. If a = 15, 5=22, c= 9, find all the angles. 

5. Find* all the angles, given a =31 *54, 5=46*5, c=63*4. 

6. Find all the angles, given a =33*4, 5=71*6, c— 60*24. 

7. Find the largest angle of a triangle whoso sides are 14*75, 
6*84, 10*37, using the cosine formula. 

8. If the sides are 21*5, 13*7, 29*5, find the smallest angle, 
using the sine formula. 

9. If a : 5 : c=* 5 : 7 : 8, find all the angles. 

10. If the sides of a triangle are as 1*3 : 1*4 : 1*5, find all the 
angles. 

(Given two sides and ih* included angle.) 

11. If 5«32’8, 15*0, A = 107° 2(T, find B and Q. 

12. If a=96*7, 5= 135*4, C=* 123° 42', find A and B. 

13. If a« *012, o= -576, B=6 0° 30', find A and 0. 
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14. Two sides of a triangle arc 27*3 and 1G*8, and they 
contain an angle of 43* T , find tne remaining angles and side. 

15. Given A = 37*, 5 — 82 0, c — 25*1, solve the triangle. 

16. If 5—27*0, c= 33*48, vt *60°, find the other angles. 

17. If 7o— 155, and <7= 82* 14% fmd A and B. 

18. If one side of a triangle is double another and makes 
with it an angle of 52* 47', fmd the remaining angles. 

19. If 875= 131c, and A = 18° 16% find B and <7. 

20. If a— 17*6, 5 =2403, 0 = 121° 38', solvo the triangle 

( Given two angles and a side,) 

21. If A = 40% <7= 70% b = 100, find a. 

22. If/? =42% <7= 107% a =85*2, find b. 

23. If A =40° 11% /?— 21° 15% c=5*23, find a. 

21 If A =65° 27% <7=71* 35% 5=873, find c. 

25. If A =00% /?=70° 20% c=60, find a, 

26. The base of a trianglo is 3-57 inches, and the angles 
Adjacent to it are 61° 51' and 87“ 43% find the remaining sides. 

27. Given /?» 65° 47% <7=52*39% 0-125-7, find the greatest 
side. 

28. Solve the triangle when A =72* 19% /?= 83* 17% c= 02*93. 

29. In a triangle the side adjacent to two angles of 49* 30' 
and 70* 30' is 4g inches ; find the other sides. 

30. If B : <7=4 : 7, <7=7/4, and 5=89*36, find a and c 

« 

(Given ttoo sides and angle not included.) 

31. If ami 3, 6-62, A -82* 14', find 5. 

32. If 6-41*62, c— 63*45, 5-27° 15', find C. 

33. If a-17‘28, 6-23*97, 5-55° 13', find A andc. 

34. If a— 94*2, 6—141*3, .4—40°, solve the triangle. 
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35. I f A = 20° 41', ft « 137, « = 1 15, solvo the triangle. 

36. If ft = 1325, c= 1GG5, 77=52° 19', solve the obtuse-angled 
triangle to which the data belong. 

37. Find A , B , and ft when a =.324*7, c=421*7, <7=35*. 


(Miscellaneous.) 

38. If a=3?*93, ft =21*96, (7=35°, find A and B. 

tj 

39. Given « = 1000, ft-=840, r=^1258, find 77, using sin g-. 


40 . Find the angles of the two triangles which have ft=17, 
c=12, and (7=43*12'. 

41 . Solve the triangle in which a= 525, ft=650, e=777. 

42 . Find the least angle when the sides are proportional to 
4, 5, and 6, using the sine formula. 

43 . Find 77, C> and o, when ft--= 25*12, c= 13*83, A =47* 15'. 

44 . If J7?=4517, -4(7=150, J =31*30', find the remaining 
parts. 


46 . 


Givca a =321*7, c= 435*6, A =30* 18', find C. 

In any triangle prove that c = (a - ft) sec 6, where 

. A 2 V«ft . C 

tan 6— r sin ~ . 

a- 6 2 


If a= 17*32, ft= 13*47, (7=47*12', find o without finding A 
and 77. 

47. If tan</»=^jtiui^. jirovo that c’=(a-ft)cos^see<f>. 


If a=27*3, ft ■=— 10*8, (7= 45° 12', find 0, and thence find c. 


14 — 2 
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HEIGHTS AND DISTANCES. 

198. Some easy cases of heights and distances depending 
only on the solution of right-angled triangle* have been already 
dealt with in Chap. VI. The problem.* m the piesent chapter 
are of a more general character, and require for their solution 
some geometrical skill as well as a ready use of trigonometrical 
formulas. 

Measurements in one plane. 

199. To find the height and distance of an inaccessible object 
on a horizontal plane. 

Let A be the position of the p 

observer, CP the object ; from P draw 

PC perpendicular to the horizontal / 

plane; then it is required to find / 

PC Mid AC. / 

At A observe the angle of eleva- /ft 

tion PAC. Measure a b«ise line AB A a B C 

in a direct line from A towards the 
object, and at D observe the angle of elevation PBC. 

Let LPAC=a, LPBC=p, AB=a. 

From lPBC , PC= PB sin 

From bPAB, 

A B Bin PAB _ a s i ng 
~ sin APB “ sin (fi - a ) 9 
Ptf=asinasin0cosec(j9--a). 

Also A <7= PC cot a *» a cos a sin £ cosec (0- a). 

Each of the above expressions is adapted to logarithmic work; 
thus if PC—x, we have 

log 47 == log o+log sin a+log sin 0+log cosec (0- a). 
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$otb. Unless the contrary is stated, it will be supposed that the 
observer's height is disregarded, and that the angles of elevation are 
measured from the ground. 


Example I. A person walking along a straight road observes 
that at tVo consecutive milestones the angles of elevation of a hill 
in front of him are 30° and 76°: find the height of the hill. 


In the adjoining figure, 
lPAC=W, lP'hC=15°,A/)=lm\le-, 
lAPi B= 75° -80° =45°. 

Let .r be the height in yards; then * 
s=P2?sm75°; 

AP sin PA P _ 1760 sin 30° # 
sin APB ” vain 45° 9 

1760 sin 30° Bin 75* 


but 1>B= 


sin 45° 

-n«o«5-WJx'££ 

= 440(^3 + 1). 



If we take ^/3= 1*732 and reduce to feet, we find that the height 
ia 8006*24 ft. 


EXAMPLES. XVH.a. 

» 

1. From the top of a cliff 200 ft. above the sea-level the 
angles of depression of two boats in the same vertical plane as 
the observer are 45° and 30° : find their distance apart. 

2. A person observes the elevation of a mountain top to 
be 15°, and after walking a mile directly towards it on level 
ground the elevation is 75° : find the height of the mountain in 
feet. 

3. Froqi a ship at sea the angle subtended by two forts 
A and B is 30°. The ship sails 4 miles towards A and the angle 
is then 48°: prove that the distance of B at the second observa- 
tion is 6*472 miles. 

4 . From the top of a tower h ft. high the angles of depression 
of two objects on the horizontal plane and in a line passing 
through the foot of the tower are 45 °-A and 45°+ A. Shew 
that the distance between them is 2k tan 2 A. 
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5. An observer finds tliat the angular elevation of a tpwer 
m A. On advancing a feet towards uie tower the elevation is 
45° and on advancing b feet nearer the elevation is 90° - A : find 
the height of the tower. 

6. A person observes that two objects A and B bear due N. 
and N. 30® \V. respectively. On walking a mile in the direction 
N.W. he finds that the bearings of A and B aro N.E. and due E. 
respectively: find the distance between A and B . 

7. A tower stands at the foot of a hill whose inclination to 
the horizon is 9° ; from a point 40 ft up the hill the tower sub- 
tends an angle of 54® : find its height. 

8. At a point on a level plane a tower subtends an angle « 
and a flagstaff c ft in length at the top of the tower subtends an 
angle 0 : shew that the height of the tower is 

c sin a cosoc /3 cos (a-f/3). 


Example II. The upper three-fourths of a ship’s mast subtends 
at a point on the dock an angle whoso tangent is *6; find the l&ugent 
of the angle subtended by the whole mast at the same point. 


Let G bo the point of observation, and lot APB 
be the mast, AP being the lower fourth of it. 

Let AB—4a, so that AP=a; 
also let AC = bj iACB = 0, lBCP=p, 
so that taujS=-6. 


From a PCM, 
from tkBGA t 


tan (9 -ft) =g- ; 

4a 

V s 


tan 0 = 





.*. tan 0 


_ i ( iAne ~ j) _ 4 (Stan 0-8) 


1 + jtanO 
5 


6 + 3 tan 0 


On reduction, tan 3 0-6 tan 0 + 4=0; 

whence tan 0=1 or 4. 


Noth. The student should observe that in examples of this class 
we make use of right-angled triangles in whioh the horizontal base 
line forms one side. 
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Example HI. A tower BCD surmounted by a spire DE stand* 
on a horizontal plane. From the extremity A of a horizontal line 
BA, it is fonnd that B G and DE subtend equal angles. If BC=9 ft., 
CD = 72 ft., and DE= 36 ft., find BA . 

Let L BAG= £ DAE=0 f 

£DAR = a, AD--xlt. 

Now BC= 9ft.*, BD=81 ft., BE = 111 ft. E 



x ' x 


, 117j: a - 81 x 9 x 117 = 90j 3 ; 

.-. 27^=81x9x117; 

/. j 2 =81x39; 
x = 9 ^ 39 . 

But ^39= 6*246 nearly; .*. x~ 56*205 nearly. 

Thus ^jB = 56’2ft. nearly. 

9. A flagstaff 20 ft. long standing on a wall 10 ft. high 
subtends an angle whoso tangent is *5 At a point on the ground : 
find the tangent of the angle subtended by the wall at this 
point. 

10. A statue standing on the top of a pillar 25 feet high 
subtends an angle whose tangent is *125 at a point 60 feet, from 
the foot of the pillar : find the n ight of the statue. 

11. A tower BCD surmounted by a spire DE stands on a 
horizontal plane. From the extremity A of a horizontal line 
BA it is found that BC and DE subtend equal angles. 

Tf BC= 9 ft., CD =2S0 ft., and DE=tt ft, 
prove that BA = 180 ft. nearly. 
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12. On tho bank of a river the^ is a column 192 ft. rhigh 

supporting a statue 24 ft. high. At a point on the opposite 
bank directly facing the column the statue subtends the same 
angle as a man 6 ft. high standing at the base of the column : 
find the breadth of the river. « 

13. A monument ABODE stands on level ground. At a 
point P on the ground tho portions AB ) A C \ AD subtend angles 
a, 0, y respectively. Supposing that AB**a; A (7= 6, AD*=c } 
AP—x, and <i-t*j3+y=180°, show that (a+b+c)a?—abc. 

Example IV. The altitude of a rook is observed to be 47°; 
after walking 1000 ft. towards it up a slope inclined at 32° to the 
horizon the altitude is 77°. Find the vertical height of the rock 
above the first point of observation, given Bin 47°= *731. 

Let P be the top of the rook, A and B 
the points of observation; then in the 
figure lPAC=47°, j'BAC=32°, 

L PDC= L PBE = 77°, A B = 1000 ft. 

Let x ft. be the height ; then 
x-PA sin PAC=PA sin 47°. 

We have therefore to find PA in terms 
of AB. 

In A PAB t L P/fif= 47° - 32°= 15°; 

L APB = 77° - 47° = 30° ; 

LABP~ 135°; 

__A B sin ABP^ 

•’* ^“’Yin JPB 

1000 sin 135° 

” sin 30° 

= 1000 ^ 2 ; 

/. x=PA sin 47°= 1000 ^2 x -731 
=73V2. 

If we take */2= 1*414, we find that the height is 1034 ft. nearly. 

14. From a point on the horizontal plane, the elevation of 
the top of a hill is 45*. After walking 500 yards towards its 
summit up a slope inclined at an angle of 15* to the horizon the 
elevation is 75° : find the height of the hill in feet. 
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15* From a station B at the base of a mountain its summit 
A is seen at an elevation of GO 0 ; after walking one mile towards 
the summit up a plane making an angle of 30° with the horizon 
to another station <?, the angle DC A is observed to bo 135° : find 
the height pf the mountain in feet. 

16. The elevation of the summit of a hill from a station A 
is a. After walking c foot towards the summit up a slope inclined 
•it an angle p to tjie horizon the elevation is y* shew that the 
height of the hill is c sm « sin (y - p) cosec (y - «, feet. 

17. From a point A an observer finds that the elevation 
of Ben Nevis is GU°; he then walks 800 ft. on a level plane 
towards the foot, and then 800 ft. further up a slope of 30° 
and finds the elevation to be 75° : shew that the height of Ben 
Nevis above A is 4478 ft. approximately. 

200. In many of the problems which follow, the solution 
depends upon the knowledge of some geometrical proposition. 

Example I. A tower stands on a horizontal piano. From a 
mound 14 ft. above the piano and at ft horizontal distance of 48 ft. 
from the tower an observer notices a loophole, and finds that the 
portions of the tower abov' and below the loophole subtend equal 
angles. If the height of the loophole is 30 ft., find the height of the 
tower. 

Let AB be the tower, C the point of 
observation, L the loophole. Draw CD 
vertical and CE horizontal. Let AB-=x. 

We have 

CD =14, AD = EC ~ 48, BE=x- 11. 

From A ADC, 4C*=(14) 2 +(48) 2 = 2500; 

AC =50. 

From A CEB, CIP=(x- 14) 2 +(4«p» 

= a 2 -28* + 2500. 

Now lBCL= L A CL ; 

, . _ ’ . BC BL 

hence by Euo. vt. 8, g ■= jjr ; 

Jx* - 28.r +261M _x - 30 
60 “ 30 ' 

By squaring, 9 (a? 2 - 28* + 2500) = 25 (* 2 - 60* + 900). 

On reduotion, we obtain 16* 2 - 1248* =0; whence *=78. 

Thus the tower is 78 ft. high. 
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EXAMPLES. XVIL b. 

1. At one side of a road is a flagstaff 25 ft. high fixed on 
the top of a wall 15 ft. high. Ou the other bide of the rood, at a 
point on the ground directly opposite, the flagstaff and wall sub- 
tend equal angles : find the width of the road. 

2. A Statue a feet high stands on a column Za feet high. 
To an observer on a level with the top of the statue, the column 
and statue subtend equal angles : find the distance of the observer 
from the top of the statue. 

3. A flagstaff a feet high placed on the top of a tower b feet 
high subtends the same angle as the tower to an observer h feet 
high standing on the horizontal plane at a distance d feet from 
the foot of the tower : shew that 

(a - b) cl* = (a 4- b) 5* - 2bVt - (a - b) KK 

Example II. a flagstaff is fixed on the top of a wall standing 

upon a horizontal plane. An observer finds that the angles sub- 
tended at a point on this plane by the wall and the flagstaff are a 
and j8. Ho then walks a distance c directly towards the wall and 
finds that the flagstaff again subtends an angle p. Find the heights 
of the wall and flagstaff. 


Let ED be the wall, DC the flagstaff, 
A and 11 the points of obseivation. 

Then L CAD — p — i CUD , so that the 
four points C, A, Z»\ 1) are concyclic. 

/. zABD = supp l . of l ACE 

=90°+ (a +/S), from A CAE, 

Hence in aADB, 
l ADD = 180° - a - {90° + (a + p) } 

=90° -(2a +P). 

. ^ _ A /lain ADD __ c cos (a + P) 
~~ ADD ~~ cos(2a+/3) * 
Hence in a ADE, 



DE=AD sin 
And in A CAD, 


e sin a cos (a+j9) 
cos (2a+p)~ 


AD sin CAD AD Bin p _ ce iap 

sin ACD ™ cos (a+/3) coT(2a +ji) * 
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Exojnple III. A man walking towards a tower AB on which a 
flagstaff llC is fixed observes that when he is at a point E , distant 
eft. from the tower, the flagstaff subtends its greatest angle. If 
iBEC=a, prove that the heights of the tower and flagstaff are 

c tan ^ ^ and 2c tan a ft. respectively. 


Since E is the point in the horizontal 
line AE at which BC subtends a maximum 
angle, it can easily be proved that AE 
touches the circle passing round the tri- 
angle CUE. 

[See Hall and Stevens* Geometry , p. 313.] 

The centre D of this circle lies in the 
veitical line through E. L)iaw DF per- 
pendicular to BC, then DF b ; (-ects B(7 and 
also ZCBB. , 



By Euc. in. 20, 


lCDIi-2iCFB=2a; 
L CDF— llMF=a. 


CB = 2 CF = 2 DF tan a = 2c tan a. 


Again, z AEB— l h CB in alternate segment 
- ^ z FDD at oentie 


-$-)• 

AB=c tan AEJi-c tan ■ 

4. A tower standing on a cliff subtends an angle /Sat each 
of two stations in the samo horizontal lino passing through the 
base of the cliff and at distances of a feot and b feet from the 
cliff. Prove that the height of the tower is (ct+b) tan 0 feot. 

5. A column placed on a pedestal 20 foot high subtends an 
anglo of 45° at a point on the ground, and it also subtends an 
angle of 46° afl a point which is 20 feet nearer the pedestal : find 
the height of the column. 

6. A flagstaff on a tower subu iids the same anglo at each 
of two places A and B on the ground. The elevations of the top 
of the flagstaff as seen from A and B are a and 0 respectively. 
If AB=a , shew that tho length of the flagstaff is 

a sin (a + 0 - 90°) cosec (a- 0). 
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7. A pillar stands on a pedestal. At a distance o£ 60 feet 
from the base of the pedestal the pillar subtends its greatest 
angle 30° : shew that the length of the pillar is 40^/3 feet, and 
that the pedestal also subtends 30° at the point of observation. 

8. A person walking along a canal observes that two objects 
are in the same line which is inclined at an angle a to the canal. 
He walks a distance c further and observes that the objects 
fcubtend their greatest angle ft : shew that their distance apart is 

2c sin a sin ft / (cos a+ cos ft). 

9. A tower with a flagstaff stands on a horizontal plane. 
Shew that the distances from the base at which the flagstaff 
subtends the same angle and that at which it subtends the 
greatest possible angle are in geometrical progression. 

10. The line joining two stationn A and B subtends equal 
angles at two other si at ions O and D : prove that 

A B sin CBD = CD sin A DB . 


11, Two straight lines A BC, DEC meet at (7. If 
l DAE— l DBE=a , and l EAB-ft , l EBC=y, 


shew that 


BC- ^ sin sin (q+g) 

“ sin (y - ft) sin (a + ft + y) * 


12. Two objects P and Q subtend an angle of 30° at A. 
Lengths of 20 feet and 10 feet are measured from A at right 
anglos to AP and AQ respectively to points It ‘and S at each 
of which PQ subtends angles of 30*: find the length of PQ. 


13. A ship sailing N.E. is in a line with two beacons which 
are 5 miles apart, and of which one is due N. of the other. In 
3 minutes and also in 21 minutes the beacons are found to 
subtend a right angle at the ship. Prove that the ship is sailing 
at the rate of 10 miles an hour, and that the beacons subtend 
their greatest angle at the ship at tho end of 3^/7 minutes. 


14. A flagstaff stands on the top of a tower. A man 
walking along a straight road towards the tower observes that 
the angle of elevation of the top of the flagstaff is ft; after 
walking a distance a further along the road he notices that the 
flagstaff subtends its maximum angle a; shew that the height of 
the flagstaff is 

2a sin a sing 
cos g+ sin (a -ft)' 
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* Measurements in more than one plane. 

201. In Art. 199 the base line AB was measured directly 
towards the object. If this is not possible we may proceed as 
follows. * 

From A measure a base line AB 
in any convenient direction in the 
horizontal plane. At A observe the 
two angles PA B and PAC ; and ait B 
observe the angle PBJ. 

Let LPAB=a, LPAC-p, 

L PBA—y, 

AB^a, PC^x. 

From A PA C, 

x—PA sin p. 

From A PAB t 

p. AB sin PBA _ a sin y 
A ' sin APB ' w^T(«+y) ; 

.*. x=-a sin p sin y coscc (a + y). 



202. To shew how to find the distance between two inaccessible 
objects . 

Lot P and Q bo the objects. 

Take any two convenient stations 
A and B in the same horizontal 
plane, and measure the distance 
between them. 

At A oliservo the angles PAQ 
and QAB. Also i f A P, A Q, A B are 
not in the same plane, measure the 
angle PAB. 

At B observe the angles A BP A 
and ABQ. « 

In A PAB % wo know L PAB $ PBA } and AB; 

so that AP ma) be found. 



In A QAB , we know L QAB^ L QBA % and AB ; 

so that A Q may be found. 

In A PAQ, we know AP , AQ , and L PAQ ; 

so that PQ may be found. 



194 


ELBMJBNTABY TRIGONOMETRY. 


[chap. 


Example 1. The angular elevation of a lower CD at a #plooe A 
due South of it is 30°, and at a place B due West of A the elevation 



Let CD=x. 

From the right-angled triangle DC A, AC=x cot 80°. 
From the right-angled triangle DCB , BC—x cot 18°. 
But iBAC is a right angle, 


BC*-AC*=a?; 

.\ x 2 (cot 3 18° - cot* 30°) = a 1 ; 
x 2 (cosec 9 18° - coaeo - 30°) = a 2 ; 



x 2 { (^5 + l) 3 - 4 } = a 9 ; 
x 9 (2 + 2 ^6) = a 9 , 
which gives the height required. 

Example 2. A hill has a gradient of 1 in 70 and a road on the hill 
is inclined at 45° to the line of greatest slope. Find its gradient. 

Consider the hill slope to be an inclined plane ACDH f which 
meets the horizontal or ground plane in the straight line CD, then 
any line perpendicular to CD on the plane is called a line of greatest 
slope and the tangent of its angle of inclination to the horizontal is 
a measure of the gradient of the plane. 

Let CA be a line of greatest slope and CH the road which inter- 
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Let AB , HO bo the verticals to the ground plane, then we may 
take AB—a and BC- 70a. Hence to find the gradient of CH, wo 
must find CO. % 

Now CG*--CH * - UQ* =CA 2 + AH 2 - a® - 2 . CA* -a 2 
=2(<7K* -+- fL4 *) - a 2 -= 2(70 2 a* + a 2 ) - e* 

= 9801a* ; 

CG 99 a, 

so that the gradient of the road CH is 1 in 99. 


EXAMPLES. XVII c. 


1. The oldVation of a hill at a place P due East of it is 4ft°, 
and at a place (j due South of P the elevation is 30°. If the 
distance from P to Q is 500 yards, find the height of the hill in 
feet. 

2. The elevation of a spire at a point A due West of it 
is 60°, and at point B due South of A the elevation is 30°. 
If the spire is 250 feet high, find the distance between A 
and B. 

3. A river flows due North, and a tower stands on its left 
bank. From a point A up-stream and on the same bank as the 
tower the elevation of tho tower r C0 # , and Irom a point B just 
opposite on the other bank the elation is 45°. If the tower 
is 360 feet high, find the breadth ot the river. 

4 . The elevation of a steeple at a place A due S. of it is 45°, 
and at a place B due W. of A the elevation is 15°. If AB=2a, 

shew that the height of the steeple is a (3^— 3 ^). 
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5. A iJerson due S. of a lighthouse observes that his*shadow 
cast by the light at the top is 24 feet long. Ou walking 100 
yards due E. he finds his shadow to be 30 feet long. Supiiosing 
him to be 6 feet high, find the height of the light from the 
ground. 

6. The angles of elevation of a balloon from two stations 
, a mile apart and from a point halfway between them are 

observed to be GO®, 30°, and 45° respectively. Prove that the 
height of the balloon is 440^/6 yards. 

[If AD is a median of the triangle ABC, 

then 2AD 2 +2BD 2 ^AB 2 +AC 2 .] 

7* At each end of a baso of length 2«z, the angular elevation 
of a mountain is 6> and at the middle point of the base the 
elevation is (f>. Provo that the height of the mountain is 

a sin 6 sin <j> V cosec (</> + 6 ) cosec ( <f > - 6). 

8. Two vertical jkjIcs, whose heights are a and h , subtend 
the Bamo angle a at a point in the lino joining their feot. If 

they subtend angles $ and y at any point in the horizontal plane 
at which the line joining their feet subtends a right angle, prove 
that 

(a + b) 2 cot 2 a— a 2 cot 2 0 + b 2 cot 2 y. 

9. From the top of a hill a person finds that the angles 
of depression of three consecutive milestones on a straight level 
road are a, ft y. Show that the height of the hill is 

5280^/2 / \Zcot 2 a- 2 cot 2 0 + cot 2 y feet. 

10. Two chimneys AB and CD aro of equal height. A person 
standing between them in the line AC joining their bases ob- 
serves the olovation of the one nearer to him to be 60°. After 
walking 80 feet in a direction at right angles to A C he observes 
their elevations to be 45° and 30° : find their height and distance 
apart. 

11. Two persons who are 500 yards apart observe the bear- 
ing and angular elevation of a balloon at the same instant. One 
finds the elevation 60° and the bearing S.W., the other finds 
the elevation 45® and the boaring W. Find the height of the 
balloon. 

12. The side of a hill faces due S. and is inclined to the 
horizon at an angle a. A straight railway upon it is inclined at 
an angle & to the horizon : if the bearing of the railway be x 
degrees E. of N., shew that cos #«* cot o tan ft 
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, EXAMPLES. XVH.(L 

[In the following examples the logarithms are to he taken from 
Four-Figure Tables .] 

1. A ljian in a balloon observes that two churches which he 
knows to be one mile apart subtend an angle of 11° 24' when he 
is exactly over the middle point between them : find tho height 
of the balloon in miles. 

2. There arc "three points A, B t C in a straight line on 
a level piece of ground. A vertical polo erected at C has an 
elevation of 5° 30' from A and 1£° 45' from B. If AB is 
100 yards, find tho height of tho pole and the distance BC. 

3. The angular altitude of a lighthouse scon from a point on 
the shore is 12° 32', and fropi a point 500 feet noarer tho altitude 
is 26° 34' : find its height above tho sea- level. 

4. From a boat tho angles of elevation of tho highest and 
lowest points of a flagstalf 30 ft. high on tho edge of a cliff are 
46° 14' aud 44“ 8' ; find' the height and distance of the cliff, 

5. From the top of a hill the angles of depression of two 
successive milestones on level ground, and in tho same vertical 
plane as the observer, are 5 J and 10°. Find the height of the hill 
m feet and the distance of the nearer milestone in miles. 

6. An observer whose eye is 15 feet above tho roadway finds 
that tho angle of elevation of the top of a telegraph post is 
17° 19', and that the angle of depression of the foot of tho 
post is 8° 30': find the lioiglit of the post and its distanco from 
the observer. 

7. Two straight railroads aro inclined at an anglo of 20° 16'. 
At the same instant two engines start from tho point of inter- 
section, one along each lino ; one travels at tho rate of 20 miles 
an hour : at what rato must the other travel so that after 3 hours 
the distanco between them shall be 30 miles ? 

8. An observer finds that from tho doorstep of his house the 
elevation of tfce top of a spire is 5a, and that from the roof above 
tlio doorstep it is 4a. If h be tho height of tho roof above the 
doorstep, prove that the height .* f the spire above tho doorstep 
and the horizontal distanco of t.io spiro from tho house aro 
respectively 

h cosec a cos 4a sin 5a and h cosec a cos 4a cos 5a. 

If A* 39 feet, and a=7°19', calculate the height and the 
distance. 

U,£.U* 


t 
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PROPERTIES OF TRIANGLES AND POLYGONS. 

203. To find the area of a triangle. 

Let A denote the area of the triangle 
ABC. Draw AD perpendicular to BC. 

a Euc. 1. 41, tho area of a triangle 
the area of a rectangle on the 
same base and of the same altitude. 

\ A=| (base x altitude) 

=^BC . AD=^BC . ADamlt 

1 • ,, 

- ca sin II. 

Similarly, it may be proved that 

A*=^a&sin(7, and A=^ 6c sin A. 

These three expressions for tho area are comprised in the 
single statement 

A=~ ( product of two sides) x (sine of included angle). . 
Again, A*- bo sin A =»6c sin ^ cos - 

=\f7(i-a)(»-b){s-c), 
which gives the area in terms of the sides. 
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Again, 


Assl be sin A *= ^ sin A . 

j6 a 

a 2 sin Zfsin C 
~ 2 sin A 


a sin B a sin C 
sin .4 " sin A 


a* sin B sin € 
*“ 2sin (/?*+■ C) * 


which gives the area in terms of ono side and tho functions of 
the adjacent angles. 


Note. Many writers use tho symbol .Sf for the area of a triangle, 
but to avoid confusion between S and s in manuscript work the 
symbol A is preferable. 


Example 1. The sidci of a triangle are 17, 25, 28: find the 
lengths of the perpendiculars from the angles upon the opposite 
sides. 

From the formula A— . ~ (base x altitude) , 

it is evident that the three perpendiculars Are found by dividing 2A 
by the three sides in turn. 

Now A= iJTJs - a) - b) {s - c) = J'6S> x 18 x 10 x 7 
= 5 x 7 x G = 210, 

an. ,1 , *20 420 420 420 81 

Thus tho perpendiculars are , 2Q . or y , , 15. 


Example 2. Two angles of a triangular field are 22*5° and 45°, 
and the length of the side opposite to the latter is one furlong: find 
the area. 


Let A =221°, 71=46°, then &=220yds., and <7=1124°. 
From the formula 


& 2 sin A sinC 
~ 2 sin It 1 


t , • 220 x 220 x sin 22k°x sin 1121° 

the area in sq. yds. = 

1 J 2>sin 45° 


220 x 220 x sin 224 ° x cos 224 ° 
~ 2x2 sin 224 ° cos 224 ° 

= 110x110. 


Expressed in acres, the area 


110x110 

4840 


= 24 . 
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204. To find the radius of the circle circumscribing <a tri- 
angle . 

Let 8 be the centre of the circle 
circumscribing the triangle ABC , 
and R its radius. 

' Bisect L BSC by SD, which will 
also bisect BC at right angles. 

Now by Euc. hi. 20, 

L BSC at centre 

= twice lBAC 
= 2 A; 

^=BD=BSfAnBSD=cRm\A ; 

A 

R - .“-j. 

2 hm A 

C fi-'l ft* 

am A smZf sin C 

or a — 2R sin .4, b = 2R sin B, c— 2i£sin(7. 

Example. Shew that 2 R 2 sin A sin B sin (7= A. « 

The first sides * . 212 sin 4 . 2i2 sin B . sin C 

2 f 

= ^ ab sin C 
£ 

=A. 


and 


Thus 



205. From the result of the last article we deduce the 
following important theorem : 

If a chord of length 1 subtend an angle 6 at the circumference 
of a circle whose radius is R, then 1 = 2R sin 8. 

206. For shortness, the circle circumscribing a triangle may 
be called the Circum- circle, its centre the Circum-ccntrc, and its 
radius the Circum-radius. 

The circum-radius may be expressed in a form not involving 
the angles, for 

7? a ofa? abc 

*2 sin 4*“ 26c sin -4 s3 4 a’ 
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20J, To find the radius of the circle inscribed in a triangle. 

Let I be the centre of the circle inscribed in the triangle 
ABCy and D, E y F tho points of contact; then ID y lE y IF are 
perpendicular to the sides. 



Now A=--sum of tho areas of the triangles BIC y CIA y A1B 
= iar+^6r + £<T--*(<e+6+c)r 




whence 


208. To express the radius of the inscribed circle in terms of 
one side and the functions of the half-angles. 

In the figure of the previous article, wo know from Euc. iv. 4 
that I is the point of intersection of the lines bisecting the 


angles, so that 


BD~rcot~, CD— rent 

2i A 

^ (cot |+ cot f)=«; 


. B+C . B . C 
r sin — - 


a sin — sin — ; 


. B . G 
a bin — sin — 
2 2 

j 

cos-? 
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209, Definition. A circlo which touches oue side. of a 
triangle and the other two sides produced is said to be an 
escribed circle of the triangle. 

Thus the triangle ABC lias three esenbod circles, one touching 
BC, and AB, A C produced ; a second touching CA> and BC, BA 
produced ; a third touching AB, and CA, CB produced. 

dVe shall assume that the student is familiar witli dio con- 
struction of the escribed circles. 

[See Ilall and StovoIls , Geometry, p. 1!)5.J 

Jot* shortness, we shall call the circlo inscribed in a triangle 
the I a-circle, its centre the In-centre , and its radius the lu- 
radius ; and similarly the escribed circles may be called the 
Rr- circles, their centres the Ec -centres, and their radii the 
Ex-radii . 


210. To find the radios of an escribed circle of a triangle . . 


Lot I v be the centre of the circle 
touching the side BC and the two sides 
AB and AC produced. Let D x , A\, F x 
be the points of contact ; then the lines 
joining I x to these points are perpen- 
dicular to the sides. 

Let r x bo the radius ; then 
A— area ABC 
—area ABI X C— area BI X C 
—area BI X A +arca CI X A 
- area BI X C 
1 , 1 1 1 

=§(e+&-a)r, 

=(*-a)r l ; 



Similarly, if r„ r t be the radii of the escribed circles opposite 
to the angles B and C respectively, 

A A 

r *“7 -b’ rs ~t^o' 
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21^. To find the radii of the escribed circles in terms of one 
iide and the functions of the half angles. 

In the figure of the last article, J x is the point of intersection 
of the lines bisecting the angles B and C externally; so that 

Li x BD x ~ 90* - £, li x cd x =w-\. 

BD X - r x cot (W = r x tau | , 

CD x =r x cot ^90° - ^ =r x tan | ; 

r i( t ? n ijf + tan f)^°5 
. ‘b+o B G 

. . r x sin -g — — a cos ~ cos - ; 


Similarly, 


% 


(l cos — cos 2 

= J • 
COS 2 


, C A A B 

6 cos - cos g c cos - cos — 

" 35 — > r ’ “ 77 — • 


COS — 
2 


cos - 


212. By substituting 

a=2RaiuA t b=21temB } c'=2Asin<7, 

in the formulae of Art 208 ancl Art. 211, we have 

n . A . B . C 
r=47c sin - sm * sin , 

• 2 2 2 

tn . A B 0 
r,=4y{sini '•'" i g 008 1”. 

^ • SO 

f 3 — COS — Sill — COB , 

ABC 
r,— 4i?cos^ cos -sin 
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Example 1. Shew that — — + = - . 

a b r 3 

The first side - *) + i (-A. - A \ 

a\*-a 8 j b\s-b t) 

_ A _A_ = A (2 8-a-b) 

> 8 (8 -a) 8 (s - h)* s (s - a)(8 - b) 

Ac _ A e(8-c)* 

8 (« - a) (« - b) ~~ s (« - a) (a - b) (s - c) 

_ Ac (* - c) _ c (8 - c) 

“ A 5 A“ 


Example 2. If r x - t\, + r 3 + r, prove that the triangle is right- 
angled. 

By transposition, - r = r a + r j ; 

.. . ^ B G tn . A . Tl . C 

/. 412 sin — cos - cos g - 472 sin — sin — sin ^ 

An A . B C JT A % B . G 
= 412 cos - sin — cos — + 472 cos ^ cos — sin - ; 

Z Z Z Z Z Z 

. Af n C . B . c\ 

sill 8 (ois 2 cos -- sin - sm 2 J 

X / . B C B . C\ 

=cos 2 ( sm 2 cos 2 + coa ^ sm 2 j ; 

. A B+C A . B + C 
Bin 2 cos a = cos 2 Bin “ 2 “' ; 

Q ^ A ^ - 

•\ Bin 8 — = cob 2 — ; 

£ £ * 

whence ~=45°, and -4 = 90°. 

« 


213. Many important relations connecting a triangle and 
its circles may be established by elementary geometry. 

With the notation of previous articles, since tangents to a 
circle from the same point are equal, 
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woha^e AF-AE 9 BD=BF 9 CD^CE; 

AF+ {ED + CD ) = half the sum of the sides ; 
AF+a=*. 

• A F—s-a=AE. 

Similarly, BD— BF=-s- b , CD= CE-s-c 



Also r= AFtsm ^ - (jf-ci)tau 

/? (7 

Similarly, r = (* - b) tan ^ , r = (.« - c) tan - . 

Again, AF^AE lt BF x -BD Xi CE x =Cl) i; 

.\ *AF X = A2\ + A E x = (A5+ 2?^) + (A(7+ CD X ) 
—sum of the sides ; 

AF x —$—AE x . 

CD l =CE l =*-b. 

Also fj « A/’j tan tan — . 


Similarly, 


r a ==a tan — , 


. 0 

r 3 =« tan g. 


206 


ELEMENTARY TRIGONOMETRY. 


[CHAP. 


EXAMPLES. XVHL a. 

1. Two sides of a triangle are 300 ft. and 120 ft., and the 
included angle is 150° ; find the area. 

2. Find the area of the triangle whose sides are 171, 204, 
105. 

' 3. Find the sine of the greatest angle of a triangle whose 
sides are 70, 147, and 119. 

' 4. If the sides of a triangle are 39, 40, 25 t find the lengths 

of the three perpendiculars from the angular points on the 
opposite sides. 

5. One side of a triangle is 30 ft. and the adjacent angles 
are 22£° and 112£°, find the area. 

6. Find the area of a parallelogram two of whose adjacent 
ttidca are 42 and 32 ft., and include an angle of 30°. 

7. The area of a rhombus is 648 sq. yds. and one of the 
angles is 150° : find the length of each side. 

8. In a triangle if a = 13, 6=14, c=15, find r and II. 

9. Find r u r 2 , r 3 in the case of a triangle whose sides are 
17, 10, 21. 

10. If the Area of a triangle is 96, and thfc radii of the 
escribed circles are 8, 12, 24, find the sides. 


Vro\ o the following formul® : 


11. 

Vrr^f 3= A. 

4 

12. *(*-a)tau^=A. 

13. 

rr A cot~ = A. 

14. 4 Rr$**abc. 

15. 

W*“ r * 

16. rcot|| cot ^’=7^. 

17. 

Rr (sin A +sin B + sin 

0)=A. 

18. 

r x r % +rr z ~ah. 

19. COS ^ \/6c (« -b)(f^c) mm A. 


C 

20. r^r^ccot 2* 


21. (ri-r)(r 2 +r 8 )=a a . 
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oo* 4 6' .A .B L C 

22.' cot-=r 2 cot - =r 3 cot - =r cot ^ cot - cot - . 


i+i+i-i. 

fx. r s r, r 


24. r^rj+raTt+rira-B^ 


25. r 1 +r s +r,-r=4R. 26. r+r 1 +r 8 -r,=4/{co8C. 

27. £>* sin 2C'+c s sin 25— 4 A 

28. 4«cos^='o+6)bcc y4 7 jS . 

55 2 j 

29. a 2 ~6*— 2i2c&in(^4 -B). 
a 2 -b 2 Bin A sin B 

2 'im(A-»r 

31. If the perpendiculars from A, B, G to the ophite Hides 
ai 0 Pi y Pit Pa respectively , prove that 

(,) I + I+ 1 -!; ( 2 ) I + I -A=I 

Pi Pi Pt r Pi Pi Pi r s 

Prove the following identities : 

32. (»i - r) fa - r) fa - r) = 4tf /■-. 

34. 4A (cot A *f cot /? + cot T) = <r 2 -f ft* + c*. 

35. 6-c + c-a a-5 =0 

*1 »* ^ 

36. aW (sin 2A +sin 2B -f sin 2 C ) = 32A\ 

37. acosA+bcosB+ccosC»4RsinAainBsmO. 

38. acotA+bcotB+ccotG=2(B+r). 

39. (& +c) tan ~ + (c + a) tan ~ + (a + b) tan ~ 

■a 472 (cos A +cos 2?+cos (7). 

40. r (sin A +sin 2?+sin C) = 2fi sin A sin 2? sin C. 

41. cos*~ +cos* ~ +C0B 4 
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Inscribed and circumscribed Polygons. f 

214. To find the •perimeter and area of a regular polygon of 
n aides inscribed in a circle . 

Let r be the radius of the circle, and 
AB a side of the polygon. 

Join OA , OB, and draw OD bisecting 
lAOB; then AB is bisected at right 
angles in D. 

And L A OB — ~ (four right angles) 

2tt 


Perimeter of polygon — nAB— 2nA 1) =-- 2nOA sin A OD 

= 2nr sin - . 
n 



Area of polygon =-= n (area of triangle A OB) 


1 o • 2t r 

sin — . 

2 n 


215. To find the perimeter and area of a regular polygon of 
n sides circumscribed about a given circle . 


Let r be the radius of the circle, and 
AB a side of the polygon. Let AB touch 
the circle at D. Join OA, OB, OD ; then 
OD bisects A B at right angles, and also 
bisects lAOB. 

Perimeter of polygon 

— . nAB~ 2nAD « 2 nOD tan A OD 

* 

— 2nr tan - . 
n 



Area of polygon = n (area of triangle A OB) 
=nOD.AD 


=» nr 2 tan - . 
n 
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216. There is no need to burden the memory with the 
formulae of the last two articles, as m any particular instance 
they are very readily obtained. 

Example 1. The side of a regular dodecagon is 2 ft., find the 
radius of the circumscribed circle. 


Let r be the required radius. In the 
adjoining figure we, have 

AB= 2, zAOB= 

AB=2AD—2r sin ~ ; 


2r sin 15° = 2; 

Thus the radius is ^6 + */2 feet. 



Example 2. A regular pentagon and a regular decagon have the 
same perimeter, prove that their areas are as 2 to ^5. 


Let AB be one of the n sides of a regular 
polygon, O the centte of the circumscribed 
circle, OD perpendicular to AB. 

Then if AB=a t 
area of polygon -nAD OD 

— nAD . AD cot — 



Denote the perimeter of the pentagon and 
decagon by 10c. Then each siae of the pen- 



tagon is 2c, and its area is 5c 9 cot g- . 


Each sidC'Of the decagon is c, and its area is - c 9 cot jg . 


Area of pentagon 2 cot 36* _ 2 cos 36° sin 18° __ 2 cos 36° 

* * Area of decagon cotlb° * sin 30° cos 18° 2cos a 18° 

2 cos 86° 2^5 + 1) . s/5 + l\ 

~1 + cos36°~ 4 ’ V + 4 / 

_ 2( n /5 + 1 )_ 2 
= 5+*/6 -J&’ 
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217. To find the area of a circle . 

Let r be tho radius of the circle, 
and let a regular polygon of n sides be 
described about it. Then from the ad- 
joining figure, we have 

urea of polygon — « (area of triangle AOB) 

=n(^AD.0D} 

AoD.nAB 

= ^ x perimeter of polygon. 

By increasing tho number of sides? without limit, the area 
and the jierimeter of tho polygon may bo made to differ as little 
as we please from the area and the circumference of the circle. 
Hence 

r 

area of a circle x circumference 

a 

=*^x27rr [Art. 59.] 



-irH. 

•t 

218. To find the area of the sector of a circle. 

Let $ be the circular measure of the angle of the sector ; 
then by Geometry, 

area of sector _ 6 
area of circle “ 2w * 

B 1 

.■. area of sector =- x nr 2 = 


EXAMPLES. XVm. b. 

£/» this Exercise take .J 

1. Find the area of a regular decagon inscribed in a circle 
whose radius is 3 feet ; given sin 36* » *588, 
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2 . Find the perimeter and area of a regular quindecagon 
described about a circle whose diameter is 3 yards j given 

tan 12° a ‘213. 

3. Shew that the areas of the inscribed and circumscribed 
circles of a*regular hexagon are in the ratio of 3 to 4. 

4 . Find the area of a circle inscribed in a regular pentagon 
whose area is 250 sq. ft.; given cot 36° — 1*370. 

5. Find the perimeter of a regular octagon inscribed in a 
circle whose area is 1386 sq. inches ; .given sin *22° 30' *=*382. 

6. Find the perimeter of a regular pentagon described about 
a circle whose area is 616 sq. ft.; given tan 36°= *727. 

7 . Find the diameter wf the circle circumscribing a regular 
quindecagon, whose inscribed circle has an area of 2464 sq. ft. ; 
given sec 12° = 1*022. 

8. Find the area of a regular dodecagon In a circle about a 
regular pentagon 50 sq. ft in area ; given coeec 72°= 1*0515. 

9. A regular pentagon and a regular decagon have the same 
area, prove that the ratio of their perimeters is yfb : J2. 

10. Two regular polygons of ?t sides and sides have the 
same perimeter* shew that the ratio of their areas is 

n TT _ IT 

2 cos * : 1 + cos - . 

• n n 

11. If 2 a be the side of a regular polygon of n sides, II 
and r the radii of the circumscribed and inscribed circles, prove 
that 

U+r~acot£-. 

12 . Prove that the square of the side of a regular pentagon 
inscribed in a circle is equal to the sum of the squares of the 
sides of a regular hexagon and decagon inscribed in the same 
circle. 


13. With reference to a given circle, A x and B x are the areas 
of the inscribed and circumscribed regular polygons of n sides, 
A % and B % ore corresponding quantities for regular polygons of 
2n sides : prove that 

(1) A % is a geometric mean between A t and B x ; 

(2) B t is a harmonic mean between A % and B y 



212 


ELEMENTARY TRIGONOMETRY. 


[CHAP* 


The Ex-central Triangle. 

*219. Let ABC be a triangle, 7 lf 7 2 , 7 S its ex-centres ; then 
IJJ Z is called the Ex-central triangle of ABC. 



Let 1 be the in-ccntre ; then from the construction for finding 
the positions of the in-centre and ex-centres, it follows that : 

(i) The points 7, J x lie on the line bisecting tlje anglo BAC; 
the points 7, 7 2 lie on the line bisecting the angle ABC; the 
points 7, 7 3 lie on the line bisecting the angle ACB. 

(ii) The points W* lie on the line bisecting the angle 
BA C externally ; the points /» lie on the line bisecting the 
angle A BC externally ; the points A. 7 2 lie on the line bisecting 
the angle A CB externally. 

2 The lino AI X is peri>ondicular to 7 2 7, ; the line 2?7 a is 
icular to 1J X ; the line CJ Z is perpendicular to I X I 2 . Thus 
the triangle A BC is the Pedal triangle of its ex-central triangle 
7j I 2 1 2 ' [See Art. 223.] 

(iv) The angles JBI X arid 1C1 X are right angles ; he uco the 
points By I t Cy I x are concyclic. Similarly, the points (7, 7, A, 7* 
and the points A f 7, B, 7 a are concyclic. 

(v) The lines AI }i 7?7 2 , CI Z meet at the in-centre 7, which 
is therefore the Orthocentre of the ox-central triangle 7 1 7 2 / s . 

(vi; Each of the four points 7, 7,, 7 a , 7 8 is the orthocentre 
of the triangle formed by joining the other three points. 
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*22(1. To find the sides and angle* of the ex -central triangle. 
With the figure of the last article, 

lBI x C- lBI x I+ iC 1 x I 
• = l BCI+ l CBI 




Thus the angles are 
A 


90° - 


2’ 


w-f* 


Again, the points B f l 3K / 3> C are concyclic; 

z I x I 2 I Z = supplement of / I 3 BC= l I X BC ; 
the triangles AVa» I X BC are similar ; 
LI. LI. / „ jt\ 4 

•'•7?V=/;C =SeC ( 90 -2) =C0SeC I : 


*. LI~=a cosec — — 472 cos — . 


Thus the bides are 


A B 

• 4 It cos — , 472 cos — , 472 cos f 


*221. To find the area and circum-radius of the ex-central 


The area = - (product of two sides) x (sine of included angle; 

1 An B AT> C . / AAW A\ 

=- x 4 11 cos - x 472 cos — x sin (DO - - 


oD9 A B C 
— 872 2 cos — cos » o • 


s 


Vs 


2 sin LIJ* . 

* 2sm 


472 cos — 


(w-4) 


*2A 


The circum-radius < 
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* 222 . To fend the distance* between, the in-centre and ex-centre*. 
With the figure of Art. 219, 1 


the / a IBJ X . ICI X are right angles ; 

•\ Hi is the diameter of the circum-circlo of the triangle BCI X ; 


7/ 1= 


BC 

bin Bl x C m ~ 




-4/isin~. 

Thus the distances are 

4ftsin4, 4/£sin^, * 4/^sin ~. 
2 z Z 


The Pedal Triangle. 

*223. Let G, //, K be the foot of 
the perpendiculars from the an- 
gular points on the opposite bides 
of the triangle ABC ; then OlIK 
is called the Pedal triangle of 
ABC. 

The three perpendiculars A (7, 

BH % CK meet in a point 0 which 
is called the Orthocentre of the 
triangle ABC. B G 

*224. To find the side* and angle* of the pedal triangle . 

In the figure of the last article, the points if, 0, G, B are 
coney clic; 

lOGK=lOBK=90'-A. * 

Also the points //, 0, 0, C are concyclio ; 

lOGII=L 001=90'- A; 

/. L KGH= 180 ° - 2A . 

Thus the angles of the pedal triangle are 

180° -2 A, 180 ° - 22 ?, 180 ° - 20 . 
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Agpun, the triangles A Kff t A DC are similar ; 



AK 


cos A ; 


.\ UK = a con A. 


Thus the sides of the pedal triangle are 

* a cos A , b cos D t c cos C. 

In terms of R t the equivalent forms become 
R sin 2 A, It sin 2Z1, It sin 2 0. 

If the angle ACD of the given triangle is obtuse, the ex- 
pressions 180° -2C and ceps C are both negative, and the values 
wo have obtained require some modification. We leave the 
student to shew that in this case the angles are 2 d,2Z?, 2 C- 180°, 
and the sides a cos A , b cos B , —c cos <\ 

*225. To find the area and a r cum- radius of the pedal tri- 
angle. 

The area = ^ (product of two sides) x (sine of included angle) 


- ~ R sin 2D. R sin 2C. sin (180 - 2d) 

R % sin 2d sin 2 B sin 2 C. 

rru . HK It sin 2d R 

The circum-radius == . f7 ~-„ = . ; . - - p — ^r-rr = - . 

2 sin JIG A 2 sin (180 - 2d ) 2 

Note. The circa m -circle of the pedal triangle is the nine points 
circle of the triangle ABC. Thus the radius of the nine points circle 

of the triangle ABC is ~ . [See flail and Stevens’ Geometry , p. 217.] 

*226. In* Art. 224, we have proved that 0G y OIL , OK bisect 
the angles HGK, KIIG y GKII respectively, so that 0 i* the 
in-centre of the triangle GUK. Thus the orthocentre of a tri- 
angle is the in-centre of the pedal triangle. 

Again, the line COB which is at right angles to 0G bisects 
LHGK externally. Similarly the lines AUG and BKA bisect 
lKUG and lGKII externally, so that ABC is the ex-central 
triangle of its pedal triangle GUK. 


16—2 
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*227. In Art. 219, we have se 
angle of its ex -central triangle 
l x l 2/3. Certain theorems depend- 
ing on this connection are more 
evident from the adjoining figure, 
in which the fact that ABC is the 
pedal triangle of / ; / 2 / 3 is brought 
more prominently into view. For 
instance, the circum-circle of the 
triangle ABC is the nine points 
circle of the triangle A/gig, and 
glasses through the midale points 
of I /j , 7/3) 7/3 and of Z>/g, I 3/^, 


that ABC is the pedal tri- 



*228. To find the distance between the in-centre and circum - 
centre . 

Let S be the circum-centro 
and I the in-centre. Produce A I 
to meet the circum-circle in II ; 
join CH and Cl. 

Draw IE perpendicular to 
AC. Produce JlS to meet the 
circumference in A, and join CL. 

Then 

/-IJIC= L1AC+ lICA 
A.C\ 

= 2 + 2 ; 

L 1TCI — L ICU+ L BGll 
l UAH 



G,A 

' 2 + 2 1 


lUCI= lHIC\ 
HI= HC= 2R sin ^ . 


Also 


A A 

Alt* IE cosec g =r cosec -g ; 


AI.IH^IBjt. 
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Produce SI to meet the circumference in J/and N, 

\ 

Siribe M1N % AIH are chords of the circle, 

AI. 111= Ml . IN =(/t+ SI) (1C -SI); 

2 Rr=W-SP; 

that is, SI 2 = IP - 2 Hr. 


*229. To find the distance of an ex-centre from the circum - 
centre . - 

Let S be the circum-centre, and 
I the in-centre; then Al produced 
passes through the ex-ccntre I v 

Let AJ X meet the cirfium circle in 
If ; join 67, Bf CH, BII , 67,, BT V 
Draw f x /C x perpendicular to AC. 

Produce IIS to meet the circum- 
ference in 7, and join CL. 

The angles IB1 X and ICI X are 
right angles ; hence tho circle on IL 
as diameter passes through B and C. 

The chords BU and CII of the 
circum-ciiole subtend equal angles 
at A , and ar« therefore equal. 

But from tho last article, HC~ III ; 

IfB=HC=Ifl; 

hence H is the centre of tho circle round 1B1 X C. 

III X = IIC= 2 ft sin 4 • 

Now SI X 2 -If 1 — square of tangent from l x 
—I X II. I X A 

. A A 

=2fc sin - . r x coseo -5 
« 22 


L 



=2 Rr v 

SI^ =R?+ 2Rr x . 
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*230. To find the distance of the orthocentre from the ci/rcum- 
centre. 

With the usual notation, we have 
S0*=SA*+A0 2 3 4 5 - 2 SA . AO cos SAO. 

Now AS=R\ 

AO*= A ffcoscc 0 
=ccos^4 cosec C 
« 2 R sin C cos A cosec C 
= 2/2 cos A ; 

lSAO=L$AC- lOAC 
= (90° — ZJ) — (J)0° —C) 

= C- B. 

JSffi — R?-\-AR? cos^ A — 4/2® cos A cob {C — B) 

= 72* - 4/2® cos A {cos (B + O ) + cos (<7- ZJ)} 
=R?-8R? cos J cos Z? cos £ 

The student may apply a similar method to establish the 
results of the last two articles. 

♦EXAMPLES. XVm. c. 

1. Shew that the distance of the in-centre from. -1 is 

A „ . B . C 
4 R sin — sin - . 

2. Shew that the distances of the ex-centre J x from the 
augular points A, B,0 ore 

B C AU . A C An . A B 

47s cos - cos - , 4/c sin — cos ~ , 4/s sin — cos - . 

3. Prove that the area of the ex-central triangle is equal to 

(1) 2 Rs; (2) iAcosec^coeeofcosecJ. 

4. Shew that 

r.Il x . // a . // 8 =4/2. 74 . IB.IG 

5. Shew that the perimeter and in-radius of the pedal 
triangle are respectively 

4/? sin A sin B sin C and 2/2 cos A cos B cos <7. 
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6. ]f g y h, k denote the sides of the pedal triangle, prove 
that \ 

m g \ h i 

K) <^ 6 * 2a be ’ 

}o\ “ c ' 2 ) .? a2 ) h , ( fl2 “ & 2 ) * n 

(2) — 2 + ~ p + =0. 

7. Provo that.the ex-radii of the pedal triangle arc 

2 R cos A sin B sin 6', 2 ll sin A cos B sin C } 2 R sin A sin B cos C. 

8. Prove that any formula whk-h connects the sides and 
angles of a triangle holds if wo replace 

(1) a, b t c by a cos A, b cos Zf, c cos 0, 

and A,B, G by' 180°-2.4, 180’-2Z?, 180°-2r ; 

ABC 

(2) a , 6, c by a cosee g , 6 cosec ~ , t* cosec ^ , 

and A, B, C by 90*- 4 90‘ -f, 90*-^. 

9. Prove that tho radius of the circum-circle is never less 
than the diameter of the in -circle. 


10. If R—lr y shew that the triaugle is equilateral. 

11. Prove that 

SI * + Slf+SIf 4- >SV 3 2 = 12 ZP. 

12. Prove that 

(1) a.4P4-6.£/Hc.6Y*=afcc; 

(2) a.AIf-b.BIf-c.CIS^abc. 


13. If QIIK be the pedal triangle, and 0 the orthocentre, 
prove that 


( 1 ) 


°& OK . 

AO + BS + CK~ l 


W i ^ -I 

' ' 0(7 4*a cot + 0Zf 4-& cot B QK+e cot C *** 


14. If GHK be the pedal triangle, shew that the sum of 
the circum-radii of the triangles AHK y BKO, CGH is equal to 
jR+r. 
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15. If A*B X C X is the ex-central triangle of ABC, and A 2 B % C % 
the ex-central triangle of A x B*Cu and A$ILC\ the ex-ccn,tral tri- 
angle of A. 2 B 3 C t , and so on : find the angles of the triangle A n B n C n , 
and prove that when n is indefinitely increased tho triangle 
becomes equilateral. 

16. Prove that 

' (1) aS?=0^-a*-P-4>; 

(2) OP = 2r a - 4 IP cos cos B cos C ; 

(3) 01 ! S -2 z*! 3 - 4 IP cos J cos B cos C. 

17. If /, g, h denote the distances of the circum-centre of 
the pedal triangle from the augular points of the original triangle, 
shew that 

4(/ 2 -h^ 2 +A 2 ) = ll/^ 2 -f 8/i^ cos A cos B cos C. 


Quadrilaterals. 

*231. To prove that the area of a quadrilateral is equal to 
^ ( product of the diagonals) x (sine of included angle). 

Let the diagonals A C, BD inter- 
sect at P, and let L DBA — and 
let S denote the area of the quadri- 
lateral. 

ADA 0= Ad PD + A CPI) 

= \ DP . A Pain a 
& 

+~ DP . POm\ (jt— u) 

=4 DP (.4 />4 PC') sin « 

=5 DP. 4 (7 sin a. 

Similarly AABC=^ BP . A C sin a. 

.-. ^=i(2)P+/?P)il(7sina 



zDB.ACBina. 
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* 232 . To find the area of a quadrilateral in terms of the sides 
and thtyum of two opposite angles . 

Let A BCD be the quadrilateral, and let a, b 9 c, d be the 
lengths of its sides, S its area. 

By equating the two values of BI)' 1 found from the triangles 
BA Z), BCD f we have 

a 2 +<P — 2 ad cos A-^b 2 + c 2 - She cos C • 
a 2 +d*—b* — c 2 - 2ad cos A - 26c cos C (1). 

Also >y=sum of areas of triangles BA />, BCD 

— J ad sin A + ^ be sin V ; 

it 2 

\ 

.*. 4^=j2a^sin A 4- 26c sin (J i2). 

Squaro (2) and add to the square of (1) ; 

. • . 1G/S" 2 4- (a 2 4- d 2 — l 9 — c 2 )' 2 — - 4 d 2 d 2 4- 4 6 2 c 2 — 8 abed ous (A 4- C), 
Let A 4- C— 2a ; then 

cos (d 4 C) -- cos 2 a - 2 cos 2 a - 1 ; 

.* . 1G*S' 2 — 4 (ad 4- be) 2 — (a 2 4 d 2 - l 2 - c 2 ) 2 - ltiabcd cos 2 a 

But the first two terms on the right 
= (2 ad 4- %bc 4 - a 2 4- d 2 - 6 2 - </-) (2ad 4- 2 be - a 2 - d 2 4- 6 2 4- c 2 ) 
~{(a+d?~ (b-c) 2 } {(b + c)' 2 - (a - df\ 

— (a+d+b-c) (a+d-h+c) (b+c+a-d) (b+c-a + d) 

= (2cr - 2c) (2<r - 2b) (2a - 2d) (2 <r - 2a\ 

where a4-64-c4-<Z -2<r, 

- 1 6 (o- — a) (<r — b) (a- — e) (o — d). 

Thus £*= (a- — a) (a- — b) (a — c) (a - d) - abed cos 2 a, 

where 2o- denotes the sum of the sides, 2a the sum of either pair 
of opposite angles. 

* 233 . In the case of a cyclic putdrilateral y A 4- 6 r =180' > , so 
that a *=*00°; hence 

S—*/(<r—a) (<r-6) (<r — c) (a-d). 

This formula may be obtained directly as in the last article 
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by making use of the condition A 4 (7=180® during the course of 
the work. In this case cos (7= - cos A, and sin 6 T *=sin A^o that 
the expressions (1) and (2) become 

a*+cP - c 2 =2 (ad 4- fa) cos A , 
and 4£= 2 (ad + fa) sin A ; 

whence by eliminating A wo obtain 

16S*+ (** -M* - £2 - *2) 2s= 4 (o^ + ^)2 

*234. 7b yCnd /Ac diagonals and the ciscum-radius of a cyclic 
quadrilateral. 

If ABCD is a cyclic quadrilateral, we have just proved that 
2 {ad 4- be ) cos A=a 2 +d i -&*— e*. 

Now HD 2 — a 2 ±cP-Zad cos A 

=a> + *- a - d - {a *- + -f-, 

ad A- be 

bcltf+d^+ud^+c 2 ) 

ad4-fa 

= (a&4- of) (uc+bd) 

~ ad 4- fa 

Similarly, we may prove that 

^ (72 = +^)J?£±M . 

a6 + orf 

AC . Bl)=ac+bd, 

AC __ ad 4- fa 
RD~~ab+cd' 

The circle passing round the quadrilateral circumscribes the 
triangle ABD ; hence 

i . r BD 
the circum-radius = _ — 

2 sin .4 

_ (ad +bc)BD _ (ad+bc)BI> 

~2 (acfffa) sin A 4S 


Thus 

and 


^V(^+c^(ac4-W)W4-6c). 
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Example, _ A quadrilateral A BCD is such that one circle can be 
inscribed in it and another circle circumscribed about it ; show that 

, n A WC 

tan 2 s- = -3 • 

2 ad 


If a circle can be^ inscribed in a quadrilateral, the sum of one 
pair of the opposite sides is equal to that of the other pair; 

Siu eo the quadrilateral is cyclic, 


cos A = 


2 (ttd-hic) 


[Art. 233.] 


But a-d~b~c t so that a 2 -2ad + d*=& a - 2dc+c 2 ; 

a 3 + d a - 1 2 - c 2 — 2 [ad-bc); 


.*. tosJ = 


ad - 
ad+bc ’ 


■ fan*- = 1-008 — 

2 1 + cosd ad* 


♦EXAMPLES. XVm.d. 

1. If a circle ran be inscribed in a quadrilateral, shew that 
its radius is /?/o* where S is the area and 2<r tbo sum of the sides 
of the quadrilateral 

2. If thodsidcs of a cyclic quadrilateral be 3, 3, 4, 4, shew 
that a circle can be inscribed in it, and find the radii of the 
inscribed and circumscribed circles. 

3. If the sides of a cyclic quadrilateral be 1, 2, 4, 3, shew 

5 

that the cosine of the tingle l»etween the two greatest sides is ^ , 
and that the radius of the inscribed circle is *98 nearly. 

4 . The sides of a cyclic quadrilateral are 60, 25, 52, 39 : 
shew that two of tho angles are right angles, and find the 
diagonals and tho area. 

5. The sides of a quadrilatei r 1 are 4, 5, 8, 9, and one diagonal 
is 9 : find the area. 

6. If a circle can be inscribed in a cyclic quadrilateral, shew 
that the area of the quadrilateral is *Jabcd 9 and that tho radius 
of the circle is 

2 *Jabcd/(a+b+c+d). 
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7. If the sides of a quadrilateral are given, show that the 
area is a maximum when the quadrilateral can be inscribed in a 
circle. 

8. If the sides of a quadrilateral ore 23, 20, 37, 41 inches, 
prove that the maximum area is 7 sq. ft. 

,9. Tf A BCD is a cyclic quadrilateral, prove that 
tau 

2 (a- — c)(a~d) 

10. If /, g denote the diagonals of a quadrilateral and p the 
angle between them, prove that 

2 fg cos p -- ( d 8 + c 2 ) ~ (b 2 + c£). 

11. If P is the angle between the diagonals of any quadri- 
lateral, prove that the area is * 

i {( a 2 4- c 2 ) ~ (b 2 + d 2 )} tan p. 

12. Prove that the area of a quadrilateral in which a circle 
can be inscribed is 

j r 7 ■ d 4" C 
V abed sm — - . 


13. If a circle can be inscribed in a quadrilateral whose 
diagonals are /and g, prove that 

4 S*=f*g 2 -(aG-bd)\ 

14. If p is the angle between the diagonals of a cyclic 
quadrilateral, prove that 

(1) (ac + btl) sin P—(ad+ be) &in A) 

(2) cos j9= (® 2 .+ c2 )~( 62 + c ^) . 

w P 2 (ac+bd) ’ 

( 3 ) ^)<^ or (^«)^-;) 

2 (ir-a)(cr-c) (ir—b)(<r — cl) 

15. If /, g are the diagonals of a quadrilateral, shew that 

s-l a/4 fY - 

16. In a cyclic quadrilateral, prove that the product of the 
segments of a diagonal is 

abod(ac + bd)/(ab+cd ) ( ad+bo ). 
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235. The following exercise consists of miscellaneous ques- 
tions inV>lving the properties of triangles. 


, EXAMPLES. XVIIL e. 

1. If the sides of a triangle are 212, 1212, 1450 yards, shew 
that the area is G acres. 

2. One of the sides of a triangle is 200 yards and the ad- 
jacent angles are 22*5° and G7*5° : find the area. 

3. If r x = 2r a = 2 r 3 , show that 3a 45. 

4. If a, 6, c are in a. r., shew that r 2 , r 3 are in h. r. 

5. Find the area of a triangle whose sides are 


V , £• 

z 


*+? 


x y 
y s m 


6. If sin A : sin C- sin (.4 - B) : sin (B- C\ 
shew that a 2 , 5 2 , c 2 are in A. i\ 

Prove that $ 

a sin A 4 - 5 sin 11 +c sin C _ ft 2 + 5 2 -f c 2 

2s ‘ 


7. 


. A B (J 
4 cos — cos — cos 
•2 2 2 


8. 

9. 

10 . 


(a 2 , 5 2 , r 2 \ . A , B . G 

\sin A* sin B sm 6/222 

('a + *») (r 3 + >’,) (r, + r 2 ) = 4/t (r/, + »y, + »y 2 ). 

tan * +tan * +tun C _ ’> + . 

2 2 2 (V 3 +Vi+¥ 3 )‘ 


11 . be cot 4 +ea cot 4 + ab cot - —ARtP (- + i + - - ?-V 

2 2 2 \a o c s J 

12. p + i + i + iy.ifi + i + iy 

V'- n '-a V r Vi r„ rj 

13. The perimeter of a right augled triangle is 70, and the 
in-radius is 6 : find the sides. 

14. If /, < 7 , h are the perpendiculars from the circum-centre 
on the sides, 'prove that 

a b c _ abo 

f + ffb~4f9 h ' 
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15. An equilateral triangle and a regular hexagon have the 
same perimeter : shew that the areas of their inscribed circles 
are as 4 to 9. 


*16. Shew that the perimeter of the }>edal triangle is equal to 
abc^lP. 

, *17. Shew that the area of the ex-central triangle is equal to 
abc (a + 6+c)/ 4 A. 

18. In tho ambiguous case, if A, a, b are the given parts, 
and c 19 c 2 the two values of tho third side, shew that the distance 

between the circum-centres of the two triangles is =f l ~ . 

° 2 sm A 


*19. Tf be tho angle between the diagonals of a cyclic 
quadrilateral, shew that ’ 


sin/?— 


2 S 

ac + bd * 


*20. Shew that 

r» . II , . //, . II Z =IA * . IIP . IC\ 


*21. Shew that tho sum of the squares of the sides of the 
ex-ccntral triaugle is equal to SR (4/£ + r). 


*22. If circles can be inscribed in and circumscribed about a 
quadrilateral, and if 0 bo tho angle between the diagonals, shew 
that 

cos #=(ac ~ bd)l(ac + bd). 


23. If l 9 m, n are tho lengths of the medians of a triangle, 
prove that 

(1) 4(P+mH«V3(aH6 2 +c J ); 

(2) (&*- c 2 ) J2+ (c 2 -* 2 ) m 2 +(a a - 6 s ) n 2 = 0 : 

(3) 16 (J 4 + m 4 + n 4 ) = 9 (a 4 + fc 4 + c 4 ). 


24. Shew that the radii of the escribed circles are the roots 
of the equation 

x 3 - (472 r) x 2 + fx - « 2 r « 0. 

25. If A,, A* 2 > Ag be the areas of the triangles cut off by 
tangents to the in-circle parallel to the sides of a triangle, prove 
that 
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*26. The triangle LMN is formed by joining the points of 
contact \f the in-circle ; shew that it is similar to the ex-central 
triangle, and that their areas are as r 2 to 4 f A 


27. In .the triangle PQIi formed by drawing tangents at 
1, />, 0 to tne circum-circle, prove that the angles and sides are 

180° -2ii, 180° -2/i, 180° -2 C; 


and 


2 cos B cos 6° 2 cos C cos A ’ 2 cos .4 cos Ji " 


28. If p 9 q % r lie the lengths of the bisectors of the angles of 
a triangle, prove that 

1 A 1 B 1 0 111 

(!) -cos 2+ ~co 8¥ d. F co S ^ = - + j +c -; 


( 2 ) 


pqr ^ abe {a+b + c) 

4A “ (i+c) (c?+a) (a + 6) * 


29. If the periiendiuilars AG , Z//, C7i r are produced to meet 
the circura circle in Z, Jf, iV, prove that 

(1) area of triangle ZJf N •-= 8a cos ^4 cos B cos C ; 

(2) AL sin.^4 + BJf sin B + GhV sin C~ 8 R sin >1 sin B sin C. 

£0. If r uy r kl r g bo the radii of the circles inscribed between 
the in-circle and the sides containing the angles A, B, C respec- 
tively, shew that 

(I) r a — r tan* ^ ; (2) \V«+VV« + V»V*=*-. 


*31. Lines drawn through the angular points of a triangle 
ABC parallel to the sides of the pedal triangle form a tri- 
angle XYZ: shew that the perimeter and area of XYZ are 
respectively 

2 R tan A tan B tan C and I& tan A tan B tan C. 

*32. A straight line cuts three concentric circles in Ay By C 
and passes at a distance p from their centre : show that the area 
of Hie triangle formed by the tangents at A, B y C\h 

BC, CA.AB 
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1. If a +i3+y+8=180 a , shew that 

cos a cos 0+ cosy cos 8 = sin a sin 0+siny sir 8. 

2. Prove that 

cos (15° — A) sec 15° — sin (15° — A)cosec 15° =4 sin A. 

3. Shew that in a triangle 

cot A +sin A cosec B cosec 0 

retains the same value if any two of the angles A , B } G are 
interchanged. 

4 . If a = 2, 5=^8, A =30°, solve the triangle. 

5. Shew that 

(1) cot 18° = cot 36°; 

(2) 16 sin 36° sin 72° sin 108° sin 144° = 5. 

6. Find the number of ciphers before the first significant 
digit in (-0396) 90 , given 

log 2 = ‘301 03, log 3 = -47712, log 1 1 = 1 -04139. 

7. An observer finds that the angle subtended by the line 
joining two points A and B on the horizontal plane is 30°. On 
walking 50 yards directly towards A the angle increases to 75° : 
find his distance from B at each observation. 

8. Prove that cos 2 a 4- cos 2 0 -f cos 2 y + cos 2 (« + 0 + y) 

= 2 + 2 cos (0+y) cos (y +a) cos (a f 0). 

9. Show that 

(1) tan 40*+ cot 40° = 2 sec 10° ; 

(2) tan 70° + tan 20° = 2 cosec 40°. 

10. Prove that 

(1) 2 sin 4a - sin 10a + sin 2a= 16 sin a cos a cos 2a sin 2 3a ; 

/«\ . 2w . . 4 tt . 6it . . w . 3ir . 5 it 

(2) sin y +sin y - sin y = 4 suy sin y sin y . 
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11. If 7? =30°, 5=3^2-^, c=6-2 v /3, solve the triangle. 

12. Fn>m a ship which is sailing N.E., the bearing of a rock 
is N.N.W. After the ship has sailed 10 miles the rock bears 
due \V. : find the distance of the ship from the rock at each 
observation.* 

13. Shew that in any triangle 

e*-a* . a*- b* ==Q 

cos B 4*cos C *** cos C r + cos A cos A +cos B 

14. If cos(0~a), costf, cos(0+d) are in hArmonical pro- 
gression, shew that 

cos 0=^22 cos ? 

<0 

15. If sin fi bo the geometric mean between sin a and cos a, 

prove that cos 2/3-= 2 cos 2 . 

16. Shew that the distances of the orthocentre from the sides 
arc 272 cos B cos C, 272 cos Ceos A, 272 cos A cos B. 


17. If 


prove that 


( _ cos u - e 
1 — e cos u 1 
/l + e. * 

Vi". to r 


18. If the sides of a right-angled triangle are 

2 (1 + sin 6) -f cos 6 and 2 (1 +cos 6) + sin 6, 
provo that the hypotenuse is 

3 + 2 (cos 0+sin 6). 

*19. Prove that the distances of the in-centre of the ex- 
central triangle I X LJ$ from its ex-centres are 


872 sin 872 sin 872 

?rove that the distances ♦between lb 


. A+B 
am — . 
4 


*20. Prove that the distances# between Ihe ex-centres of the 
ex-central triangle are f 


&Rcoa?±+ 


872 oob 


n.K.K.T. 
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21. If 

(1 + cos a) (1 + cos 0) (1 + cos y) ** (1 - cos a) (1 - cob j3) (l^- cos y), 
shew that each expression is equal to + sin a sin# sin y. 

22. If the sum of four angles is 180®, shew thatr the sum of 
the products of their sines taken two together is equal to the 
sum of the products of their cosines taken two logetlier. 

*23. In a triangle, shew that 

(1) 7/ x . 16fZV; (2) IMK 

24. Find the angles of a triangle whose sides are proportional 
to 

ABC 

(1) cos-, C 0 b£, cos--; 

(2) sin 2.4, sin 2/1, sin 2(7. 

25- Prove that the expression 

sm a (6 + a) -|-sin 2 (6+1 3) - 2 cos (a - p) sin (6+a) sin (6+P) 
is independent of 6. 

*26. If a, 6, c, d are the sides of a quadrilateral described 
about a circle, prove that 

ad sin* ^ = be sin 2 

52 « t/ 

27. Tangents parallel to the three sides are drawn to the 
in circle. If p, q, r be tho lengths of the i>arts of the tangents 

within the triangle, prove that ^ -f ? + - = 1. 

a b c 

[The Tables will be required for Examples 28 and 29.] 

28. From the top of a did* 1566 ft. in height a train, which is 
travelling at a uniform speed in a straight line to a tunnel 
immediately below the observer, is seen to pass two consecutive 
stations at **n interval of 3 minutes. The angles of depression of 
the two stations are 13° 14' 12" and 56° 24' 36" respectively ; how 
fast is the train travelling ? 

29. A harbour lies in a direction 46° 8' 8*6" South of West 
from a fort, and at a distance of 27*23 miles from it. A ship 
sets out from the harbour at noon and sails due East at 10 miles 
an hour ; when will the ship be 20 miles from the fort ? 
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236. The equation sin0=~ is Satisfied by 0=~, and by 

— and all angles coterminal with these will have the 

same sine. This example v shews that there are an infinite 
number of angles whoso sino is equal to a given quantity. 
Similar remarks apply to the othor functions. 

We proceed to show how to express by a single formula all 
angles which have a given sine, cosine, or tangent. 


237. From the results proved in Chap. IX., it is easily seen 
that in going once through the four quadrants, there are two 
and only two positions of the boundary line which give angles 
with the same sine, cosine, or tangent. 


Thus if sin a has a given value, 
the positions ?f the radius vector 
are OP and Op* bounding the angles 
a and 7 r — a. [Art. 92.] 



If cos a has a given value, the 
positions of the radius vector are 
OP and 01* bounding the angles 
a and 2ir - a. [Art. 105.] 


If tan a has a given value, the 
positions of the radius vector are 
OP and OF bounding the angles 
a and tr+o. [Art 97.] 



17—2 
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238. To find a formula, for all the arglee which have a given 
sine. / 

Lot a bo the smallest positive 
angle which has a given sine. 

Draw OP and OP bounding the 
angles a and n - a ; then tho re- 
quired'angles are those coterminal 
with OP and OP. 

The positive angles arc 

2j?rr+a and 2 j97t+(tt — a), 
whore p is zero, or any positive integer. 

Tho negative angles are 

— (7r+a) and -{fin— a), 

and those which may bo obtained from them by the addition 
of any negative multiple of 2rr ; that is, angles denoted by 

2^7r - (w 4* <0 and 2^7 t - (27r — a), 
whoro q is zero, or any negative integer. 

These angles may be grouped as follows : 

2/)ir+o,’l , ((2p+\)ir — a, 

(2q-2)ir + a,f \(2y-l)7r-u, 

and it will be noticed that even multiples of n are followed by 
+a, and odd multiples of n by -a. i 

Thus all angles equi-sinal with a ore included in the formula 
ft;r+(-l) n a, 

where n is zero, or any integer positive or negative. 

This is also the formula for all angles which have the same 
cosecant as a. 

Example 1. Write down tlio general solution of sin0=^. 

The leaBt value of 0 which satisfies the equation is ~ ; therefore 

3 

the general solution is nr + ( - 1)* * . 

Example 2. Find the general solution of sin* 0= sin 9 a. 


This equation gives either sin 0= + sin a (1), 

or sin 0= - sin a= sin ( - a) (2). 
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From (1), 0s:nT + (-l)*a; 

and fromX2), 0 = nir + ( - 1) 14 ( - a). 

Both values are inoladed in the formula 0=nr±a. 


239 . T(\ find a formula for all the angle t which have a given 
cosine. 


Let a be the smallest positive 
anglo which has a given cosine. 
Draw OP and OP' bounding the 
angles a and 2rr-a; then tho 
required angles are those cofccr- 
minal with OP and OP. 


Tho positive angles aro 

2pn + a and 2pir + (2ir~u) i ^ 
where p is zero, or any positive integer. 



The negative angles aro 

— « and ~(27r— a), 

and those which may be obtained from them by the addition of 
any negative multiple of 2rr ; that is, angles denoted by 
2 <pr — a and 2qir — (2n- — a), 
whevo q is zero, pr any negative integer 


The angles may be grouped as follows : 

. 2p»r + a,\ , f(2j»+2)*-a, 

2(/7r — a, J 1(2^— 2)7r+a, 

and it will be noticed that the multiples of ir are 
but may be followed by + a or by -a. 


even, 


Thus all angles equi-cosinal with a are included in the 

formula 

2nir+cif 

.where n is zero, or any integer positive or negative. 

This is also the formula for all angles which have the same 
secant as a. 


Example 1. Find the general solution of oos 0= - | . 

JT 2jt 

The least value of $ is v - g , or ; henoe the general solution 

2 w 
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240. To find a formula for all the angles which have a given 

tangent. 4 

Let a be the smallest positive 
angle which has a given tangent. 

Draw OP and OP bounding the 
angles a and *r+a; then the 
required angles are those coter- 
minal with OP and OP. 

The positive angles are 

2 pv + a and 2j0jr-f (?r+a), 
where p is zero, or any positive integer. 

The negative angles are 

— (x — «) and — (2xr — a), 

and those which mav be obtained from them by the addition of 
any negative multiple of 2ir ; that is, angles denoted by 
2qn — (tt — a) and 2qir — (2n — a), 
where q is zero, or any negative integer. 

The angles may be grouped as follows : 

*P*+<h \ f(2p+l)7r+«, 

(2j— 2)jr+a, J \(2j-l)jr-ta, 

and it will be noticed that whether the multiple of ir is even or 
odd, it is always followed by -fa. Thus all angles equi -tangential 
with a are included in the formula 

0=nn + a. 

This is also the formula for all the angles which have the 
same cotangent os a. 

Example . Solve the equation cot 40 = cot 0 . 

The general solution is 40=nx-b0; 
whence 80= nr, or 0 = n * . 

a * 

241. All angles which are both equi-sinal and equieosinal 
with a are included in the formula 2nv+a. 

All angles equi-cosinal with a are included in the formula 
2nir±a ; so that the multiple of tt is even. But in the formula 
Tirr-f (-l) w a, which includes all angles equi-sinal with a, when 
the multiple of ir is even, a must be preceded by the + sign. 
Thus the formula is 2nir+a. 
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242. In the solution of equations, the general value of the 
angle should always be given. 

Example . Solve the equation cos 90 = cos 50 - cos 0. 

By transposition, (cos 90 + cos 0) - cos 50=0; 

.\ 2 cos 50 cos 40 -cos 50=0; 

.*. cos 50 (2 cos 40 - 1) =s 0 ; 

/. either cos 50=0, or 2 cos 40 -1=0. 

From the first equation, 50 ~2/»r , or 0=^ W f n ^ *" ; 

a 1U 

and from the second, 40 = 2/nr i ^ , or 0= . 


EXAIJPLBS. XIX. a. 


Find the general solution of the equations : 


- • „ 1 
1 . 81110 =-. 

4. tan0=*/3. 

7. cos*<9=^. 

10. COS 0 = COS a. 


2. sin0=-.-. 
5. cot 0 — — 

8. tan 2 0=i 

o 


3, cos 0 = ^ . 

6. sec0=- v 'S 
9. cosec 2 0= 
11. tau 2 0 = tan 2 «. 


12. sec 2 0= sec 2 a. 13. tan 20 = tan 0. 

14. cosec 30= cosec 3a. 15. cos 30= cos 20. 

16. sin 60 + sin 0= sin 30. 17. cos 0- cos 70= sin 40. 

18. sin 40 -sin 30+ sin 20 -sin 0=0. 

19. cos 0+ cos 30+ cos 50+ cos 70=0. 

20. sin 50 cos 0 = sin 60 cos 20. 

21. sin 110 sin 40+ sin 50 sin 20=0. 

22. V2 cos' 30 - cos 0 = cos 50. 

23. sin 70-^3 cos40=sin 0. 

24. l+cos0=2sin a 0. 25. tan 2 0+sec0=l. 

26. cot 2 0-l=cosec0. 27. cot 0- tan 0=2. 

28. If 2 cos 0= - 1 and 2 sin 0=^3, find 0. 

29. If sec 0=V2 and tan 0= - 1, find 0- 


^ ICO 
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243. In the following examples, the solution is simplified by 
the use of some particular artifice. / 

Example 1. Solve the equation cos raB ~ sin nd. 

Here eos m $ =cos ^ - nti'j ; 

m6—'2kir*- , 

where k is zero, or any integer. 

By transposition, we obtain 

(fii + n)0--^2A: + ^ it, or (m - n) 0=^2fe 

This equation may also bo solved through the medium of the 
sine. For we have « 

sin (^-m0 S jrsninn0; 

A £-m0= p7 r + (-l)Pn0, 
where p is aero or any integer; 

{*n + (-l) , »w} 

Note. The general solution can frequently be obtained in several 
ways. The various forms which the result takes are merely different 
modes of expressing the same series of angles. 1 


Example 2. Solve „/3cos0 + sin0=l. 
Multiply every term by then 

2" 008tf + 2 Bin * = 2» 

*. 006 gr 008 0 + sing sin0=^; 


\ COS 



_1 

~2 ; 




A 0=2Nir+g or 2nv-j. 
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Note. In examples of this type, it is a common mistake to 
square 4he equation ; but this process is objectionable, because it 
introduces solutions which do not belong to the given equation. 
Thus in the present instance, 

# */3 cos 0 = 1 - sin 0; 

by squaring, 8 cos 2 0 = (1 - sin 0)-. 

But the solutions of thiB equation include the solutions of 
- a/ 3 cos 0=1- sin 0, 
as well as those of the given equation. 

L 

Example 3. Solve cos 20 = cos 0 + sin 6. 


From this equation, cos 2 0 - sin 2 0 = cos 0 + sin 0 ; 

(cob 0 + sin,0) (cob 0 - sin 0) = cos 0 + sin 0 ; 


..either co8 0H-sin0=O (1)» 

or cos 0 - sin 0 = 1 (2). 

From (1), tan 0 = - 1, 

••• j. 


From (2). . -L cos fl- — aiufl =-l ; 

. T . A . T 1 

OOS 0 COB - - Bill 0 Sin ^ as . 

'■ 008 { e+ i) = ^ 

fi + j=2nx=fc j; 


0 = 2/iir or 2 ht-- . 


EXAMPLES. XIX. b. 

Find the general solution of the equations ; 

1. tanjD0=cot qO. 2. sinm0+cos«0=*O. 

3. cosd- 4. sin 0 — s /3cos0=»l. 
5. cosd«*/3(l-siBd). 6- sind-»-i/3cos0=*V2. 
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Find the general solution of the equations : 

7. cosd-sind=*-^. 8. cosd+sind+ ^2=0. 

v 2 

9. cosec d-f cot d— %/3. 10. cot d- cot 2d =2. 

11. 2sindsin3d-l. 12. sin3d=8sin 3 d. 

13! tan d+ tan 3d =2 tan 2d. 14. cosd-sind=cos 2d. 

15. cosec d+ sec d = 2^/2. 16. sec d- cosec d=2*/2. 

17. .->ec4d-sec2d=2. 18. cos 3d -1-8 cos 3 d=0. 

19. 1 +*/3 tan 2 d- (1 + */3) tan d. 

20. tan 3 d + cot 3 d « 8 eosnc 8 2d + 1 2. 

21. sin d = V 2 sin 0? v/3 cos d = V 2 cos <£. 

22. cosec 6—*]% cosec </>, cot d=3 cot 0. 

23. sec 0=^2 see d, cot d= ^/3 cot 

24. Explain why the same two series of angles are given by 
the equations 

d+x =?47r + ( “ 1) H ? an< ^ d — j = 2wtt±^. 

4 b 4 .j 

25. Shew that the formulae 

^2n+^»r±a and - j) " +(- 1)* (| _a ) 
comprise the same angles, and illustrate by a figure. 

Inverse Circular Functions. 

244. If sin 0—8, we know that d may be any angle whose 
sine is a It is often convenient to express this statement 
inversely by writing d=sin _1 s. 

In this inverse notation d stands alone on one side of the 
equation, and may be regarded as an angle whose value' is 
only known through the medium of its sinef. Similarly, 
tan -1 ^3 indicates in a concise form any one of the angles 
whose tangent is */3. But all these angles are given by the 

formula «jt+~. Thus 

d=tan“ l ^3 and d=nir+^ 
are equivalent statements expressed in different forms. 



XIX.] 


INVERSE CIRCULAR FUNCTIONS. 


239 

245. Expressions of the form cos" 1 a?, sin" 1 a, tan -1 b are 
called inverse Circular Functions. 

It must be remembered that these expressions denote angles, 
and that - l« not an algebraical index ; that is, 

"sin" 1 x is not the same as (sin x) “ 1 or ^ . 

' sin x 

246. From Art. 244, we sco that an inverse function has an 
infinite number of values. 

If f denote any one of the circular: functions, and / - 
the principal value of f~ l (#) is the smallest numerical value 
of A. Thus the principal values of 

cm-ii, sin- 1 ^-^, cos -1 ( — ^jj)> tan _l (-l) 

are 60°, -30°, 136°, -45°. 

Hence if a? be positive, the principal values of sin -1 #, cos -1 a;, 
tan** 1 # all lie between 0 and 90°. 

If x be negative, the principal values of sin" 1 # and tan -1 # 
lie between 0 and -90°, and the principal value of cos" 1 # lies 
between 90° and 1 80°. 

In numerical instances we shall usually suppose that the 
principal value is selected. 

247. If sin 6—x ) we have cos 6 = V 1 - #®. 

Expressed in the inverse notation, those equations become 
tf^sin” 1 #, ^=cos~ 1 \/l -#*. 

In each of these two statements, 6 has an infinite number of 
values ; but, as the formula) for the general values of the sine 
and cosine are not identical, we cannot assert that the equation 

sin - 1 x = cos~ 1 V 1 - # 2 

is identically true. This will be seen more clearly from a 

1 ^3 

numerical instance. If #=-, thenyl -# 2 = “2 • 

Here sin” 1 # may be any one of the angles 
30°, 160°, 390°, 510% ; 

and cos” 1 \j\ -# a may be any one of tho angles 
30°, 330°, 390°, 690° 
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248. From tho relations established in the previous chapters, 
we may deduce corresponding relations connecting the" inverse 
fimctions. Thus in the identity 


cos 2d = 


1 - tan* 6 
1 -f tan 2 0 * 


let tan d=a, so that d=tan" 1 a ; then 

cos (2 tan* 1 a) -= *-”"-**„ : 

1+a- 7 


2 tan* 1 a = 


COh 


1 + a*‘ 


Similarly, the formula 

cos 3d— 4 cos 3 0 - 3 cos 0 

when expressed in the inverse notation becomes 
3 cos -1 a -cos' 1 (4o“ — 3a). 


249. To prove that 

tan -1 ;r+tau -1 y=tiin -1 — ,7 /-. 

* 1 -j nt 


Let 


tan -1 o?= a, so that tan a=:r ; 
and tan * 1 y=^, so that tan0=y. 

We require a +0 in the form of an inverse tangpnt 


Now 


tan(a+£) = 


tann + tan^J 
1 - tan a tan 0 


£+y . 

1-^' 


a+/3=tau-‘^; 
tan" 1 #4* tan" 1 y=tan _t ~^3L. 


that is, 

By putting y=ar, wo obtain 

2 tan" 1 #®* tail" 1 

Note. It is useful to remember that 


2a 

I-**’ 


x+y 

tan (tan" 1 x + tan" 1 y) = = — ~ . 

i — xy 
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Example 1 . Prove that 

' tan " 1 5 - tan" 1 3 + tan" 1 ? = mr + \ . 

y 4 

The firfjt side= tan~ l tan” 1 ? 

= tan -1 J 4 tan- 1 ? 

i + i 

= tan l m ? - tan" 1 1 ■ 

l - 7 

72 

~ wx + 4 • 

Note. The value of » cannot be assigned until we have selected 

7 

Borne particular values for the angles tan -1 5 , tan' 1 3 , tan -1 . If we 
choose the principal values, then n = 0 


Example 2. Prove that 


sm 5 + c °b* J3 + am 1 65 = § • 

We may write this identity in the form 

. ,4 ,12 ir . .16 .16 

sin - 1 * + cos- 1 ^ = 0 - sin- 1 6^ = cos' 1 ^ . 


13 2 

4 i 

Let a = sin -1 , so that sin a - _ ; 

o o 

12 12 
and p = cos*" 1 ^ , so that cos p = . 


We have to express a f p as an inverse cosine. 


Now cos (a + 0) = cos a cos / 9 - sin a sin ) 9 ; 
whence by reading off the values of the func- 
tions from the figures in the margin, we have 
/ m 3 12 4 6 

oob («+£)= j ' 13 ” 6 ’ 13 

_ 16 
65 '* 

a .16 
a+^«oo»- l gg. 
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It is sometimes convenient to work entirely in terms of the 
tangent or cotangent. / 


Example 8. Prove that 

2 cot -1 7 4- cos 


>. tIVYB faJUthb 

2 cot -1 7 + cos” 1 1 = cosec” 1 . 

' 7 2 - 1 3 

The first side = cot” 1 - — + cot” 1 7 
2x7 4 

O A 


4 

i-i 24 , i 3 

=cot 1 --- + cot” 1 7 
f 4 

24 3 , 

y x 4 -1 

=00irl irT 

7 + 4 




EXAMPLES. XIX. c. 

Prove the following statements : 

1. sin” 1 l^cot- 1 2. cosec” 1 ~=tan 1 

lo 1A o 15 

3. sec (tan ~ l x) = sjl + xK 4. 2 tan" 1 tan -1 

5. tan” 1 - -tan” 1 1 = tan” 1 -. 

u 7 

6. tan _1 cot ” 1 ~ = tan -1 \ . 

117 2 

„ . .4 4 ,15 . 84 

7. cot 1 3-cot- 1 --=cot 1 I5 . 

8. 2tan” 1 i+tan” 1 ^=tan" 1 ~. 

o 4 43 

9. taa -1 l+tan _1 i =tan* 1 g+tan _1 ^. 

. tan -1 i +tan -1 g+ tan -1 ^=cot _l 3. 


10 . 
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11 . 


12 . 

14. 


15. 


16. 


17. 


18. 


19. 


20 . 


21 . 


22 . 


23. 


24. 


25. 


27 . 


X .3, . .3 . .27 

tan *-+sm 1 r =tan _l — . 

% o o 11 

2cot-i$=tao-i£. 13. 2 tan « sin - 

sin (2 sin “ 1 x) = 2x a/ 1 — .r 2 * 


oos- 1 j?« 2 sin" 1 



1 — # 
2 • 


2 tan -1 



CL — X 
a+x' 


2 tan 1 g+tan - 1 ^+ v 2tan- 1 i = 
siu'- 1 a-cos“ 1 6=cos’" 1 [by/l - a 2 +a VI ~^ 2 }. 


4 2 2 

sin-^+cos -1 -;-. =cot~ 1 - . 

5 *'5 11 

, 63 , _ . .1 . .3 

cos - 1 ^= + 2 tan- 1 r - sm~ l _ . 
65 5 5 


tan" 1 m-htan- 1 n = cos 

i *20 . ,16 

cos ?9 ” tan 


1 - mn 

V(l + ^ 2 )(l+»^ 

-l 15 !? 6 

1885 * 


-,\/6 + l 

cos 1 

2 n /3 


IT 

6 * 


3 2 n /3 0 

-1 a) = 2 tan (tan tan- 1 a? 3 ). 

, . a-b . . . 6-c , , 

fan “1 X TJl.li “1 _ J-TATl" 


If tan"* 1 o?+ tan -1 y+ tan' 1 z=ir t prove that 
x+y+z~a*t?- 

If w=»oot -1 >Jem a - tan" 1 Vcos a, prove that 
sintt»tan 2 |. 
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1. If the sines of the angles of a triangle are in the ratio of 
4 ; 6 : 6, shew that tho cosines are in the ratio of 12 : 9 : 2. 

2. Solve the equations : 

(1) 2cos 3 0+sin 8 0- 1 =0 ; (2) sec 3 d-2tan*d«2. 

3. If tan ,8=2 sin a sin y cosec (a + y), prove that cot a, cot ft 
cot y are in arithmetical progression. 

4. In a triangle shew that 

4r (rj +r 2 + rj = 2 (bc + ca + ab)- (a 2 4* 6 2 + c 2 ). 

5. Prove that « 

(1} tan^ 1 i - tan~ l i+ tan -1 * = tan _1 ^ ; 

/o\ . , 3 . , 8 . .36 n 

(2) + 

6. Find tho greatest angle of the triangle whose sides are 
186, 222, 269 ; given log 6 = -7781513, 

Z cos 39° 14'= 9*8890644, diff. for l'-'LOSS. 

7. If tan (a -f 6) = n tan (a - 6\ prove that *1 . 

N ' \ or sm 2« n-fl 

8. If in a triangle 8i2 2 =a 2 -f-6 2 *f c 2 , prove that one of the 
angles is a right angle. 

9. The area of a regular polygon of n sides inscribed in a 
circle is three-fourths of the area of the circumscribed regular 
polygon with the same number of sides : find n. 

10 . ADCD is a straight sea-wall. From B the straight lines 
drawn to two boats are each inclined at 45° to the direction of 
the wall, and from C the angles of inclination are 16* and 75°. 
If ZC=400 yards, find the distance between the boats, and the 
distance of each from the sea-wall 
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251. Trigonometrical ratios of 22k" or | . 

From the identity 

2 sin 8 22^°^ 1 - cos 45°, 

we have 4 sin 2 22 = 2 - 2 cos 45° = 2 - ; 


.-. 2 sin 221° ■= \fi- (1). 

In like manner from 

2 cos 2 22^° = 1 +cos 45°, 

we obtain 2 cos 22£° = V 2 + x /2 (2). 


in each of these cases the positive sign must be taken before 
the radical, since £2 is an acute angle. 

Again, tan £2£°= ~ j n~45^~ ~ cosec ~ cot 45° ; 

tan22k° = x /2-l. 

252. We have seen that 2 cos ^ = V 2 + 5 

o 

but 4 cos 8 ~ =2 + 2 cos- ; 

lO o 

4cos^-2+\/2+V2; 

••• 2cos ^ = s/2+s'3T+J2. 

Similarly, 2 cos ~ = tj 2+\Zs+V2+n/ 2 j 

and so on. 


) 8 — 2 
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253. Suppose that cos A and that it is required to find 
A 

m T 

. A /l~ cos-4 /TT~1\ /l’ 1 

, i~ -Vsrrvi -1 *’ 

This case differs from those of the two previous articles in 
fclial the datum is less precise. All we know of the angle A is 

contained in the statement that its cosine is equal to ^ , and 

without some further knowledgo respecting A wo cannot remove 

the ambiguity of sign in the value found for sin ^ . 

1u 

We now proceed to a more general discussion. 

A A 

254. Given cos A to fold sin - and cos — and to explain the 

2 

presence of the two values in each case . 

From the identities 

2sin a '^ = l -cos -4, and 2 cos a ~=1 vcosA, 

A A 

we have 

. A . /l-cosA , A , /l+cos-4 

»n»2 = ± V" 1 » Mld 008 2 • 

Thus corresponding to one value of cos A t there aie two values 
for sin ^ , and two values for cos — . 

The presence of these two values may be explained as follows. 
If cos A is given and nothing further is stated about the angle 
A y all wo know is that A belongs to a certain .group of equi- 
cosinal angles. Let a be the smallest positive angle belonging 

to this group, then A= 2 n 7 r±a. Thus in finding sin— and 

z 

A 

cos g we are really finding the values of 

sin “(2nfr+a) and cos i(2ri7r±a). 
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Now sin i (2 7?w±a) = sin ^w*r± ^ 


=sin /ijr cos ~ + cos nn sin | 


, • a 

“ ±Sln 2> 

for sin mt~0 and cos nrr — ±1. 

A gain, cos ^ (2 Mr ± a) = cos n it cos ^ sin Mr sin - 

, a 

= + cos - . 

\ 2 

Thus there are two values for sin 4 and two values for 

Ji 

cos when cosX is given and nothing further is known iv- 

L 

specting A. 


255. Geometrical Illustration. Let a be the smallest posi- 
tive anglo which has the same cosine as A ; then 

A — 2njr + a, 


and we have ty find the sine 
A 

and cosine of — , that is of 

a 



Each of the angles denoted 
by this formula is bounded by 
* one of the lines 0P l9 0P it OP^ 



0P A . Now 


sin XOP> 2 — sin | , sin XOP z = - sin ~ , sin XOP 4 = - sin 
cos XOP z =* -cos|, goh XOP 3 — -oos^j, cosZOP 4 =cos~. 
Thus the values of sin^ are ±sin|, and the values of cos ^ 


are ±cos^. 
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256. If cos A is given, and A lies between certain known 
limits, the ambiguities of sign in the formulae of Art 254 may 
be removed. 


Example. If cob A = - ^ , and A lies between 450° and 540°, find 

. A , A 
sin ^ and cos - . 

it A 

. A /T^cos/l /17 ”'7\ /16 , t 

Bln 2 V 2 " V 2V 1+ 25) - \/25 - V 

A /l 4* cos A /IT 7\ /9 ,3 

C0S 2 ~ V 2 'Vi\ 2s)~ V25 _:t 6' 

A A A 

Now - lies between 225° and 270°. so that sin — and coa -- are 

both negative; 


.A 4 , A 

Bin g = ” 5 ’ and 008 2 = 


3 

6 * 


257. To find sin — cos — in terms of sin A and to explain 

£ A 

the presence of four values in each case , 


We have 

w 

sin* | + cos 3 1 = 1, 


and 

ir 

„ . A A . . 

2hiq-x coa -jr= sin A. 

A A 


By addition, 

/ A A\i 

(sin + cos J = l+sin.4; 


by subtraction, 

/ . A A\* . . 

ism — — cos J = 1 - sin A. 



sin 4 + cos 'f = +\Zl+sinA 

(1), 

and 

sin cos 4 = ±\^1 -sin A 

A A 

(2). 


A A 

By addition and subtraction, we obtain sin-^ and cos— ; and 
since there is a double sign before each radical, there are four 
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A A 

values for^sin ^ , and four values for cos corresponding to one 
value of sin A . 

The presence of these four values may be explained as 
follows. * 

If sin .4 is given and nothing else is stated about the angle A 
all we know is that A belongs to a certain group of equi-sinal 
angles. Let a be the smallest positive angle belonging to this 

A A 

group, then A—nn+{- l) n a. Thus in Ending sin— and cos - 
we are really finding 

sin i {nrr + ( — l) n a}, ffcnd cos ^ {M7r + (- l) n a}. 

2 0 j £ 


First suppose n even and equal to 2m ; then 
sin ~ {n7r + ( - l) n a} = sin (?mr+0 

a .a 

— sin mn cos - + cos m n sm - 
2 & 

= ± sm 2» 

since # sinro7r=0, and cosm7r=±l. 

Next suppose n odd and equal to 2m + 1 ; then 
{*»+( — l) n a}=Bin 


=sm mn cos 


'(H) 


■f cos mn* sin 


“(H) 


Thus we have four values for sin , when sin .4 is given and 
nothing further is known respecting A. 

In like manner it may be shewn that 

ooa^ has the/our valueB±cos|, ±cos^|-|^. 
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Example 3. Traoe the changes of ooa d-sintf in sign and mag- 
nitude as $ increases from 0 to 2tt. , 

cos 0- sin 0 = ^/2 cos ^ Bin0^ 

= ^/2 ^cos 0 cos ~ - sin 6 sin 
=^2008 

As 0 increases from 0 to ~ * the expression is positive and decreases 
from 1 to 0. 

As $ increases from j to ^ , the expression is negative and in- 
creases numerically from 0 to - ^2. , 

As 6 increases from to the expression is negative and 
4 4 

decreases numerically from - ^2 to 0. 

As 6 increases from ~ to the expression is positive and 
increases from 0 to ^2. 

As 0 increases from — to 2r, the expression is positive and 
decreases from »J2 to 1. 

« 

260. To find the sine and cosine of 9°. 

Since cos 9° > sin 9° and is positive, we have 
sin 9°+cos 9°= + */ 1+ sin 18% 
sin 9° -cos 9°« - a/I - sin 18*. 


and 


and 


and 


in9°+cos9°- + < y/l4.^zI» + l v /3q^/5 > . 

r 

iin9 , -cos9 g =- -1^6^76. 
sin 9’— ^ {V3+</5 - Vo- V®}> 
cos 9 ‘- \ {a/3+76 +V6^7^. 
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EXAMPLES. XX. a. 


1. When A lies between -270* and -360*, prove that 


2. If cos A = -ig, find sin — and cos^ when A lies be- 
tween 270° and 360°. > 

3. If cos ^4 == — , find sin ^ and cos — when A lies be- 
tween 540° and 630°. # 

4. Find sin ~ and cos ^ in terms of sin A when A lies 

between 270° and 450°. 


A A A 

5. Find sin— and cos^r in terms of sinX when — lies 

2 2 2 

between 225° and 315°. 

• 

A A 

6. Find sin— and cos - in terms of sin A when A lies 

* 2 2 

between -450° and -630°. 

24 £ A 

7. If sin A = — , find sin and cos — when A lies between 

2f > 7 2 2 

90° and 180°. 


8. If sin A «= - ~ , find sin ^ and cos — when A lies be- 

289 2 L 

tween 270° ai\d 360°. 

9. Determine the limits between which A must lie in order 
that 

(1) 2 sin A ■» Vr+sm2Z - \/\- sin 2A \ 

(2) 2 cos A — - Vl+sin 2.4 + Vl-sin 2 A\ 

(3) 2 sin A » - Vl +sin 2 A + — sixi 2 A. 
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10. If -4=*240° f is the following statement correct ? 

j f 

2 sin ^VT+M-Vl-sin^. 

If not, how must it be modified ? r 

11. Prove that 

(1) tan7jr° *=^/6 - n /3+n/2-2; 

(2) cotl42j°*=^2+V3-2- N /6. 

12. Shew that sin 9° lies between *156 and *157. 

13. Prove that 

(1) 2sinll° 

(2) tan 11° 15'=Vi+2 v /2-(V2+l). 

14. When 0 varies from 0 to trace the changes in sign and 
magnitude of 

(1) cos0+sin0; (2) sin 0-^3 cos d. 

15. When 0 varies from 0 to ir, trace the changes in sign and 
magnitude of 

m tan fl-f c otfl 2 sin 0- sin 2 0 

' tan 0- cot 0 ’ ' ' 2sin0+sin20* 

i 

261. To find tan 4 when tan A is given and to explain the 
presence of the two values. 

Denote tan A by t ; then 

2 tan^ 

t == tan A =s ' 

'-**1 . 

.*. *tan 2 ^ + 2tan^-*«0; 

. ^A_-2±y/4~+&_-l±Vl+t* 

. . tan-« * t • 

The presence of these two values may be explained as 
Mows. 
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If a be the smallest positive angle which has the given 
tangent, $hen A «*»«■ + a, and we are really finding the value of 

tani(n*+a). 

(1) Lei n be even and equal to 2 m ; then 

tan - {riir + a) = t.an (mn -f ^ = tan . 

(2) Let n be odd and equal to 2m 41 ; then 

tan i («jt + a) = tin (mn + \ + = ' tan ■ 

Thus ton ~ has the two values tan ~ and ton f & + |V 


A _ -1- Jl+tanM 


Example 1. If A = 170°, prove that tan ^ = 'tan ^ 

^ . A 

Here ^ is an acute angle, so that tan ~ must be positive. 


Hence 


in the formula — ^ + tnn A nuraera ^o r mU8 t have the Bame 

• tau A 

sign as the denominator. But when A ~ 170°, tan A is negative, and 
therefore we must choose the sign which will make the numerator 


negative; thus 


tan 


A _ -1- 4 tan 8 4 


tan A 


Example 2. Given oos A = *6, find tan - , and explain the double 
answer. 

9 A 1 - cos A _ -4 1 

ton 2 1 + cos 2 ~ 1*0 ~ 4 ' 



^ Here all we know of the angle A is that it must be one of a group 
of equi-cosinal angles. Let a be the smallest positive angle of this 
group ; then A = 2wr ± a. j 


•• tuxf - ton (nr *?) = tan (*2)= 


Thus we have two values differing only in sign. 
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262. When any one of the functions of an acute angle A is 
given, we may in some cases conveniently obtain the /unctions 

of ~ , as in the following example. 

2 


Example, 


Given cos A =- , to find the functions of 
a 


k 
2 ' 


Make a right-angled triangle PQR 
in which the hypotenuse PQ=a , and 
base QR=b\ then 

cos PQR =9^ = h a =eonJ ; 

lPQR=A. 

Produce RQ to S making QS=QP\ 



\w 


S “ Q b R 


A lPSQ = L SPQ =\ tPQR =£ • 

Now SR=a + b, and PR = */a- - b‘, 

P5*=(o + 6) a + (o 3 - 6 5 )=2a’ + 2a6; 


PS = jJ‘la (a + i). 

The functions of ^ may now be written down in terms of the 
sides of the triangle PRS. « 


263. From Art. 125, we have 

cos A = 4 cos 3 - 3 cos 4 • 

*S o 

Thus it appears that if cos A be given we have a cubic 

equation to find cos so that cos ~ has three values, 
o o 

Similarly, from the equation 

sin ri«3sin~-4sin 3 4 4 

o O 

it appears that corresponding to one value of sin A there are 
three values of sin — . 

V 

It will be a useful exercise to prove these two statements 
analytically as in Arts. 254 and 257. In the next article we 
shall give a geometrical explanation for the case of the cosine. 
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264. Given cos .4 to find cos ~ , and to explain the presence of 
the three values. 

Let a be the smallest positive 
angle with Ihe given cosine ; 
then A =2nw±a, and we have 
to find all the values of 

cos|(2wir±a). 

Consider the angles denoted 
by the formula 

i(2»ir±a), t 

and ascribe to n in succession 
the values 0 , 1 , 2, 3, 

When »= 0 , the angles are , bounded by 0I\ and 0Q X ; 

«J 

when w= 1, the angles are ~ ± ^ , bounded by 0P 2 and 0Q 2 
• 3 3 

when n=2, the angles are ~ ± ^ , bounded by OI\ and OQ^. 

• 3 3 

By giving to ti the values 3, 4, 5, ... we obtain a series of 
angles coterminal with those indicated in the figure. 

Thus 0P lt 0Q U 0P 2 , 0Q 2 , 0P Z1 0Q Z bound all the angles 
included in the formula - (2n7r±a). 

Now cos X0Q x = cos X0P x = cos ^ ; 

coaXOP^coaXOfa ^ (j - jj) ; 

cos X0Q t =coa XOP t =coa + 

A a 2?r+a 2 tt-« 

Thus the values of cos ^ are cos^, oos cos 3 . 
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1. If A =320% prove that 


. A -l+Vl+tanM 

tan = — - ~~— A . 

2 tan A 

2. Shew that 

. . 1 + VH- tan 2 2-4 , , lir . D 

tan 24 

12 

3. Find tan .4 when cos 24 — - — and A lies between 180° 
and 225®. 

A 4 

4. Find cot — when cos A = - ~ and A lies between 180° 

2S 0 

and 270°. 

5. If cot 2d — cot 2o, shew that cot 6 has the two values cot a 
and —tan«. 

6 

6. Given that sin d=sin a, shew that the values of sin ~ are 

A 

. a . TT-a . Tr + a 

sm 3’ sm ^“» ~ sin T“- 

6 

7. If tan d=tan a, shew that the values of tau ^ are 

A 

a 7T + a , ir — a 

tong, tan — , -tan - ^ . 

8. Given that cos 36 = cos 3a, shew that the values of sin 6 


+sina, -sin 


(|±a), Bin(|±o). 


9. Given that sin 34= sin 3a, shew that the values of cos 6 

±C0S a, COS^±a^, COS 
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265. If 6 be the radian measure of an angle less than a 
right angle y to shew that sin 6, B, tan 6 are in ascending order of 
magnitude . 

Let the angle 6 be represented by 
AOP. 

With centre 0 and radius OA de- 
scribe a circle. Draw PT at right angles 
to OP to meet QA produced in T y and 
join PA . 

Let r be thc^radius of the circle. 

Area of A A OP = ^ A 0 . OP sin A OP — * r a sin B ; 

area of sector A OP— \ r-B ; • 

area of AOPT=^ OP . PP^ r . r tan B — ^ r 3 tan B. 

But the areas of the triangle AOP y the sector AOP 9 and the 
triangle OTP are in ascending order of magnitude ; that is, 

' ir®sin0, |r a 0, ^rUan0 

are in ascending order of magnitude ; 

sin B y B y tan 0 are in ascending order of magnitude. 
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266. When 6 u indefinitely diminished , to prove that 


and 


tan 0 

e ' 


each have unity for their limit. 


gin 0 

6 ' 


In the last article, we have proved that sin B, 0, tan 0 are in 
ascending order of magnitude. Divide each of these quantities 
by sin 0 ; then 

6 1 

1, — A are in ascending order of magnitude ; 

sin 0 cos 6 


that is, 


lies between 1 and sec 0. 

sm 0 


But when 0 is indefinitely diminished, the limit of sec 0 

is 1 ; hence the limit of — is 1 ; that is, the limit of - 
sm 0 0 

is unity. 

Again, by dividing each of the quantities sin 0 y 0, tan 0 by 

0 

tan 0, we find that cos 0, — ^ ^ , 1 are in ascending order of mag- 
nitude. Hence the limit of is unity. 

These results are often written concisely in the forms 


Example, Find the limit of n sin - when n = a o . 


. 6 - n . 0 n ( . 0 9\ 

n sin - = 0 . - . sin - = 0 siu - - 4 - ~ ) ; 
n 9 n \ n nj 

• 

9 9 9 

but since - is indefinitely small, the limit of sin - ~ - is unity ; 

n n n 



Similarly 
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267. It is important to remember that the conclusions of 
the foregoing articles only hold when the angle is expressed in 
radian measure. If any other system of measurement is used, 
the results will require modification. 


Example . Find the value of Lt. ( . 

»= o \ n / 


Let 0 be the number of radians in n°\ then 
n 

180 


n 0 , 1800 , . 0 . ^ 

= - 1 and n=— also ffinn°=sm0; 


sin n° v sin 0 


sin0 


' ‘ n 1^00 180 ’ 0 * 

When n is indefinitely smrfll, 0 is indefinitely small ; 

... Lt. = Lt. (™1\; 

n=0\ » ) ™0 0=0 V 0 ) 

' n=0\ n J-180- 


268. When S is the radian measure of a very small angle, 
we have shewn that 


• • 

sm 0 


1, cos 0=1, 


tan0 

0 = 


that is, sin 0=0, cos 0=1, tan 0=0. 

Hence r tan 0=r0, and therefore in the figure of Art. 265, the 
tangent PT is equal to the arc PA, when l AOP is very small. 

In Art. 270, it will be shewn that these results hold so long 
as 0 is so small that its square may be neglected. When this is 
the case, we have 

sin (a + 0) = sin a cos 6 ; cos a sin 0 
= sina + 0cosa ; 

cos (a -f 0) = cos a cos 0 - sin a sin 0 
—cosa-0sina. 


18—3 
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Example 1. The inolinatian of a railway to the horizontal plane 
is 52' 30" f find how many feet it rises in a mile. 

Let OA be the horizontal plane, 
and OP a mile of the railway. Draw 
PN perpendicular to OA, 

Let PN~x feet, /PO>T=s0; o — N A 

then = sin 0=0 approximately. 

Bnt 9=rftdi»n measure of 52' 30' = ^*^=^^; 

x_ _ 7 22 1 

" 1700 x 3 — 8 X T * 180 ' 

1760x3x22 242 ... 

8 TT 80 —l- =80i - 



Thus the rise is 80} feet. 


Example 2. A pole 6 ft. long stands on the top of a tower 54 ft. 
high: find the angle subtended by the pole at a point on the ground 
which is at a distanoe of 180 yds. from the foot of the tower. 


Let A be the point on the 
ground, BO the tower, CD the 
pole. 

Let lBAC= a, L CAD=0\ 


then 


taner= 


D<7_j> 4 
AB ~ 540 


1 

10 ; 



tan (a + 0) = 


BD 

AB 


_ 60 i 
640 9 


But 


tan (a + 0) 


tan a + tan 0 _ tana+0 
1 - tan « tan 0 “ 1 - 0 tan a 


approximately; 


. 1 10 + * 1 + 100 . 
9 - T“ T" 10-0 : 
1- 10 


whence 0=~ ; that is, the angle is ^ of a radian, and therefore 

contains ~ x — degrees. 

91 T 

On reduction, wo find that the angle is 87' 46" nearly. 



XXI.] 


LIMITS AND APPROXIMATIONS. 


266 


269. If 6 be the number of radians in an acute angle, to prove 


that 1 
Since 

that is, 
Again, 
but 


0 * 43 

cos0>l- and sind>0- — . 

A 4 

cos d=*l -2 sin 2 and 


cos0> ] - 2 
6- 

cos 6 > 1 - — ■ 


6 6 6 6 
sin 0=2 sin - cos - = 2 tu,n -cob 3 - ; 

, . «\$ 

6 6 

sin 0> 2 9 -cos a g ; 


sin 0 > 0 

6 6 

But sin - < -•> and therefore 
jS z 


(i-sin*!). 


l-sin*|>l-(f)*; 

••• 

g3 

sin 6> 6 --T-' 


270. From the propositions established in this chapter, it 
follows that if 6 is an acute angle, 

• gi 

oos 6 lies between 1 and 1 - g-, 


and 


sin 6 lies between 6 and 6- — . 

4 


Thus cos and sin 0^0-Fd 9 , where h and 1c are 

proper fractions less than J and J respectively. 
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Hence if 0 be so small that its square can be neglected, 
cos 0=1, sin 0=0. 

0 

Example % Find the approximate value of sin 10". 


The circular measure of 10" is 


10ir 


180x60x60 04800’ 


8ml0 " < <54800 “ ld > 64800 - 4 (c480o) * 


But 


64800 
v 


3 141/5926535... 
: 64800 


= •000048481368.. 


‘ ’ 64800 ' 00005 and < -000000000000126 ; 

•• BinlO,,< 6^0 and >64800." 1 ('OOOOOOtXWOO 0125 )- 

Hence tG 12 places of decimals, 

sin 10" = =• ,* = -000048481368. . . . 

64800 


271. To shew that when n is an indefinitely large integer , the 
limit of 


0 0 0 0 sin 0 

cos ~ cos - cos g ... cos — = 


0 0 

We have sin 0 = 2 sin K cos ~ 


o2 . 0 6 0 

= 2 l sin - cos - cos - 

4 4 2 

os . 0 0 0 0 

= 2 s sin - COS jr COS ~r cos 5 

o o 4 2 


=2- sin - cos | n ... cos | cos J cos 


0 0 0 0 

cos „ COS 7 cos- ... COS — = 
2 4 8 2 n 


0 . 


sin 0 

OB . 0 ’ 
2 n sm - — 

2 * 


But the limit of 2* sin— is 0, and thus the proposition is 
established. [See Art. 266.] 
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272. To shew that *5?-^ continually decreases from \ to - as 
6 it 

* if 

8 continually increases from 0 to - . 

We shall, first shew that the fraction 

sintf sinftf+A) . ... 

IT'tf+A 18 P 081 ^ 6 * 

7i denoting the radian measure of a small positive angle. 

(0 + h ) sin 8 - 8 (sin 8 <fos h + cos 8 sin h) 

i9(d+X) 

dsin 8(1- cos h) + (Ji si n 8- 8 cos 8 s in h) 

= \ J(8+/i) 

Now tan 8 > 8 } that is sin 8 > 8 cos 8 , and h > sin h ; 

.*. h 8in0>0cos0sin^. 

Also 1 - cos h is positive ; hence the numerator is positive, 
and therefore the fraction is positive ; 


This fraction = 


sin 8 
~ 8 


sin(0+A) sin 8 

~~8+h~ 8 J 

continually decreases as 8 continually increases. 


. • sin 8 _ . , A ir sin 8 2 

When 8=0) ~-q- = 1 ; and when ~ir* 


Thus the proposition is established. 


EXAMPLES. XXL a. 


* I In this Exercise take 7r=-^-.J 

1. A tower 44 feet high subtends an angle of 35' at a point 
A on the ground : find the distance of A from the tower. 

2. From the top of a wall 7 ft. 4 in. high the angle of 
depression of an object on the ground is 24' 30" : find its distance 
from the wall. 
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3. Find the height of an object whose angle of elevation at 
a distance of 840 yards is 1" 30'. ' 

4. Find the angle subtended by a pole 10 ft. 1 in! high at a 
distanco of a mile. 

5. Find the angle subtended by a circular target 4 feet in 
diameter at a distance of 1000 yards. 

6. Taking the diameter of a penny as 1*25 inches, iind at 
what distanco it must be held from the eye so as just to hide 
the moon, supposing the diameter of the moon to be half a 
degree. 

7. Find the distance at which a globe 11 inches in diameter 
subtends an angle of 6'. 

8. Two places on the same meridian are 11 miles apart : 
find the difference in their latitudes, taking the radius of the 
earth as 3960 milea. 


9. A man 0 ft. high stands on a tower whoso height is 
120 ft.: shew that at a point 24 ft. from the tower tho man 
subtends an angle of 31’5' nearly. 

10. A flagstaff standing on the top of a cliff 490 feet high 
subtends an angle of ‘04 radians at a point 980 feet from the 
base of the cliff: find the height of the flagstaff. 


11. When 0, find the limit of 


( 1 ) 


sin »' 
n * 


( 2 ) 


sin n" 
n 


12. When »== oo , find the limit of - nr 2 sin — . 

2 n 

When 0s=O, find the limit of 

13 14 m sinrofl— wsinM0 

8 sin Q ' * tan«w0+taijw0 

16. Find the value of sin 30° 10' 30". 

17. Given oos ^|+0^ ="49, find the sexagesimal value of 0. 


15. If 0« *01 of a radian, calculate cos ^ 
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Distance and Dip of the Visible Horizon. 

273 . ‘Let A be a point above the 
earth’s surface, BCD a section of the earth 
by a plane passing through its centre E 
and A. t 

Let AE cut the circumference in B 
and D. 

From A draw AC to touch the circle 
BCD in C\ and join EC. 

Draw AF dA right angles to AD j tSen 
lFAC is called the dip of the horizon 
as seen from A. 

Thus the dip of the horizbn is the angle of depression of any 
point on the horizon visible from A, 

274. To find the distance of the horizon. 

In the figure of the last article, let 

AB=\ EB=ED=r, AC=x; 
then by Euc. ill. 36, AC 2 =AB . AD ; 
that is, , o? = h (2 r + h) = 2/<r + A 2 

For ordinary altitudes A 2 is very small in comparison with 
2hr ; hence approximately 

# 2 =2Ar and x=*/2hr. 

In this formula, suppose the measurements are made in 
miles, and let a be the number of feet in AB ; then 

tt=1760x3xA. 

By taking r=3960, we have 

*2 x 3960 x a _ 3a 
# ^”"1 760x3 “T’ 

Thus we have the following rule : 

Twice the square of the distance of the horizon measured in 
miles is equal to three times the height of the place of observation 
measured in feet. 

Hence a man whose eye is 6 feet from the ground can see to 
a distance of 3 miles on a horizontal plane. 
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Example . The top of a ship’s mast is ft. above the sea-level, 
and from it the lamp of a lighthouse can just be seen. After the 
ship has sailed directly towards the lighthouse for half-an-hour the 
lamp can be seen from the deck, which is 24 ft. above the sea. Find 
the rate at which the ship is sailing. 

Let L denote the lamp, Z) and E the two 
positions of the ship, B the top of the mast, 

C the point on the deck from which the lamp 
is seen ; then LCB is a tangent to the earth’s 
surface at A. 

[In problems like this some of the lines 
must necessarily be greatly out of proportion.] 

Let AB and AC be expressed in miles; 
then since DB=66| feet and EC ^ 24 feet, 
we have by the rule 

4B s =|x66|=ri00; 

.111= 10 miles. 

/ 4C s =|x24 = 36; 

A C= 6 miles. 

But the angles subtended by AB and AC at 0 the centre of the 
earth are very small ; 

arc AD = AB, and arc AC=AE. [Art. 268.] 
.*. arc DE = AD - AE = AB - AC =4 mil&*. 

Thus the ship sails 4 miles in half-an-hour, or 8 miles per hour. 



275. Let 8 be the number of radians in the dip of the 
horizon ; then with the figure of Art. 273, we have 

EC 


COS a = = 


■HP 


EA h+r " 


J , h h 2 
-2 sm 2 -=l -- + H7- 


2 

2 sin 2 ~ = 


h h 2 
r r* + ‘ 


6 L e 


Since 6 and - are small, we may replace sin 5 by 5 and 

f 2 « 

neglect the terms on the right after the first. 
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mr 6 % h A M 

Inus — = or 0 = A / — . 

2 r 9 V r 

* 

Let N be the number of degrees in 6 radians ; then 

^ 7 _180fl _ 180 M 
ir 7T V r 


Now v /r=63 nearly ; hence we have approximately 

^180x1 xy/U 
22x63 \ ' 

or J- j y/2h, 

a formula connecting the dip^of the horizon in degrees and the 
height of the place of obseKation in miles. 


EXAMPLES. XXI. b. 


j^I [ere n = ^, and radius of earth = 3960 miles. J 

1. Find tie greatest distance at which the lamp of a 

lighthouse can be seen, the light being 96 feet above the sca- 
levcl. # 

2. If the lamp of a lighthouse begins to bo seen at a distance 
of 15 miles, find its height above the sea-level. 

3. The tops of the masts of two ships are 32 ft. 8 in. and 
42 ft. 8 in. above the sea-level : find the greatest distance at 
which one mast can be seen from the other. 

4 . Find the height of a ship’s mast which is just visible at a 
distance of 2Q miles from a point on the mast of another ship 
which is 54 ft. above the sea-level. 

5. From the mast of a ship 73 ft. 6 in. high the lamp of a 
lighthouse is just visible at a distance of 28 miles : find the 
height of the lamp. 

6. Find in minutes and seconds the dip of the horizon from 
a hill 2640 feet high. 
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7. Along a straight coast there are lighthouses at intervals 
of 24 miles : find at >vhat height the lamp must be placed so that 
the light of one at least may be visible at a distance of 3£ miles 
from any point of the coast 

8. From the top of a mountain the dip of th$ horizon is 
1^°: find its height in feet 

9. The distance of the horizon as soon from the top of a hill 
is 30’25 miles: find the height of the hill and the dip of the 
horizon. 

10. If a? miles lxj the distance of the visible horizon and N 
degrees the dip, shew that 



When 0—0, find the limit of 

11 sin 40 cot 0 l-cos0+sin0 

vers 20 cot 8 20 ‘ ’ l-cos0-sin0‘ 

13. When 0— a, find the limit of 

/1N sin0-sina /ov cos0-cosu 
(1) 0 — a. * (2) ' 6-a / 

14. Two sides of a triangle are 31 and 32, and they include a 

right angle: find the other angles. 0 

15. A person walks directly towards a distant object P 7 and 
observes that at the three points A, B, C, the elevations of P 
are a, 2a, 3a respectively : shew that AB^ZBC nearly. 

18. Shew that continually increases from 1 to co as 0 
o 

IT 

continually increases from 0 to ^ . 
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CHAPTER XXIL 


GEOMETRICAL PROOFS. 


276. To find the expansion o/tan (A +B) geometrically* 
Let lLOM=-A) and L MON— B ; tlien 



In OAT take any point P, and draw P<? and P/2 perpendicular 
OL and OM respectively. Also draw RS and RT perpendicular 
OL and PQ respectively. 


tan(A*fJ3)= 


PQ 

b oq z 


RS+PT 

'OS-TR 


RS PT 
OS + OS 

-ryr- 

os 


RS.PT 
0S + OS 


1 - 


TTT 

TP 


TP’ 

os 


Now 


PS . . A Tit . . 

^,=tan A, and yp- tan4; 


also the triangles ROS and TPR are similar, and therefore 
TP PR „ 


tan(A+P)= 


tan A+ tanP 
"I-tanAtanP 
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In like manner, with the help -of the figure on page 95, we 
may obtain the expansion of tan (-4 - B) geometrically. f 

277. To prove geometrically the formula! for transformation 
of sums into products . ( 



Let l EOF be denoted by A, and lEOO by B. 

With centre 0 and any radius describe an arc of a circle 

meeting 00 in H and OF in K. 

Bisect lKOII by OL \ then OL bisects HK at right angles. 

Draw KP, HQ, LR perpendicular to OE, and through L draw 
MLN parallel to OE meeting KP in if and QH in N* 

It is easy to prove that the triangles MKL and NHL are 
«qual in all respects, so that KM—NH \ ML=*LN } Pll=RQ. 

Also l. OOF=A - B, and therefore 

lHOL= lKOL-*~ B 

. j , . „ KP , HQ KP+EQ 
BmA+BmB =OK + m 0K~ 

(KM+LR) + ( LR - EE) _ B LR 

m 
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Bin A +sin J?=2 sin ROL cos KOL 

I 

0 . A+B A-B 

2t 2 

* D OP OQ OP+OQ 
co a A+cosB= m + m = 0K * 

(01 1 - PR) + (OR + RQ) „ OR 
UK t ~*~OK 

~ 2 UZ' 2 008 R0L cos K0L 


^1+2^ A-B 


. . . „ A7' 7/<? KP-TIQ 

*mA-»mB= 0K - m =—^ 

(KM+ LR) - (LR - Nil) _ a KM 
OK ~~ i OK 


"•S-S " 2 C ° S jCjrjfain 

0 ^4+2? . .4-7? 

= 2 cos ~g— sin - g— , 


A+B 


since L. LKM «= comp* of L KLM=* l MLO— l. LOE = — — 


„ . OQ OP OQ-OP 

coaB-coaA^^- m WR - 


(OR + RQ) - (OR - PR) ft PR_ a AIL 
OK ” 3 0K~ OK 


ML KL 
3 KL * OK** 


2 sin LKM sin KOL 
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278. Geometrical proof of the.2A formulas. 


[CHAP. 


Let PPP be a semicircle, PP 
the diameter, (7 the centre. 


— ^ 

P 

On the circumference, take any 
point P, and join PP, PC y PD. 




Draw PN perpendicular to PP. j 

! / 

A2A 

J 


B 


LPCD=2A. 


And L AY J P==cbmp* of L PDN— L.PBD—A. 
sin 2 A = 


PiV 
= CP = 


2PN 2PN 
2CP ~ BD " 


t PN BP 
' BP * BD 


cob 2 A 


= 2 sin PPA^ cos PPP 
= 2 sin A cos A. 

CN _2CN _CN+CN 
~CP~~BD “ BD 
{Btf-BC)+(CD-ND) BN-ND 
" PP ~ BD 

BN BP ND PD 
~ BP ' BD~ PD ' BD 
=cos A .cos A -sin A .sin A 
=cos* A — sin 8 A. 


oi CAT CD-DN PiT , 2Pif 
008 24 = CP ~ CP - 1- CP !Sl " PP 

-!-2 .^=l-2ain^.Bin4 

=*1-2 sin 2 A. 

PiV* BN-BC 


cos 2 A = 


“EF — “5 p 

9 BN BP 
** BP' BD 

=2cos 2 A-l. 


Pif 2BN __ - 

~CP BD 


mi . 1 = 2 cos 4 .coa. 4 -l 
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* « 4 _iW _8 PN 2 PN 

ON ~ 20 N “ BN- ND 
PN PN 

8 bn 2 bn 

“ ND “ ND PN 
1 Bit ' Pit' 'Bit 
2 tan A 

1 — tan A . tan A 
_ 2 ta n d ; 

~ 1 - tan a d ‘ 


279. To find the value of aiu 18° (jeometrically . 

Let ABD bo an isosceles triangle in which 
each angle at the base BD is double the ver- 
tical angle A ; then 

d + 2d + 2d = 180®, 
and therefore A = 36*. 

Bisect lBAD by AE; then AE bisects 
BD at right angles ; 

LBAE-IV. 

rru • i qo RE & k 

Thus • sm 18 = -775 = - , B 

AB a 

where AB=a, and BE=x. 

From the construction given in Euc. iv. 10, 
AC=BD=2BE=2x y 
and AB.BC=AC*; 

.*. a{a-2x)=z(2x'f\ 
4a*+2od?-a a =0j 
-2a± \/20c3 -1±V5 



The upper sign must be taken, since x is positive. Thus 
sin 

4 
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Proofs by Projection. 

280. Definition. If from any 
two points A and B, lines AC and 
BD are drawn perpendicular to OX, 
then the intercept CD is called the 
projection of AB upon OX. 

Through A draw AE parallel to OX ; then 
CD = A E— A B cos BA E ; 
that is, CD ~ AB cos a, 

where a is the angle of inclination of the lines AB and OX. 

281. To shew that the projection cf a straight line is equal to 
the projection of an equal and parallel straight line drawn from a 
fixed point. 

Let A B be any straight line, 

0 a fixed point, which we shall 
tall the origin, a straight line 
equal and parallel to AB. 

Let CD and OM be the pro- 
jections of AB and OP upon any 
straight line OX drawn through 
the origin. 

Draw A E parallel to OX. 

The two triangles AEB and 
OMP are identically equal ; 

0M=AE~CD\ 

that is, projection of OP = projection of AB. 

282. In the figure of the last article, two straight lines OP 
and OQ can be drawn from 0 equal and parallel to AB ; it is 
therefore necessary to have some means of fixing the direction in 
which the line from 0 is to be drawn. Accordingly it is agreed 
to consider that 

the direction of a line is fixed by the order of the letters . 

Thus AB denotes a line drawn from A to B, and BA denotes 
a line drawn from B to A. 
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Hence OP denotes a line drawn from the origin parallel to A B f 
and OQ denotes a line drawn from the origin parallel to BA. 

Similarly the direction of a projected line is fixed by the 
order of the letters. 


Thus CPt is drawn to the right from G to i) and is positive, 
while DC is drawn to the left from D to 0 and is negative. 

Hence in sign as well as in magnitude 

OM=CD, and OiV=J)C; 
that is, projection of OP = projection of A B , 

and projection of OQ— projection of BA. 

Thus the projection of a stmight line can he represented both 
in sign and magnitude by the projection of an equal and parallel 
straight line drawn from the origin . 


283. Whatever be the direction 
of ABy the line OP will fall within 
one of the four quadrants. 


Also from the definitions given 
in Art. 75, we have 

™=«HXor, 

that is, 

OM=Oi*. cos XOPy 
whatever be the magnitude of the 


angle XOP. We shall always sup- 
pose, unless the contrary is stated, 
in the positive direction. 



Y 

that the angles are measured 


284. Let 0 be the origin, P and Q 
‘any two points. p 

Join OPy 0Q ? PQ } and draw PM 
and QN perpendicular to OX. 

We have 

' OM=ON+NMy 

since the line NM is to be regarded as 
negative ; that is, 

the projection of OP** projection of OQ + projection of QP. 

20 — 2 
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Hence, the projection of one .Me of a triangle is equal to 
the sum of the projections of the other two sides taken in order . 
Thus 

projection of 0Q= projection of OP + projection of PQ; 
projection of #P= projection of §0+ projection, of OP. 


General Proof of the Addition Formulae. 

285. In Fig. 1, let a line starting from OX revolve until it 
has traced the angle A, taking up the position 0M y and then let 
it further revolve until it has traced the angle B f taking up the 
final position OX. Thus XON is the angle A+B. 




In OX take any point P, and draw PQ perpendicular to OM; 
also draw Oil equal and parallel to QP. 

Projecting upon 0X } we have 
projection of 0P~ projection of 0Q+ projection of QP 
= projection of projection 0 f OR. 

OPcwXOP^OQcosXOQ+ORcoaXOR (1) 

* OP cos B cos XOQ 4- OP sin B cos XOR ; 
cos X0P*= cos B cos XOQ A- sin B cos X0R$ 

that is, cos (.4 +P)«cos 2? cos A +sin 2?cos (90 # +ii) 

=cos A cos P- sin A sin B. 

Projecting upon 07 % we have only to write T for X in (1); 
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thus OP cos YOP «= OQ cos TOQ + Oil cos TOR 

% =0PcosPoos F0Q+0P sinPcos YOR\ 

/. cos YOP=coaBcos F0<5?+sinPcos YOR; 
that is, § 

cos (A+B ~ 90 fl ) = cos B cos (/I - 90°) + sin B cos A ; 
sin (d+P) = slid cos B -fees A sin P. 

In Fig. 2, lot a lino starting from OX revolve until it has 
traced the angle A, taking up the position OM y and then let it 
revolve hack again until it has traced tho angle P, taking up the 
final position ON. Thus XON is tho angle A -B. 

In ON take any point P, and draw PQ perpendicular to MO 
produced ; also draw OR eqyal and parallel to QP. 

Projecting upon OX t we have a& in tho previous case 

OP cos XOP ~ OQ cos XOQ + OR cos XOR 

- OP cos (180°- B) cos XOQ 

+ OP sin (1 80° - B) cos XOR j 

.* . cos XOP = - cos B cos XOQ -f sin B cos XOR ; 

that is, 

cos (A - P^ - cos B cos (d - 1 80°) + sin B cos (A - 90°) 

=*= -cosP(-cosd)+sin Psind 
=tt cos A cosP+sindsinP. 

Projecting upon 0Y y we have 

OP cos YOP = 0Q cos Y0Q 4 - OR cos YOR ; 

=0Pcos(18O # -P)cos Y0Q 

+ OP sin (180* - P) cos YOR ; 
cos Y0P*= - cos P cos Y0Q+ sin B cos YOR ; 

that is, 

cos (d - P - 90°)s=* - cos P cos {A - 270°) + sin P cos (d - 180°) ; 
.*. sin(d-P)= -cosP(-sind)+sinP(-cosii) 

=sin A cos P - cos A sinP. 
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286. The above method of proof Is applicable to every case, 

and therefore the Addition Formula are universally established. 

/ 

The universal truth of the Addition Formulae may also be 
deduced from tho special geometrical investigations of Arts. 110 
and 111 by analysis, as in the next article. 

287. When each of the angles A, B, A +B is less than 90°, 
wc haw shewn that 

cos (. A 4- B) --cos A cos B - sin A sin B (1). 

But cos (A +B )= sin (A+~B + 90°)=sin {A + 90 5 4- B ) ; 
also cos A = sin (. A 4- 90°), 

and ^ - sin A = cos (A 4- 90*). [Art. 98.] 

Hence by substitution in (1), we have 
sin (A + 90° -f B) — sin (A 4- 90°) cos B + cos (A 4- 90°) sin />. 

In like manner, it may be proved that 
cos (2 + 90° 4- B) — cos (A +90°) cos 7?- sin (A + 90°) sin B. 

Thus the formula) for the sine and cosine of A+B hold when 
A is increased by 90°. Similarly we may shew that they hold 
when B is increased by 90°. 

By repeated applications of the same process it maybe proved 
that the formulae are true when either or both, of the angles A 
and B is increased by any multiple of 90°. 

Again, cos (A + B) = cos A cos B - sin A sin B (1). 

But cos (A + B) = - sin ( A 4- B - 90°) = - sin ( A - 90° 4- B) ; 
also cos A = — sin (A - 90°), 

and sin A — cos (A - 90“). [Arts. 99 and 102.] 

Hence by substitution in (1), wo have 
sin (A - 90° + B) = sin ( A - 90°) cos B 4- cos (A - 90°) sin B. 
Similarly we may shew that 

cos {A - 90° +B)= cos (A - 90*) cos B - sin (A - 90°) sin B. 

Thus the formulae for the sine and cosine of A+B hold when 
A is diminished by 90°. In like manner we may prove that they 
are true when B is diminished by 90® 
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By repeated applications of the same process it may be shewn 
that the formulae hold when either or both of the angles A and 
B is diminished by any multiple of 90°. Further, it will be seen 
that the formulae are true if either of the angles A or B is 
increased by a multiple of 90° and the other is diminished by a 
multiple of 90°. 

Thus sin (P+ Q) = sin P cos Q + cos Psin 

and cos (P + $) = cos P cos Q - sin P sin Q , 

where P=A+m. 90°, and Q~B±n. 90°, 

m and n being any positive integers, a; id A and B any acute 
angles. 

Thus the Addition Formula) are true for the algebraical sum 
of any two angles. v + 


MISCELLANEOUS EXAMPLES. H. 

1. If the sides of a right-angled triangle are 

cos 2a + cos 2/34- 2 cos (a + / 3) and sin 2a + sin 2/3+2 sin (a + /3), 

— ft 

shew that the hypotenuse is 4 cos 2 a p . 

2 , 

2. If the in-centre and circum-centre l>e at equal distances 
from BC } prove that 

« cos /? + cos (7=1. 

3. The shadow of a tower is observed to be half the known 
height of the tower, and some time afterwards to be equal to the 
height : how much will the sun have gone down in the interval ? 
Given log 2, 

£ tan 63° 26' = 10*3009994, diff. for l'=3159. 

4 . If (l+sina)(l+sin/9)(l+siny) 

• = (1 - sin a) (1 - sin /8) (1 - sin y), 

shew that each expression is equal to ± cos a cos /9 cosy. 

5. Two parallel chords of a circle lying on the same side of 
the centre subtend 72° and 144* at the centre : prove that the 
distance between them is one-half of the radius. 

Also shew that the sum of the squares of the chords is equal 
to five times the square of the radius. 
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6. Two straight railways are inclined at an angle of CO°. 
From their point of intersection two trains P and Q start at the 
same time, one along each line. P travels at the rate'of 48 miles 
per hour, at what rate must Q travel so that after one hour they 
shall be 43 miles apart? 

7. If O = 0OS»- + C08- 1 |, 

, a o 

, a? 2xy V 2 

shew that sin 2 a = - f cos a + 7 * . 

a* ab Ir 


8 . If q, r denote the sides of the cx -central triangle, prove 
that 

a* c 2 2a6c_ 

pi qt r 2 pyr 

9. A tower is situated within the angle formed by two 
straight roads OA and OB, and subtends angles a and # at the 
points A and B where the roads are nearest to it. If OA-a> 
and OB=b f shew that the height of the tower is 

s!a % - 6* sin a sin /9 / \/ sin (a -f 0) sin (a - 0). 

10. In a triangle, shew that 

r 2 4-fi* + r 2 2 + r 3 2 = 16/* 2 - a 2 - 6 2 - c 2 

11. If AD be a median of the triangle ABC \ shew that 

(1) cot BA D=2(yot A +cotB , 

(2) 2 cot A DC— cot B — cot C. 


12. If j?, o, r are tho distances of the orthocentre from the 
sides, prove that 



( a ,b c\fb c a\ le a 
P + q r)\q + r~p)\r+p 



Oraphical Representation of the Circular* Functions. 

288. Definition. Let f(x) be a function of x which has a 
single value for all values of x, and let the values of or be repre- 
sented by lines measured from 0 along OX or 0X\ and the 
values of /(a?) by lines drawn perpendicular to XX. Then with 
the figure of the next article, if OM represent any value of x, 
and MP the corresponding value of / ( 4 ?), the curve traced out by 
the point P is called the Graph of f(x). 
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Graphs of sin 6 and cosO. 

289. Suppose that the unit of length is chosen to represont 
a radian ; then any angle of 3 radians will be represented by a 
line OM which contains 3 units of length. 

Graph of sin0. 



Let MP y drawn perpendicular to OX, represent the value of 
»in 0 corresponding to the value OM of 6 ; then the curve traced 
out by the point P represents the graph of sin 3. 

As OM or 3 increases from 0 to ~ , MP or sin 3 increases from 
0 to 1, which is its greatest value. 


As OM increases from ? to 7 r, MP decreases from 0 to 1. 

Jt 

♦ 37T 

As OM increases from 7 r to ~ , MP increases numerically 
from 0 to - 1. j 

As OM increases from ^ to 2zr, MP decreases numerically 
J 

from - 1 to 0. 

As OM increases from 2n to 4n, from \tt to Gw, from 6rr to 

8tt, , MP passes through the same scries of values as when 

OM increases from 0 to 2 tt. 

Since sin ( — 0) =* — sin 3 } the values of MP lying to the left of 
0 are equal in magnitude but are of opposite sign to values of 
MP lying at an equal distance to the right of 0. 

Thus the graph of sin 6 is a continuous waving line extending 
to an infinite distance on oach side of 0. 

The graph of cos 6 is the same as that of sin 0, the origin 

being at the point marked ~ in the figure. 
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Graphs of tan 6 and cot 6. 

290. As before, suppose that the unit of length is chosen to 
represent a radian ; then any angle of 9 radians will be repre- 
sented by a line OM which contains 9 units of length. 

Let M P, drawn perpendicular to OX, represent the value of 
tan 9 corresponding to the value OM of 9 ; then the curve traced 
out by the point P represents the graph of tan 9. 

By tracing the changes in the value of tan 9 as 9 varies from 

0 to 2rr t from 2*r to 4rr, , it will be seen that the graph of tan 9 

consists of an infinite number of discontinuous equal branches as 
represented in the figure below. The part of each branch be- 
neath XX is convex towards XX r f and the part of each brauch 
above XX' is also convex towards XX; hence at the point where 
any branch cuts XX there is what is called a point of inflexion, 
where the direction of curvature changes. The proof of these 
statements is however beyond the range of the present work. 

The various branches touch the dotted lines passing through 

the points marked 



at an infinite distance from XX. 



The student should draw the graph of cot 9, which is very 
similar to that of tan 9. 
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Graphs of sec 0 and cosec 0. 

291. The graph of sec B is represented in the figure below. 
It consists of an infinite number of equal festoons lying alter- 
nately above and below XX\ the vertex of each being at the 
unit of distance from XX. The various festoons touch the 
dotted lilies passing through the points marked 




at an infinite distance from XX. 


Graph of sec0* 
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292. Ail expression in which the successive terms are formed 
by some regular law is called a series. If the series ends at 
some assigned term it is called a finite series ; if the number of 
terms is unlimited it is called an infinite series. 

A series may be denoted by an expression of the form 
w 1 +« 8 +h 8 +... +w H - 1 +w»+w ll + 1 +..., 
where w n+1 , the (n+l) th term, is obtained from u w the n* term, 
by replacing n by w+1. 

Thus if u n = cos(a+ft/3), then t^ + I =cos{a+(w+l)/i] ; 
and if « n =cot 2*" 1 o, then u n+ j = cot 2 W a. 

293. If the i** term of a series can be expressed as the 
difference of two quantities one of which is tho came function of 
r that the other is of r+ 1, the sum of the series may bo readily 
found. 

i 

For let the series be denoted by 

t^ + ICj + tf 3 + + «», 

and its sum by S 9 and suppose that any term 
Mr«v r+1 -tv; 

then -«,)+(«,- +(*-*«-i)+(*»+i-»ii) 


Example. Find the sum of the series 

cosec a+cosec 2a + cosec 4a + + cosec 


ooseoo= 


1 

siu a 



. a . . a . 

sm g srna sin- sin a 



SUMMATION 07 FINITE SEBUM 


Henoe coseo a = oot | - cot a. 

i 

If we replace a by 2a, we obtain 

coseo 2a = cot a - cot 2a. 

Similarly, * cosec 4a = cot 2a - cot 4a y 

coseo 2*"' 1 a — cot *2 n ” 2 a - cot 2* i ~ 1 a. 

By addition, 5 =cot“ - cot a. 

294. 5To ./Znc? the sum of the sines of a series of n angles which 
are in arithmetical progression, \ 

Let the sine-series be denoted by 

sin a + sin (a + 0) + sin (a + 20) + + sin {a + (n - 1 ) 0}. 

We have the identities 

2 sin a sin ~ = cos ^a- - cos » 

2 sin (a+£) sin | = cos “ cos ( a +y)> 

2 sin (a+60) sin |=cos ^« + 3 <0 - cos » 

2 sin {a+(»-l)0} sin |= cos (a+^~ 0^ - cos ^a+^- - 0^. 
By addition, 

20sin cos - coo + 0^ 

= 2 sin sin y ; 
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295. In like manner we may shew that tho sum of the 
cosine-series 

cos a+cos (a+£)+cos (a + 20) + ... + cos {a+(a- 1)0} 


. «0 
sm 2 

T 


sm- 


s ( a+ V^)- 


2 


296. The formula) of the two last articles may l>e expressed 
verbally as follows. 

The sum of the sines of a series of n angles in a.i\ 

ndi ff- 

2 . first angle + last angle 

dii. Sm * 2 


sin- 


sm 2 

The sum of the cosines of a series of n angles in a.p. 
n diff. 


sm- 


2 cos -fi rs * a 


sin -f- 


Example. Find the sum of the series 

cos a + cos 3a + cos 5a + + cos (2 n - 1 ) a. 

Here the common difference of the angles is 2a; 

„ sinwa a + (2n-l)a 
Bin a 2 

_ sin na cos na _ sin 2 na 
~~ sin a 2 sin a * 


297. If sin ” = 0, each of the expressions found in Arts. 294 
and 295 for the sum vanishes. In this case 

~=^yr, or 0 « , where h is any integer. 

« n 

Hence the mm of the sines and the sum of the cosines of n angles 
in arithmetical progression are each equal to zero , when the common 

difference of the angles is an even multiple of 
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298. Some series may be brought under the rule of Art. 296 
by a simple transformation. 

t 

Example 1. * Find the sum of n terms of the series 

cos a - oos (a + 0) + cob (a + 20) - cos (a + 30) + 

This series is equal to 

cos a + cos (a +0 + ir) + cos (a + 20 + 2?r) + coa (a + 30 + 3ir) + 

a series in which the common difference of the angles is 0 + ir, and the 
last angle is a + (n - 1) (0 -f t). 


s — -T hT“> 

Bin - — 

2 v 


a + 


(u-l)(0 + 7r)l 


Example 2. Find the sum of n terms of the series 
sin a + cos (a -f 0) - sin (a + 30) - cos (a 4- 30) + sin (a + 40) + 


This series is equal to 

sina + sin + 0 + +^in (a + 20 -f *■) + sin ^a + 30 + ~^- 


a series in which th,e common difference of the angles is 0 + - 


.\ 


. fi (20 + nr) 
sin — — ~ — — 
4 

. 20 + t 
sin 

4 


•sin ^a + 


| , (n-l)(2g+,r)| 


r 


EXAMPLES. XXm. a. 


Sum each of the following series to n terms : 

1. sina+sin3a+sin5o+ 

2. cos a + cos (a -/S)+ cos (a -2/8) + 

-£) +8in 

. it. 2ir , 3ir , 

4« cos j+cos -j*+cos*^- + 


3. aina+smf 
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Find the sum of each of the following series : 

IT 

ItT 

2ir 


5. 


6 . 


cos — -f cos 
21 


3rr 

5tt 

17), 

i _ +C08 _ + ... 

•" +00B 19 * 

4 7T . 

6tt 

20ir 

l 2T +C03 iT + - 

••• +00s 21 ' 


JL .7r.27r.37r 

7. sin- +sin — f-sm — K... 

.. to 7i-l terms. 

n n n 


n 7T 3 tt , 5i r 

8. cos -+ cos — hcos — + ... 
n n n 

... to 2n- 1 terms. 


9. siiiWfl+sin(n-l)«+sin(7i-2)a+ to Zn terms. 


Sum each of the following series to n terms : 

10. sin 0- sin 20+ sin 30 -sin 40+ 

11. cos d-cos (a- 0) + cos (a - 2/3) - cos (a- 3/3)+ 

12. cos a - sin (a - / 3) - cos (a - 2/9) +sin (a - 30) + 

13. sin 20sin0+8in30sin20+sin40 8in30 + 

14. sin a cos 3a + sin 3a cos 5a + sin 5a cos 7a + 

15. sec a sec 2a + sec 2a sec 3a + sec 3a sec 4a + 

16. cosec 0 cosec 3 0 + cosec 3 0 cosec 50 

+ cosec 50 cosec *J0 + 

17. tan ^ see a + tan ^ sec ^ + tan ~ sec ^ + 

18. cos 2a cosec 3u+ cos 6a cosec 9a + cos 1 8a cosec 27a + 

19. sin a sec 3a + sin 3a sec 9a + sin 9a sec 27a + 

20. The circumference of a semicircle of radius a is divided 
into n equal arcs. Shew that the sum of the distances of the 
several points of section from either extremity of the diameter is 

a ( cot ^- 1 )* 

21. From the angular points of a regular polygon, perpen- 
diculars are drawn to XX' and YY' the horizontal ana vertical 
diameter of the circumscribing circle : shew that the algebraical 
sums of each of the two sets of perpendiculars are equal to 
zero. 
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299. By means of the identities 

2sm 2 /f = l— cos 2a, 2 cos 2 a =1+ cos 2a, 

4sin 3 a*=^sin a- sin 3a, 4cos 3 a = 3 cos a -f cos 3a, 

we cun find tjic sum of the squares and cubes of the sines and 
cosines of a series of angles in arithmetical progression. 


Ej ample 1. Find the sum of n terms of the series 
sin 2 a+sin 3 (a+/3) + sin 3 (a 4-2/3) + 

28 = {1 - cos 2a} + {1 - cos (2a + 2/3)} + {i- cos (2a + 4/J)} + 


=s n - {cos 2a + cos (2a + 2/3) + cos (2a + 4/3) + 

_ „ _ cog 2 a+{ 2 o + (x-l)2j3} . 

sin p *2 s 




}; 


Example 2. Find the sum of the series 

cos 8 a + cos 8 3a + cos 8 5a + + cos 3 (2n - 1) a. 

4 S = (3 cos a + cos 3a) + (3 cos 3a + cos 9a) + (3 cos 5a + cos 15a) + 

= 3 (cos a + cos 3a + cos 5a + ) + (cos 3a + cos 9a + cos 16a + ) 

__3sinwa > |a+ (2H- 1) a l sin 3 n a f 3a + (2»- 1) 3a | 
sin a C ° b ( 2 j + sin 3a C ° S [ 2 f * 

^ 3 sin na cos na sin 3na cos 3 na. 

~~ 4 sin a 4 sin 3a 


300. The following further examples illustrate the principle 
of Art. 293. 

Example 1. Find the sum of the series 

tan ~ 1 r+T? 2 '.^ + tan ■ , l+a7i^ + +ten " 1 TTMnVlT*>' 

As in Art. 249, we have 

tan” 1 — = tan” 1 (r + 1) x — tan" 1 rx ; 

l+r(r + l) a? 3 v ; ' 

.\ 8 - tan -1 (n + 1) a: - tan -1 *. 


M 
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Example 2 . Find the sum of n tones of the series 

tana+itan?+itan^ + itan| a +......i 

We have tan a = cot a - 2 cot 2a. 

Replacing a by ^ and dividing by 2, we obtain 

1 . a 1 - a 

- tan - = a - cot ^ -cot a. 

Similarly, tan fa = p «>* f 3 - | c°‘ 5 ; 

2^5 tan 2* 111 = 2»-i cot g5- J ~ 00t 2*^ ’ 

By addition, S = cot 5^ - 2 oot 2a. 


EXAMPLES. XXIII. b. 

Sura each of the following series to n terms : 

1. cos 2 0+ cos 2 30 + cos 2 56 + 

2. sm 2 a+sin 2 + sin 2 ( a +^) + 

3. cos 2 a + COS 2 ^ + cos 3 ^a~^^ + .... 


4 . sin 3 0+ sin 3 20+ sin 3 30+ 

5. sin 3 a + sin 3 -+ + sin* (a+^j^ 

6. cos 3 a -+ cos 3 + cos 8 ^a-^^ + 

7 . tan 0+2 tan 20+ 2 2 tan 2 3 0 + 

8 1 , 1 . 1 , 

cos a + cos 3a ^ cos a + cos 5a OOSa+cos7a’ r 
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9, sin 2 0 sin 20 4* \ sin 2 2 0 sin 40 4- \ sin 2 40 sin 80 4 . 
A 4 

\ 

V 0 0 0 0 0 

10. 2 cos 0 sin 2 g + 2 2 cos g sin 2 2 3 cos sin 2 ~ 4- 


11, tan-' , f. _., +tan- 1 „ „ +taii~t * 


1 . 2 +*“' 


2 . 3+** 1 


3 . 4 +*“" 


12. to '^+i+i» +ta “' 1 iT2+^^' 1 I+l'+T» + 

13. tan 1 2+ l*+ i4+ tan “ l 2+"2*+8* +tau ~ * 2+P+3< + "* ' 

14. tan- 1 j— lJ+T4 +tan-i 1 3 22+2 «+tan -1 ]-_ 3 i +34 +-- • 


15. From any point on the circumference of a circle of radius 
r, chords are drawn to the angular points of the regular inscribed 
polygon of n sides : shew that the sum of the squares of the 
chords is 2nr 2 . 

16. From a point P within a regular polygon of 2 » sides, 
perpendiculars PA lt PA % , PA Z , ...PA 2n are drawn to tho sides : 
shew that • 

PA^n—i^ P A 2 + P A 4 4“ ... + P Ayfr^’llTy 
where r is tho radius of the inscribed circle. 


17. If A X A q A q. . . d tin + 1 is a regular polygon and P a point on 
the circumscribed circle lying on the arc A l A, in+v shew that 

PA X ~\~P djj +... 4- -^211 + 1 — ^2 + ^4 4* P Atjn |. 


18. From any point on the circumference of a circle, perpen- 
diculars are drawn to the sides of the regular circumscribing 
polygon of n sides : shew that 

3^ 

(1) the sum of the squares of the perpendiculars is — ; 

(2) the sum of the cubes of the perpendiculars is — - . 

21—2 
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Symmetrical Expressions. 

301. An expression is said to be symmetrical with respect to 
certain of the letters it contains, if the value of the expression 
remains unaltered when any pair of tljese letters are interchanged. 
Thus 

cos « -f cos (H -f cos y , sin a sin £ sin y, 

tan (a-0)+ tan (j3 - 6 ) 4- tan (y - d), 
are expressions which are symmetrical with respect to the letters 

ay ffy y. 


302. A symmetrical expression involving the sum of a 
number of quantities may bo concisely denoted by writing 
down one of the terms and prefixing the symbol 2. Thus 2 cos a 
stands for the sum of all the terms of whicTPcos a is the type, 
2 sin a sin £ stands for the sum of all the terms of *.hich sin a sin & 
is the type ; and so on. 

For instance, if the expression is symmetrical with respect to 
thq three letters a, ft y, 

2 cos £cob y =cos 0 cos y +cos y cos a+cos a cos /3 ; 

2 sin (a— ft= si n (a - 6) + sin (0 - 6) + sin (y - $). 

303. A symmetrical expression involving tho product .of a 
number of quantities may be denoted by writing down one of 
the factors and prefixing the symbol II. Thus II sin o stands for 
the product of all the factors of which sin a is the type. 

For instance, if the expression is symmetrical with respect to 
the three letters a, ft y, 

n tan (a+0)=tan (a+0) tan (0+0) tan (y +0) ; 

II (cos/9-f cos y)a=r (cos £+cos y) (cos y +cos a) (cos a+cos ft. 
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304 . With the notation just explained, certain theorems in 
Chap. XII. involving the three angles A, B, C, which arc con- 
nected by fihe relation A +B+ 180 °, may be written more 
concisely. F^instanco 

# Sain 2 . 4—411 sin A; 

2 sin A =411 cos ^ ; 

2 tan X— II tan A ; 

2 tan - tan ---= l. 


Example 1 . Find tho ratios of a : b : c from the equations 
acos0 + b sin 0=c and a cos 0 + ?> sin0=c. 

From the given equations, we have 

flCos0 + &Bin0-<; = O, 
and acos 0 + & Bin0-c=O; 

whence by cross multiplication 

a _ 6 __ c 

sin 0 - sin 0 “ cos 0 - cos <j> “ sm <f> cos 0 - cos <f> sin 0 ’ 


2 COB 


0+0 . 0-0 


b 


c 


2 sin 


0 + 0 . 0 — 0 sin (0-0)* 
~ 2 ~ sin ■— 


Dividing each denominator by 2 sin 


0-0 
a™ • 


we have 


a b c 



Note. This result is important in Analytical Geometry. 

It should be remarked that oos (0 - 0) is a symmetrical function 
of 0 and 0, for oos (0-0)=cos(0- 0); hence the values obtained fox 
a : b : c involve 0 and 0 symmetrically. 


Example 2 . If a and p are two different values of 0 which satisfy 
the equation acos0+b sin 0=c, find the values of 

4 cos 3 5 cos 2 f , sin a + sin /?, sin a sin 0. 

A m 
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From the given equation, by transposing and squaring, 

(a cos 0 - c) 2 = 6 2 sin 2 0= 6 2 (1 - cos 2 0) ; / 

(a 2 + 6 2 ) cos 2 0 - 2 ac cos 0 + c* - b 2 ^0y/ 

The roots of this quadratic in cos 0 are cos a and cos £; 


- oosa+cos^=^ s + J)J (1), 

p2 _ J^2 

C0 * a « 0S ^ s =a2+5? ( 2 )- 


& B 

And 4cos 2 |coB 2 ^-=(l + cosa)(l+cos/3) 

- 1 2oc c 2 -b 2 
^^a**#* a*+b* 

_ (a + c ) 2 
~~ a- + 6 2 ' 

7T T 

From the data, we see that - - a and ^ - 0 are values of 0 which 
satisfy the equation a sin 0 + & cos 0 = c. 

By writing a for 6 and b for a, equation (1) becomes 

. „ 26c 

or sin eH-sinj8=^— « 

Similarly, from equation (2) we have 

• o c 2 - a 2 

These last two results may also be derived from the equation 
(6 sin 0 - c) 2 =a 2 cos 2 0=a 2 (l - sin 2 0). 

Example 3. If a and 0 are two different values of 0 which satisfy 

the equation a oos 0 + 6 sin0=c, prove that tan = - . Also if the 

m a 

values of a and fi are equal, shew that a*+ 6 2 =c 2 . 

l-tan»| 2tan| 

By substituting coag = u and sin 0 = i — 


l + ten»g 


1+ten 4 ^ 
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in the given equation a om 0 + b sin 0= c, we have 

V 


that is, 


- tan a |^ + 2b tan « =c ^1 + tan 8 ?^ ; 

• (c+o) tan 2 | - 2b tan ^ + (c - a) =0 


.(1). 


The roots of thus equation are tan£ and tanf ; 

a 2 

tan£+tan£n ™ and tafc ~tan£ = c ^-~ ; 

2 2 c + a 2 2 c + a 

.-. tan*t/* = 2? /(!-*-*)=*. 

2 c + ^ \ c + aj a 

If the roots of equation (1) are*equal, wo have 

b 2 =(c + a) (c- a); 

whence a^+b 2 ^ 2 . 

Note. The substitution hero employed is frequently used in 
Analytical Geometry. 

Example 4. If cos 0 + cos 0 = a and sin 0 + sin 0 = 6, find the values 
of cos (0+tf>) and sin 20 + sin 20. 

From the given equations, wo have 

sw 0 + sin 0 _ b % 
cos0+cos0~ a* 

ten-- + *=- i . 

2 « 

For shortness write t instead of tan -■ then 
^ 1-t* o 5 -6 s 


and 


. . 2t 2ai 


Multiplying (he two given equations together, we havo 
sin 20 + sin 20+ 2 sin (0 + 0) =2ab ; 

••• »in29+iin2^=2a6^1 - . 
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Example 5. Resolve into factors the expression 

cos 2 a + cos 2 £ + cos 2 7 + 2 cos a cos p cos v - ly 

and shew that it vanishes if any one of the four apples a±p±y is 
an odd multiple of two right angles. / 

The expression= cos 9 a + (cos 2 /3 + cos a 7 - 1) + 2 cos a cos/3 cos 7 
=cos a a + (cos 2 /J - sin a 7 ) + 2 cos a cos p cos 7 
-- cos 9 a + cos (p + 7 ) cos (p - 7 ) + cos a { cos (p + 7 ) + cos (p --* 7 )} 

= {cos a + cos (p + 7 ) } {cos a + cos (p - 7 )} 

. a+/9 + 7 o-fl -7 a + fl -7 a-/J + 7 

= 4 cos — v' — - cos — 2~ 008 — 2 " 003 2 * 


The expression vanishes if one of the quantities cos y ~0; 

that is, if one of the four angles — (2w + l) ~ ; 

2 2 

that is, if a±/3±7=(2n + 1) w, where n is any integer. 


™ i o , * sin a sin p 

Example 6. If tan 0 = 

cos a + cos p 

0 cl B 

prove that one value of tan - is tan - tan£ . * 

From the given equation, we have 
a ._l sin 2 a sin 2 j3 _ (cosa + cos/3) 9 +(l — cos* a) (1 — cos a /3) 
860 ” + (cos a + cos j3) a (cosa + oos/3) 2 

_ 1 + 2 cos a cos p + cos 2 a cos 2 ft 
~ (cos a + cos p)* 

m 1 • XT. • j • . . 1 + cosacosj 9 

Taking the positive root, sec 6= -J- ; 

cosa + cos^S 

co 

1 + cos a cos P 

1 - cos 0 _ 1 -C0Ba-C0Bft + c0BaC0B/3 (1-cob g)(l-cos/3) 
l + cos0““ l + cosa + coB0 + cosacos/9 “ (1 + cos a) (1 + cos p) ' 

tan 3 ~=tan a ?tan s |; 

0 CL B 

and therefore one value of tan | is tan | tan | . 
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Example 7. In any triangle, shew that 

2a 8 cos A s= abc (I + 411 cos A). 


Let 
so that 


\ *=_?_ 

sin A sin 3 sin C * 

» 

a=k sin A, b = 7c sin B, c = k sin C. 


13y substituting these values in the given identity, and dividing 
by k\ we have to prove that 

2 sin 3 ;! cos A = sin A sin B sin (7 (1 +411 cos 4). 

Now 82 sin 8 i4 cos A = 42 sin 2 .4 sin 2 A 

= 22 (1 - cos 2A ) sin 2 A 
= 22 sin 2.4 - 2 Bin 4 A ; 

and it has been Bhewn in Example 1, Art. 135, that 
2 sin 2 A = 4H sin A ; 
and it is easy to prove that 

2 sin 4 A = r- 411 sin 2 A = - 3211 sin A . II cos A ; 

8 2 sin 3 A cos A = 811 sin A + 3211 sin A . II cos A ; 

. . 2 sin 3 .4 cos *4 = n siu A (1 + 411 cos A). 


EXAMPLES. XXIV. a. 

1. If 6 = a, and 6 — 1 3 satisfy the equation 


icosd-f-sin 0=-, 
a 6 c 

a 4-3 , . a-f 3 a — 3 

prove that a cos — = o sin -y = c cos — . 

Solve the simultaneous equation- : 

2. - cosa+f sina=l, - cos 3 +? sin 3=1. 

a o a o 

3. - coso-f r sin a=l, -sin a — *-cosa=l. 

a o a o 
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If a and /3 are two different solutions of a cos 04-ftsin0*=c, 

>va +.V> at. 


prove that 


4. 5 . co»>" 


8. If acosa4-ftsina=acos/84-ft sin£=<?, prove that 

sin(a+0)=J™, and cota+(x>t,9=^^- s . 

« 

If cos0-foos<£=*a and sin 0 4- sin 0= ft, prove that 


9. cos 0 cos 0 

10. cos 20 4- cos 20 

11. tan 04-tan0 = 

0 

12. tan- + tan 


( a 2 + fr2)2_ 4 52 


4 (a 2 -f ft‘) ' 

(<r«-ft2) (a 2 4- ft 2 — 2) 
a 2 4- ft 2 


2 


8 aft 

(aHft 2 ) 2 ^ 2 ’ 

0 

2 5=3 a 2 + ft 2 + 2a ‘ 


13. Express 

1 - cos 2 a - cos 2 3 - cos 2 y + 2 cos a cos /3 cos y 

as the product of four sines, and shew that it vanishes if any one 
of tho four angles a±P± y is zero or an even multiple of rr. 


14. Express 

sin 2 a 4- sin 2 £ - sin 2 y4-2sinasinj8cosy 
as the product of two sines and two cosines. 

15. Express 

sin 2 a 4- sin 2 /94-sin 9 y - 2 sin a sin 0 sin y- 1 
as the product of four cosines. 
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16. Jf 


COBtf— 

1 - cos a cos 3 1 


prove that on^value of tan ^ is tan 5 cot f . 

Z A 2! 


17. If 


tan* 8 cos 5 — — sin a sin ft, 


Q 3 

prove that one value of tan 2 is tan ~ tail £ . 

18. If tan d (cos a 4- sin 3) — sin a cos 3, 
prove that one value of tan | is tan ? tan “ g) ‘ 


In any triangle, shew tljat 

19. 2a 3 sin B sin C— 2abc ( 1 4- cos A cos Z? cos G). 

a hc 

20. 2^ cos 3 ii = ^ (1 - 4 cos AcoxB cos C). 

21. 2a 3 cos (Z? - C) = 3aZ>c. 

22. If a and 3 are roots of the equation a cos B+b sin B^c, 
form the equations whose roots arc 

(1) sin a and sin 3; (2) cos2« and cos 23. 


Alternating Expressions. 

305. A11 expression is said to be alternating with respect to 
certain of the letters it contains, if the sign of the expression but 
not its numerical value is altered when any pair of these letters 
are interchanged. 

Thus cos a -cos 3, sin(a-3)> tan (<x-3)> 

cos 2 a sin (3 — y ) + cos* 3 sin (y — a) + cos 2 y sin (o - 3) 
are alternating expressions. 

306. Alternating expressions may bo abridged by means of 
the symbols 2 and II. Thus 

2 sin 2 a sin (3 - y) — sin 2 a sin (3 - y) + sin 2 3 sin (y - a) 

4- sin 8 y sin (a -3); 

II tan (3— y)«tan (3— y)tan(y — a) tan (a — 3)* 
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We shall confine our attention chiefly to alternating expres- 
sions involving the three letters a, 0, y, and we shall adopt the 
cyclical arrangement ft-y, y~a, a-# in which p f follows a, 
y follows p, and a follows y. ^ 

Example 1. Prove that 2 cos (a + 0) sin {p - y) = 0. 

2 cos (a + 0) sin (p - y) =2 (cos a cos 0 - sin a sin 0) sin (p ~ y) 

= cos 0 2 cos a sin (p - 7) - sin 0 2 sin a sin (/3 - 7) 
= 0 , 

since 2 cos a sin (0- 7) = 0 and 2 sin a sin (0- 7)= 0. 

Example 2. Shew that 2 sin 2 (/3 - 7) = - 4TI sin (]8 - 7). 
sin 2 (j8 - 7) + sin 2 (7 - a) + sin 2 (a -p) 

--2 sin (p - a) cos (a + p - 27) + 2 sin (a - p) 00s (a - p) 

= 2 Bin (a - p) {cos (a -p)- cos (a +p - 27)} 

=4 sin (a - p) sin (a - 7) sin (p - 7) 

= - 411 sin (p - 7). 


Example 3 . Prove that 

( 1 ) 2 tan (j8 - 7) = II tan (p - 7) ; 

( 2 ) 2 tan p tan 7 tan {p - 7) = - II tan (p - 7). 

(1) From Art. 118 , if A + £ + C= 0 , we see that 

tan A-i-tanJS + tan C=tan^ tanP tanC. 


Hence by writing A=p-y, B= 7 -a, C'=a-/ 9 , we have 
2 tan (p - 7) as n tan 03 - 7) . 

( 2 ) From the formula for tan (£-7), tan (7 -a), tan (a - P), we 
have 

2 (1 + tan 0 tan 7) tan (£ - 7) = 2 (tan p - tan 7) =0 ; 
whence by transposition ' 

2 tan p tan 7 tan (0- 7)= - 2 tan (0 - 7) 

= -n tan (/S-7). 
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Example 4 . Shew that 

2 cos 3 a sin (0 - 7) = 4 cos (a + 0 + y) II sin {ft - 7) . 

Since 2 *os 3 a sin (0 - 7) = sin (So + 0 - 7) - sin (3a - 0 + 7), 
we have 

22 cos 3 a sin (0 - 7) = sin ( 3 a + 0 - 7) - sin (3a-0+7) + sin (30 + 7 -a) 

- sin (30 - 7 + a) + sin (37 + a - 0 } - sin (87-0+0). 

Combining the second and third terms, the fourth and fifth terms, 
the sixth and first terms, and dividing by 2, we have 

2 cos 3 a sin (0-7) 

=cos (a + 0 + 7) {sin 2 (0 - a) + sin 2 (7 - 0) + sin 2 (a - 7)} 

= 4 cos (a + 0 + 7) It si^ (0 - 7). [See Example 2.] 

307 . The following example is given as a specimen of a 
concise solution. 

Example . If (y + z) tan a + (z + x) tan 0 + (x + y ) tan 7=0, 
and xtan0 tan 7 + ?/ tan 7 tan a + s tana tan0=*+y+«, 

prove that x sin 2 a+y sin 20 + z sin 27 0. 

From the given equations, we have 
x (1 - tan 0 tan 7) +y (1 - tan 7 tan a) + z (1 - tan a tan 0) = O, 
and £ (tan 0+ tan y)+y (tany+tan a )+z (tan a + tan0)=O. 

If we find the values of x : y : z by cross multiplication, the 
denominator of x 

=5 (1 - tan 7 tan a) (tan a + tan 0) - (1 - tan a tan0) (tan 7 + tan a) 

= (tan 0 - tan 7) + tan 3 a (tan 0 - tan 7) 

= (1 + tan 3 a) (tan 0 - tan 7) 

= sec 2 a (tan 0 - tan 7) 

__ sec a sin ( 0 - 7) 

~ cos a cos 0 cos 7’ 

** enCe Bee a sin (0 - 7) “ seo0Bin(7 - a) ~ Bec7sin (a-0)~* Sft ^‘ 
x sin 2a + y sin 20 + z sin 27 = &2 sin 2a sec a sin (0 - 7) 

=2&2 sin a sin (0-7) 

= 0 . 



306 


ELEMENTARY TRIGONOMETRY. 


[CHAP. 


Allied formula in Algebra and Trigonometry. 

308 . From well-known algebraical identities wp can deduce 
some interesting trigonometrical identities. / 

Example 1 . In the identity 

(* -a) (ft - <•) + (* - b) (c- a) + (x - e ) (a - ft)=0, 
put *ssoos 2 d, a - cos 2 a, b: = cos 2 / 9 , c=cob27; 

then jj-a = co820-cos2a=:2sin(a + 0) sin(a-d), 

and ft cos 2 / 9 -cos 27= - 2 Bin (P+y) sin(/ 9 -y); 

2 sin (a + 0 ) sin(a- 0 ) sin (fi+y) sin(/3-7)=0. 

Example 2 . In the identity 6 

2 a 2 (ft - c) = - II (ft - c), 

put a sb sin* a, & = sin 2 / 9 , c=sin 2 7; 

then ft -c =sin 2 /9 - sin a 7= sin (/9 + 7) sin ifi - 7) ; 

2 sin 4 a sin (/3 + 7) sin (/9 - 7) = -II sin (p+y) . II sin (/9 - 7). 

Example 8. In the identity • 

2 a 8 (ft - c) = - (a + ft + c) II (ft - c), 
put a=coHa, ft= cos/ 9 , 0=0087; * 

2 cos 3 a (cos /9 - cos 7) = - (cos a + cos /9 + cos 7) II (cos fi - cos 7). 

But 2cosa(cos/S-cos7)=0; 

2 (4 cos 8 a - 8 cos a) (cos p - cos 7) 

« - 4 (cos a + cos p + cos 7) II (cos p - cos 7) ; 

that is, 

2 cos 8a (cos p - cos 7) * - 4 (cos a + cos / 9 + 00s 7) II (cos /9 - cos 7). 

Example 4 . If a + ft+c= 0 , then a 3 +b*+€p=s 3 abc. 

Here a, ft, c may be any three quantities whose sum is zero; this 
condition is satisfied if we put ascos(a+d)8in(/9-7), and ft and e 
equal to corresponding quantities. 

Thus 2 cos 3 (a + $) sin 8 (/ 9 - 7 ) =311 cos(a+ 0 ) sin (P-y). 
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309. An algebraical identity may sometimes be established 
by the aid of Trigonometry. 

* 

Examples If s+y+«=*y*, prove that 

* (1 - f)\l - a s ) + y (X - * a ) (1 - * s ) + a (X - a*) (1 - jf>) = ixyz. 

By putting as = tan a, y = tan/3, 3 = tan 7 , we have 
tan a + tan /3 + tan 7 - tan a tan p tan 7 ; 

whence ten a = - -t**Q+y); 

a=njr- (3+7), where n is an integer; 

/. a + /S + 7 = 7i7r; 

+ 27 = 271TT. 

From this relation it is easy to shew that 

tan 2a + tan 2/3 + tan 27 = tan 2a tan 2/3 tan 27 ; 

2x 2 y 2z Sxyz 

+ + i~ z * - ; 

/. .t (1 - y 2 ) (1 - z 2 ) + y (1 - * 2 ) (1 - .x 2 ) + 2(1- x 2 ) (1 - if) = 4xy«. 

EXAMPLES. XXIV. b. 

Prove the following identities : 

1. 2 sin (a - 0) sin (3 - 7) =0. 

2. 2 cos /3 cos y sin (/3-y)=Ssin/3sinysin(/3-y). 

3. 2 sin (/3 - y) cos (3 + y +0) -0. 

4. 2 cos 2 (3 - y) = 411 cos (0 - y ) - 1. 

5. 2sin/3sinysin(/9-y)= -Ilsin (3-y)- 

6. 2 cot (« - 3) cot (a - y) 4* 1 = 0. 

7. 2 sin 3a sin (3-y) *4 sin (<s+3+ y) n sin (3-y;. 

8. 2 cos 3 a sin (3 - y) = cos (a + 3 + y) n sin (3 - y). 

9. 2 cos (3 + a) cos (3 + y) sin (0 - a) sin (3 - y) = 0. 

10. 2 sin* 0 sin 2 y sin (3 +y) sin (3 - y) 

= - II sin (3+y) • II sin (3 - y)- 
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Provo the following identities : 

11. 2 cos 2/3 cos 2y sin (fi + y) sin (fi - y) f 

— - 411 sin (fi +y^/il sin (fi - y). 

12. 2 cos 4« sin (fi+y) sin (fi - y) 

* - 811 sin (/3+y) . ft sin (fi - y). 

13. 2 sin 3a (sin fi - sin y) 

« 4 ' sin a + sin fi + sin y) II (sin fi - sin y). 

14. 2 sin 8 O+y) sin 8 (fi - y) = 311 sin (fi+y) . II sin (fi -y). 

15. 2 cos 8 (/3+y +d) sin 3 (0 - y) 

*=311 cos (fi+y+0) . IIsin(/3— y). 
10. If x+y+z=*xyz t prove that 

17. If y*+2a?+.ry= s l, prove that 

2# (1 - y 2 ) (1 - z 2 ) = 4#y,?. 


310. From a trigonometrical identity many others may bo 
derived by various substitutions. 

For instance, if A, B, C are any angles, positive or negative, 
connected by the relation A+B+C=* ?r, we Jtnow that 

ABC 

sin A + sin sin (7— 4 cos — cos - cos ^ . 

Let A^n— 2a, 7?»tt— 2/3, C=ir — 2y ; 
then sin A** sin 2a, and cos ~ = sin a. 

JB 

Also 2(a+/3-hy)=3/r -(A+i3+C , )=a2ir ; 

a+fi+y=*7r, 

and sin 2a -f sin 2/3 + sin 2y — 4 sin a sin /3 sin y. 

Agdn, let B~l- f, CVg-J; 

. . a • A it— a 

sin A » cos g , and cos ^»cos— j— . 


then 
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Also «+0+y s “3w-2(A+J3+C')=37r-27r ; 

% «+0+y=ir, 

, a * 1 3 . y 4 w — a *r — i3 w — y 

and cos s +c« *£+cos£=*4cos t— cos -7^- cos-- ' 

2 *2 2 4 4 4 

Example . # If ^ + U + C = ir, shew that 

^ , J? C , ir + A ir + B ir-C 
COS -g- + COS - cos — — 4 cos — — COS — — - COS --J — . 


Pnt T+ ^ -* ir + /? _i 3 W 7 . 

4 ~ 2 ’ 4 “ 2’ 4 ”2 ’ 

then cos ^ = cos - ^ = Bin a, and cob ^ = cos ^7 + ^ = - sin 7 , 

so that the above identity becomes 

0. B y 

Bin a + Bin + sin 7 = 4 cos - cos £ cos I , 

a A A 

which is clearly true since 

rA + B + C t r 
a + P + 7=2 + “2 = 2 + 


311. When A -\-B-\-C= ww, 

tad (^1 + 2?) = tan (war - G) = - tan C ; 
whence we obtain 2 tan A = II tan A. 

When n= 0, the given condition is satisfied in the case of any 
three angles whose sum is 0 ; as for instance if 

A =fi+y — 2a, 2?=y + a- 2/3, (7— a +/3 — 2y. 

Hence 2 tan (3 + 7 - 2a) — II tan (0 -1- 7 - 2a). 

Example , If a -I- 0 + 7=0, shew that 

S cot (7 + a - 0) cot (a + 0 - 7 ) = 1. 


Put 0+7 — a— A, 7 + a-0=ZJ, a +0 — 7= C $ 

then, by addition, 

4 + .B + C=a+0+7=O; 
cot (4 + P) = - cot C ; 

whence 2 cot .4 cot B = 1, 

that is, * 1 5eot(7+a-j8) cot (a +0-7) «1. 
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312. The following example is a further illustration of the 

manner in which an identity may be established by appropriate 
substitutions in some simpler identity. * 

Example . Prove that / 

211 cos (0+7) + IIcos 2a =2 cos 2a cos 9 (0+v). 

' In Example 5, Art. 133, we have proved that 

4oosacos0cos7=2cos(0 + 7-a) + ooB (a +0+7). 

In this identity first replace a, 0, y by 0+7, 7+a, a+0 respec- 
tively, and secondly replace a, 0, y by 2a, 20, 27 respectively. 

Thus 8H cos (0 + 7) =* 22 cos 2a + 2 cos 2 (a + 0 + 7), 

and 411 cos 2a = 2 cos 2 (0 + 7 - a) + cos 2 (a + 0 + 7) ; 

whence by addition 1 

811 00s (0 + 7) + 411 cos 2a 

= 22 cos 2a + 2 cos 2 (0 + 7 - a) + 3 cos 2 (a + 0 + 7) 

= 22 cos 2a + 2 { cos 2 (0 + 7 - a) + cos 2 (a + 0 + 7) } 

=22 cos 2a + 22 00s 2 (0 + 7) cos 2a 
=22 cos 2a {l + cos2 (0 + 7)} 

= 42 cos 2a cos 9 (0 + 7) ; 

.*. 211 cos (0 + 7) + n cos 2a = 2 cos 2a cob 9 (0+7). 

313. Suppose that A'HC' is the pedal triangle of A BC, and let 
the sides ana angles of the pedal triangle be deifoted by a\ b\ e*, 
and A\ If, C’, and its circum-radius by JtV. Then from Arts. 224 
and 225. wo have 

K 

a'=acosd, b'—b cos B, c'^ccos C, ^ s= ^ 9 
d's=I80° — 2d, Z?'=180 o -22?, 180°-2(7. 

By means of these relations, we may from any identity proved 
for the triangle ABO derive another, as in the following case. 

In the triangle ABC, we know that 

2a cos A — 4f2sin A sin B sin C ; 
hence in the pedal triangle A'B'C', 

2a' cos d'=472' sin A! sin E sin C"; 

. \ 2a cos d cos (180° - 2d ) « 2/£II sin ( 180° - 2 A) ; 
that is, - 2a cos A cos 2d— 2f2sin 2 A sin 2 B sin 2 0. 



XXiV.] IDENTITIES DElilVED BY SUBSTITUTION. 


311 


Example . In any triangle ABC, shew that 
a a cos a A - 6 a cos a 5 - c a cos 2 C 


* ^ 26c coa B cos 6’ 

In the pedal triangle A'B'C', we have 
• 6' a +c' a -a /a 


=cos2^. 


26'c' 


= cos A ' ; 


hence, by substituting the equivalents of a\ b\ c’, A\ Me have 

b * cos* B + c a cos 8 C - a a cos 2 A _ A , 

«. rr 77 ~cos (180° ~ 2dl = - cos 2 A ; 

26c cos B cos C V 

whence the required identity follows at once. 


314. If be the ex-central trianglo of ABG y we may. 

as in the preceding article from any identity proved for the 
triangle ABG derive another by means of the relations 

f/ 1 =acosec^, G^^cosec-, cosec 

4 1 =90“ — ^ , A- W-J, 0i-W-|. 

315. The following Exercise consists of miscellaneous ques- 
tions on the subject of this Chapter. 


• EXAMPLES. XXIV. c. 

1. Shew that 

2 cot (2a + 0 ~ 3y) cot (2/3 + y - 3a) = 1. 

2. Shew that 

(1 ) 211 Bin (0+y) + II sin 2a = 2 sin 2a sin 2 (P+y)i 

(2) II sin (j3 + y - a) + 211 sin n = 2 sin* a sin (£ + y — a). 

3. In any triangle, prove that 

(1) a 2 cos 2 A - 6* cos 3 B—Re cos C sin 2 (B-A)\ 

A B G B A 

(2) a 2 cosec 3 ^ - 6 2 cosec 2 ^ = 4fic cosec — sin — — ; 

(3) 2 (b cos BA ccos C) cot .4 = - 2B2 cos 2A. 
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4. If ^ sin 20=2 sin «i sin y, 

and cos 2? = cos 2 a cos $ — cos 2y cos^ 

prove that one value of tan 6 is tan 8 tan 

5. Tf retail - tan ^ tan | , 

and sec a cos 0 =h6c 8 cos <j > = cos y, 

prove that sin 2 y = (sec « - 1) (sec 8 - 1). 

g if cos 0 - cos q _ sin 8 a cos 8 

cos 0 - qos ft ~~ sin 2 8 cos a 9 

6 a 8 

prove that one value of tan 0 is tan - tan - . 

7. If sin&=cotatany and tan 0 = cos « tan 8 9 
prove that one value of cos ’0 is cos y3 sec y. ^ 

8. If a and 8 are two different values of 0 which satisfy 

be cos 0 cos <f> +ac sin 0 sin <j>=ab } 

prove that 

(b 2 + <? — a 2 ) cos a cos 8 + (c 2 -fa 2 - b 2 ) si n a sin fi = a 2 + b 2 - c\ 

9. If 8 and y are two different values of 0 which satisfy 

i, 

sin a cos 0 -f cos a sin 0 = cos a sin «, 


prove that 


cos 8 cosy sin 8 sin y 

rr • "7 “ 9 — * • 


10, If 8 and y are two different values of 0 which satisfy 

k 2 cos a cos 0+&(sina+sin 0) + l=O, 
prove that lc 2 cos £ cos y + £ (sin 0 + sin y) + 1 =0. 

11. If 8 and y are two different values of 0 which satisfy 


prove that 


cos0cas<b . sindsm 6 , , . 

& — - + — ^+ 1 = 0 , 

cos 2 a sin 3 a 1 

cos 8 cosy sin ft sin y ^ 


cos 3 a 
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MISCELLANEOUS THEOREMS AND EXAMPLES. 

Inequalities. Maxima and Minima. 

• 

316. The methods of proving trigonometrical inequalities 
are in many cases identical with those by which algebraical 
inequalities are established. 

Example 1. Shew that a 2 tan 3 0 + b 2 cot 2 0 > 2ab. 

We have a* tan*0 + b 2 cot 2 0 = (a tan 0. - b cot 0 ) 2 + 2ab ; 

a 2 tan 2 0 + b 2 col 2 0 > 2ub, 

unless &tan0-&cot0 = O, or a tan 3 0- ft. 

In this case the inequality becomes an equality. 

This proposition may be otherwiso expressed by saying that the 
minimum value of a* tan 2 0 + b* cot- 0 is 2ub. 

Example 2. Shew that 

1 -f sin* a + sin 2 p > sin a + sin p 4- sin a sin ft. 

Since (J - sin a) 3 is positive, 

l+sin 8 a>2sina; 
similarly 1 + sin*/3 > 2 sin /S, 

and sin* a + sin 2 p> 2 sin a sin p. 

Adding and dividing by 2, we have 

1 + sin* a + sin* j 8 > sin a + sin p + sin a sin p. 

Example 3. When is 12 sin 0 - 9 sin* 0 a maximum ? 

The expression =4 -(2 -3 sin 0)*, and is therefore a maximum 
when 2 - 3 sin 0=0, so that its maximum value is 4. 
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317. To find the numerically greatest values of 

a cos 0+bsin 0. 

Let a=r cos « and 6-rsina, 

so that r 2 =a 2 +6 2 and tana = -; 

' a 

then a cos 0+ h sin 6 = r (cos 0 cos a +sin 0 sin a) 

= r cos (0 — a). 

Thus the expression is numerically greatest when 
cos (0 — «)= ±1 ; 

tluit is, the greatest positive value = r =* \/a 2 + 
and tho numerically greatest negative value = -r— 
lienee, if c 8 >a , -f b\ 

the maximum valuo of acos0+&sin 0+c is c+\/a?+b 2 , 
and the minimum value is c-\/a 2 +fe 2 . 

318. The expression a cos (a+tf)+6cos (#+$) 

= (a cos a+b cos #) cos 0 - (a sina+6 sin#) sin 0 ; 

and therefore its numerically greatest values are equal to the 
positive and negative square roots of t 

(a cos a + b cos #) 2 + (a sin a + b sin #) 2 ; 
that is, are equal to 

± s/eP + H 1 + 2a& cos (a - #). 

In like manner, we may find the maximum and minimum 
values of tho sum of any number of expressions of the form 
a cos (a + 0) or a sin (a + 0). 

319. If a and # are two angles^ each lying between 0 and ~ , 

whose sum is given , to find the maximum value of cos a cos # and 
of cos a + cos#. 

Suppose that a +#» <r ; 

then 2cosacos#«cos(a+#)+oos(a-#) 

■* cos <r+ cos (a — #), 
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and is therefore a maximum when a-j3*0, or a =£=£. 

Thus the Maximum value of cos a cos £ is cos 2 ~ . 

X 

. . A a+£ a— £ 

Again, cos a + cos £ = 2 cos — cos — - 

_ o- a — £ 

= 2 cos - cos 

and is therefore a maximum when «=££=?. 

Tlius the maximum value of cos « + cos £ is 2 cos ^ . 

\ 

Similar theorems hold in pise of the sine. 

Example 1. If A, It , G arc the angles of a triangle, find the 
maximum value of 

sin A + sin B + sin G and of sin A sin B sin (7. 

Let us suppose that G remains constant, while A and B vary. 

sin A + sin B + sin C7= 2 sin - cos + sin 0 
£ 2 

0 C A-B . „ 

= 2 cos cos — — - + sin 6 . 

This expression is a maximum when A =1?. 

Hence, so long as any two of the angles A, B, C are unequal, the 
expression sin A + sin B + sin G is not a maximum; that fo, the 
expression is a maximum when A=B = C=G0°, 

3 /3 

Thus the maximum value =3 sin 60°= - ^ . 

Again, 

2 sin A sin B sin C= {cos (A - B) - cos (A +2?)} sin C 
= {cos (A - B ) + cos C } sin C. 

ThiB expression is a maximum when A =2?. 

Hence, by reasoning as before, sin A sin B sin 0 has its maximum 
value when A=B=C=zQQ°. 

Thus the maximum value » sin* 60 °= , 
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Example 2. If a and p are .two angles, each lying botween 0 and 
, whose sum is constant, find the minimum value of spc a+seo p. 

_ T , 1 1 cosa + ccwd 

We have seca+secj9= + — - — ~ 

r cos a cos p cos a cos p t 


. cl+P a — p 

4 cos cos 


A a+p a-p 
2003-^ COB — g- • 


cos (a+p) + cos (a - P) ^ a-p _ ^ a+p 
2 2 

___ a + jS / 1 1 \ 

-C0S 2 ( a~P . a+0 + a-p . a+p ] ' 

\ cos ~ 2 ~ + Sm ~W~ “*2 ' -""“jV 

Since a + /3 is constant, this expression is least when the denomi- 
nators are greatest; that is, when a=/3 = — 


Thus the minimum value is 2 sec 


a + p 


320. d, are w angles, each lying between 0 and 

* , whose sum is constant , to /wg? Me maximum value of 

jl 

*< 

COS a COS £ COS y cos 8 

Let a+0+y + 8 + =<r. , 

Suppose that any two of the angles, say a and ft are unequal ; 
then if in the given product we replace the two unequal factors 

cos a and cos/3 by the two equal factors cos and cos > 

the value of the product is increased while the sum of the angles 
remains unaltered. Hence so long as any two of the angles 
a, ft y, 8, ... are unequal the product is not a maximum; that 
is, the product is a maximum when all the angles are equal In 

this case each angle=~ . 

Thus the maximum value is cos* - . 

n 

In like manner we may shew that 
the maximum value of cosa+cos j8+cosy-f ...... =n cos- . 
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321. The methods of solution used in the following examples 
are worthy of notice. 


Example 1. Shew that tan 8a cot a cannot lie between 3 and -- . 

* 3 

, tan 8a 3 -tan 2 a 

We have tan 3a cot a= - — = ■ — -- — = n say ; 

tan a 1-3 tan- a J 

... tan 2 a=” — = - — ” . 

3n - 1 l-3» 

These two fractional values of tan 2 <c must be positive, and there- 
fore n must be greater than 3 or less than * . 

O 

Example 2. If a and b ase positive quantities, of which a is the 
greater, lind the minimum value of a sec 0 - b tan 0. 


Denote the expression by x , and put tan 6—t; 
then x = a Jl + t 2 - bt ; 

bH*+2bxt+aP=a*(l + t 2 ); 
t? [b- - a 2 ) + 2bxt + x 2 - a 2 = 0. 

In order that the values of t found from this equation may be real, 
, b 2 x 2 >{b 2 -a 2 )[x 2 -a 2 ); 

.'. 0 > a 2 (a 2 -b 2 - x 2 ) ; 

• x 2 > a 2 - b\ 

Thus the minimum value is — fe 2 - 


Example 3. If a, b t c, k are constant quantities and a, /?, y 
variable quantities subject to the relation a tan a + 6 tan p+c tan y=fc, 
find the minimum value of tan 3 a + tan 2 p + tan 2 7. 

By multiplying out and re-arranging the terms, we have 
(a 3 + b 2 + c 2 ) (tan 2 a + tan 3 p + tan 2 7) - (a tan a + b tan p + c tan 7 ) a 
= (6 ton 7 - c tan /?) a + (c tan a - a tan 7) 3 + (a tan/3 - h tan a) 3 . 

But the minimum value of the rij’bt side of this equation is zero; 
hence the minimum value of 

(aa+^+c 3 ) (tan 9 a + tan 9 /3 + tan 2 7) - A 3 =0 ; 
that is, the minimum value of 

ton»a+tan 2 ^+t^ 2 Y=^- f — 
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EXAMPLES. XXV. a. 

4 ' 

When 9 is variable find the minimum valuo tff the following 
expressions \ t 

I. p cot 9 4- q tan 9. 2. 4 sin 2 9 4* cosec 2 9 . 

3. 8 sec 2 18 cos 2 9. 4. 3-2cosd+cos 2 0. 

Prove tlio following inequalities : 

5. tan 2 a -I tan 2 j9 4- tan 2 y>tan 0 tan y 

4* tan v tan a 4- tan o tan 

6. sin 2 a-Hsin 2 0>2 (sin a 4- sin /3 - 1 ). 

NVlien 9 is variablo, find the maximum value of 

A 7. sin d 4 - cos 0. 8. cos 9 4- ^3 sin 9. 

9. a cos (a 4-0) 4- & sin 0. 10. p cos 04-? sin (a 4-0). 

If cr=a4*ft where a and # are two angles each lying between 
0 and and a is constant, find the maximum or minimum 
value of 

II. sin « 4- sin#. 12. sin a sin 0. 

13. tan a 4- tan 0. 14. cosec a 4- cosec ft. 

If A y By 0 are the angles of a triangle, find the maximum 
or minimum valuo of 

15. cos A cos B cos 0. 16. cot A 4- cot B + cot C. 

17. sin 2 4 4- sin 2 ™ 4- sin 2 18. sec .4 4- sec 2?4-sco6 Y . 

z 2s 25 

19. tan 2 ™ 4- tan 2 ™ 4- tan 2 £ 6 m 2 tan- tan^=l.J 

20. cot 2 A 4-oot 2 B + cot 2 (7. [ Use 2 oat B cot C= I.] 

21. If 6 2 <4ac, find the maximum and minimum values of 

a sin 2 04-5 sin 9 cos 9+c cos 2 9. 
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22. If <1, ft y lie between 0 and f , shew that 

\ sin a + sin /5+ sin y >sin (« +/3+y). 

23. If a and ft are two positive quantities of which a is the 
greater, shew* that a cosec 0>ft cot 0+ V« 2 - ft 2 . 


24. Shew that ^ es between 3 and - . 

sec 2 0-f tan 0 3 

ne c" jil • i -ttin 2 0- cot 2 0-1-1 

25. rind tho maximum value of z <r --s t=-i — , . 

tun* 0+ cot 2 0-1 


26. If a, ft, c, k are constant positive quantities, and a, ft y 
variable quantities subject t<\tho relation 

a cos a + £yx)S fi+c cos 7= I', 
find the minimum value of 

cos 2 a + cos 2 £ 4- cos 2 y and of acos 2 a-f 600s 2 cos 2 y. 


Elimination. 

322. No general rules can be given for the elimination of 
.some assigned quantity or quantities from two or more trigono- 
metrical equations. The form of the equations w ill often suggest 
special methods, and in addition to the usual algebraical artifices 
we shall always have at our disposal tho identical relations sub- 
sisting between the trigonometrical functions. Thus suppose it 
is required to eliminate 0 from the equations 

#cos0=a, ^cot0=ft. 

Here dec0=-, and tan0= , |; 

Cb O 

but for all values of 0, we have 

sec 2 0- tan 2 0=1. 


by substitution, 

vl-x 

From this example we see that since 6 satisfies two equations 
(cither of which is sufficient to determine 0) there is a relation, 
independent of 0, which subsists between the coefficients and 
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constants of tho equations. To determine this relation we 
eliminate and the result is called the diminant of the given 
equations. / 

323. The following examples wiJl illustrate some useful 
methods of elimination. ' 


' Exarhple 1. Eliminate 0 between the equations 

Zcos0+7»sin0 + n=O and poos 0 + q sin 0 + r=O. 


From the given equations, we have by cross multiplication 
cos 0 __ sin 0 _ 1 

vir - nq ~ up - tr ~ lq-mp’ 


. mr- nq , . „ np-lr 

. cos 0 - , and sin 0 — , : 

Iq - mp , Iq- mp 


whence by squaring, adding, and clearing of fractions, we obtain 
[mr - nq ) 3 + [np - Ir ) 2 = [Iq - mp)' 2 . 

The particular instance in which q = l and p= -m is of frequent 
occurrence in Analytical Geometry. In this case the eliminant may 
be written down at once ; for we have 

l cos 0 + m sin 0 = -«, 
and Zsin0 -mcos0= -r; 


whence by squaring and adding, we obtain 
Z 2 + w 2 -/i a + r a . 


Example 2. 


Eliminate 0 between the equations 

— - - v^=c 2 and Ztan0=m. 
cos 0 sin 0 


From the second equation, we have 

sin0__ c os 0 _ JsT tfT+coM _ 

/. sin 9= - ; ™ — - , and cos 0= 


l 


ajm 2 +l* /J W* + P 

By substitating in the first equation, we obtain 


ax by _ c a 
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Example 3. Eliminate 0 between the equations 
^ s=cot0+tan0 and y= sec 0- cos 0. 
From the Riven equations, we have 


*=tal^ +tan i = 
_sec a 0 
“lan~0 ’ 


1 -}• tan 8 0 
tan0 


and 


i/=sec 0 - 


1_ 

sec 0 


see 2 0-1 
- rg<;0 


_tan a 0 
SCO 0 

From these values of x ami y we obtain 

x*y=aec?*0 and xy 2 = tan 3 0. 


But 

sec 2 0- tan 2 0=1; 


(x 2 y)i-{xy-)i = 1; 

that is, 



Example 4. Eliminate 0 from the equations 

cos 0 + cos 20 and \ = sin 0 + sin 20. 
a 6 

From the gArcn equations, wo have 

x 30 0 

-=2co8 T cos2, 


and 


y n . 30 0 

|=‘2 Bin — cos- ; 


whence by squaring and adding, we obtain 
f! + ^-4cos a - 

fl 2+tfl- 4C0S 2* 


- = 2 cos ^ f 4 co:'* "3 cos 
a 2 \ 2 2/ 

= 2 cos 2 1 ^4 cos 9 1 - 3^ ; 

. 2x (x 2 y 2 \ (x* y* 

••T*U» + 5 5 J V5i + P" 8 ;- 


But 
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324. The following examples are instances of the elimination 
of two quantities. 

Example 1. Eliminate 0 and 0 from the equation/' 
asin a 0 + 6 cos 3 0=to, fcsin a 0 + acos a 0 = n f a tan 0=6 tan 0. 

' From the first equation, we have 

a sin 9 0 + 6 cos 3 0 = m (sin 9 0 + cos 3 0) ; 

(a - to) sin 9 0 = (to - 6) cos 3 0 ; 
m-6 
“a -to * 

From the second equation, we have 

6 sin 3 0 + a cos 9 <p=n (sin 3 0 + cos 3 0) ; 

tan *d>?s r - * 

6- n 

From the third equation, 

a 2 tan 9 0=63 tan 3 0; 
a 3 (to-6) _ 63 (n - a) 
a-TO ~ b-n * 

/. a 3 (6ro -b 2 - mn + bn) — 6 3 (an - a 2 - tow 4- am) ; 
wa6 (a - 6) + nab (a - 6) = tow (a 3 - 6 3 ) ; 

TOu6 + na6=mw(a+6); 

1 I-I 1 

'* n + 7ii a + 6* 

Example 2. Eliminate 0 and 0 from the equations 

. 0 . a 

x cos 0 + y sin 0 = x cos 0 + y am 0 = 2a, 2 sin ^ am ^ = 1. 

From tho data, we see that 0 and 0 are the roots of the equation 
scosa + ysina=2a; 

.’. (x cos a - 2<z) 9 = y 9 sin 3 a = y 2 (1 - cos 2 a) ; 

(a: 2 + ^ 9 ) cos 3 a - 4aa cos a + 4a 9 - y 3 = 0, 
which is a quadratic in oos a with roots cos 0 and cos 0. 

1=4 sin 9 g sin 2 ^=(1 - cos 0) (1 - cos 0) ; 


But 
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whence cos0+cos0=QO8 0cod0; 

4ux 4 a 2 - y* 
x 2 + y*~~j? i +y * ' 

t/ a = la (a — or). 

325. The method exhibited in the following cxamplo id <mo 
frequently used in Analytical Geometry. 

Example . If a t b, c are unequal, find the relations that hold 
between the coefficients, when c 

a oos 0 + b sin 0 = c, 

and acos 2 0 + 2aco^ 0sin 0-fbsin 3 0=c. 

The required relation will he obtained by eliminating 0 from the 
given equations. This is most conveniently done by making each 
equation homogeneous in sin 0 and cos 6. 

From the first equation, we have 

a cos 0 + b sin 0=. c Jco&* 0 + sin a 0 ; 
whence, by squaring and transposing, 

(a a - c 2 J cos- 0 + 2ab cos 0 sin 9 4- ( h 2 - e 3 ) sin 3 0-0 (1). 

From the second equation, we have 

a cos 2 0 + 2a cos 0 sin 0 + b sin 2 0 — c (cos 2 0 + sin 2 0) p 
•\ (a - c) cos 2 0 + 2a cos 0 sin 0 f (b - c) sin 3 0=0 (2). 

From (1) and (2) we have by cross-multiplication, 
cos 2 0 cos 0 sin 0 

2ab (b - ( c) - 2<T(b a - c 2 ) " (6 s - c a ) (a-c)- (a 2 -Vj" (b-c) 

sin 2 0 ^ 

“ 2a (a 2 - c 2 ) - 2ab (a - c) * 

cob 2 0 _ cos 0 sin 0 _ sin 2 0 

° f - 2ac~ (b^"c) ~~ (b-c) {a- c) ( ? - a) “ 2<T(a^ c) (a +c"b) ' 

- 4a 2 c (b - c) (a - c) (a + c - 6) -= (b - c) 2 (a - c) 2 (b - a) 2 . 

By supposition, tbe quantities a, 5, c are unequal ; hence dividing 
by (6 - c) (a - c), we obtain 

4a 2 c (a+c - b) + (b - c) (a - a) (a - b^ssO. 
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EXAMPLES. XXV. b. 

Eliminate 0 between the equations: 

1. -cos 0+7 sin 0=1, -sin 0-7 cos 0=1. 

a b a b 

2. asec 6—x tan 0=y, 6sec0+y tan0=#. 

3. cos0+sin 0=a, cos 2 0=6, 

4. #=sin0+cos0, y=tan0+cot0. 

5. «=cot0+cos0, b = cot 0 - cos 0. 

Find the eliminant in each of the following cases : 

6. 07=cot 0 + tan 0, y =cosoc 0-sin 0. 

7. cosec 0 - sin 0 = a 3 , sec 0 - cos 0 = 6 3 . 

8. 4# = 3a cos 0 + a cos 30, 4y = 3a sin 0 - a sin 30. 

9. x = tan 2 0 (a tan 0 - x), y = sec 2 6 (y- a sec 0). 

10. .tf=acos0(2cos 20- 1), y = 6 sin 0 (4cos 2 0- 1). 

11. If cos(0-a) = a, and sin(0-/?)=6, 

shew that a 2 - 2a6 sin (a - £) + 6 2 = cos 2 (a - 0). 

Find the relation that must hold between x and y if 

12. #+y=3-cos40, #-y = 4sin20. 

13. x = sin 0+ cos 0 sin 20, y = cos 0 + sin 0 sin 20. 

14. If sin 0+cos 0=a, and sin 20+cos 20=6, 

shew that (a 2 - 6 - 1 ) 2 = a 2 (2 - a 2 ). 

15. If cos 0 - sin 0 = 6, and cos 30 + sin 30 = a, 

shew that a =36- 26 s . 

16. Eliminate 0 from the equations : 

« cos 0-6 sin 0=c, 2a6 cos 20+ (a 2 — 6 2 ) sin 20=2d®. 

17. If #=acos0 + 6cos 20, and y—asin 0+6 sin 20, 
shew that a 2 {(tf+6) a +y 2 }=(a; 2 +y a -6 2 ) 2 . 
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-a TJf tan(0+a) a+6 , _ 

18> If ^ “ co92a +6c°82tf-c, 

shew that'' a 2 +cr~ Zac cos 2a = 6*. 

\ 

19. If x=a (fin 30 - sin 6 ), and y = a (cos 0 - cos 30), 

shew that (.r 2 + y 2 ) (2a 2 - tf 2 - y 2 ) 2 = 4a 4 .i ,a . 

Eliminate 0 from the equations : 

20. .r cos 0 — y sin 0 = a cos 20, x sin 0 +y cos 0 — 2a sin 20. 

<v. ■ y. a / cos 2 0 sin 2 0 ] 

21. .*:smtf-yco 8 fl=V^+r, ^-+- 42 =^ 2- 

22. ~ tC ^ )S ^ — 1, -csiii 6-y cos 6—\f a 1 sin* 6 + 6® cos^tf. 

23. If cos (« — 30) — m cos 3 0, ui id sii i (a - 30) — m sin 3 0, 

sh ciw that «i- + m cos a — 2. 


Eliminate 0 and 0 from tho equations : 

24. tan 0+tan 0 — .r, cot 0 + cot 0 ^=y, 0 + 0=«. 

25. sin 0 + sin 0 a, cos 6 + cos 0-6, 0 - 0 = a. 

26. asin 2 0+6 cos 2 0 = aco:% 2 0 + 6 sin 2 0 = l, a tan 0 = 6 tan 0. 

27. If - cos0+'f sin 0=" cos 0 +'y sin 0 — 1, and 0 — 0=0, 

a 6 u o 

shew that ^ + '% — sec 2 . 

a- 6- 2 

28. If tan 0+tan 0=a, cot0+cot0=6, 0-0=«, 

shew that a6 (a6 - 4) - (a + 6) 2 tan 2 a. 

Eliminate 0 and 0 between the equations : 

29. a cos 2 0+6 win 2 $—m cos 2 0, a ■dn 2 0+6 cos 2 0 =» n sin 2 0, 

m tan 2 0 - n tan 2 0*= » ). 

30. x cos 0+y sin 0 = 2a </3, # cos (0 + 0) +y sin (0 + 0) = 4a, 

x cos (0 - 0) +y sin (0 - 0) = 2a. 

31. csin0=asiu(0 h0)» asin0=6sin0, cos0-cos0=2?a. 
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Application of Trigonometry to the Theory of 
Equations. 

326. In the Theory of Equations it is shepvn that the solu- 
tion of any cubic equation may be made to depend qn tho solution 
of a cubic equation of the form x 3 +ax+b=0. Iu certain cases 
the solution is very conveniently obtained by Trigonometry. 

327. Consider the equation 

a?-qj;-r = 0 (1), 

in which each of tho letters q and r represents a positive quantity. 


From the identity cos 30= 4 cos 3 0-3 cos 0, 


we have 


# . 3 - cos 30 . 

cos 8 0- 7 cos 0-^- , — =0 
4 4 


Let #= y cos 0, where y iu a positive quantity ; then from (1), 
cos 8 0-^cos0-~=O (3). 


- 3 

If the equations (2) and (3) are identical, we have ^ = - , so that 


1 = + * 8 ^ nce y * s positive J an( l 


coa 30 r 

4 '“• v 3 


whence 




Hence the values of 0 are real if ; 


that is, if 


e <£ • 


/27r® 

Let a be the smallest angle whose cosine is equal to -^- 3 - ; 
then cos 30= cos a; whence 30= 2mr±«. 

Thus the values of cos 0 are 

o 2xp4-a 2ir — a pa k , - 

cos^, cos - y , oos — y . [See Art. 264.] 
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But 


cos 6- 


7? 


COS0, 


and therefore the roots of a? —qx — r*=Q are 

v/f 


cos 


2»r — a 


328. Following the method explained in the pi'cceding article, 
wo may use the identity 

. • a 3 . A , sin 30 . 
sin 3 6 — - sin 04 — -r~- =0 
4 4 

to obtain the solution of the equation 

each of the quantities represented by q and r being positive. 


Example. Solve the eq‘dation 2 ? - 12x + 8=0. 
Wo have 


. 3 . _ sin 30 A 

x Bin 8 0 - . Bin 04 r — =0. 

4 4 


In the given equation put x=y sin 0, where y is positive ; then 

* ' >4 U ‘ * A 

Bin 3 Q 58m $-\ — -= 0 . 

y‘ y* 

* 3 12 . . 

4 = p : wheno e y=4; 

sin 30 8 1 , . 1 

and — 2 — = — = - ; whence sin 30= A . 

4 y° o 35 

Suppose that 0 is estimated in sexagesimal measure; then 
30= n . 180° 4- ( - l) w 30°. 

By ascribing to n the values 0, 1, 2, 8, 4 we obtain 

0 = 10°, 0=50°, 0=130°, 0=170°, 0= 250°; 

and by further ascribing to n the values 5, 6, 7, ... it will easily be see* 
that the values of Bin 0 are equal to Borne one of the three quantities 

sin 10°, sin 50°, - sin 70°. 

But x=y sin 0=4 sin 0, and therefore the roots are 
4 sin 10°, 4 sin 50°, -4 sin 70°. 


23—2 
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Application of the Theory of Equations to 
Trigonometry. / 

329. In the Theory of Equations it is shewn that the equation 
whose roots are a lt a 2i a 3f , a n is , 

(x - a t ) (x - a 2 ) {x - a 3 ) (x - a H ) « 0, 

or x» - - S 3 x *- 3 + 4- ( - 1 ) H S n * 0, 

where S^Bum of the roots ; 

£ s — sum of the products of the roots token two at a time; 

$3= sum of the products of the roots taken three at a 
time; 


S M = product of the roots. 

[See Hall and Knight's Higher Algebra, , Art. 538 and Art. 539.] 

Example 1. If a, /3, 7 are the values of 0 which satisfy the 
equation 

a tan 8 0 + (2a -x) tan 04 -?/ = 0 (1), 

shew that (i) if tan a + tan 0= h, then a7t s -|- (2a -x)h=y; 

(ii) if tan a tan £ = k , then y a + (2a - ar) A/e 2 =a 2 /c 3 . 

(i) From the theory of equations, we have from (1), 

« 

tan a + tan /9 + tan 7=0; 
ft + tan7=0, or tan 7= -li. 

But a ton*y+(2a-x) tan7 + y=0; 

/. «7t 3 + (2a - x) h - y = 0. 


(ii) From the theory of equations, we have from (1), 
tan atan0tau7= 

k tan r= - ? , or tan 7= - ~ . 

' a 1 ah 

Substituting in a tan 3 7 + (2a - x) tan 7 + y = 0, we have 
y 5 + (2a -x)ak 2 - a*&=0. 
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Example 2. Shew that 

vpod 8 a+008* (y +«) + cos 2 (y ~ *) = !• 

Suppose that 1 cos 3 0= ft ; 

then 4 cos 8 0 - 3 cos 0 = cos 30 = ft ; 


cos® 0 — 7 COrt 0 — ^=0. 
4 4 


The roots of this cubic in cos 0 arc 


cos a, cos 



V 

and cos 



where a is any angle which satisfies the equation cos 3a = ft. 
shortness, denote the roots by a, ft, c ; then 

a a + ft a + c fl = (a + 6 + c) a - 2 (be + ca + ab) 


/. cos 2 a + cos* 


-(- 5 )> 

(^+a)+oos*(^-.) = 


3 

2* 


For 


330. If bd—2nn, where n is any integer, we have 
* 30=2n7r-20; 

sin 30= -sin 20. 

The values of sin 0 found from this equation are 

. 2jt . 4ir , Ow Sir 
0, sm~, smy, smy, uny, 

being obtained by giving to n the values 0, 1, 2, 3* 4. It will 
easily be seen that no new values of sin 0 are obtained by 
ascribing to n the values 6, 6, 7, .... 

, . 6 jr . 4rr .it 

But sin -- « - sin = - am - , 

5 6 5 


and sin — = - sm — : 

o o 

hence rejecting the zero solution, the values of sin 0 found from 
the equation sm 30= - sin 20 are 

± sin g, and ± siny . 
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If wo put sin 5=0?, the equation sin 34= -sin 24 becomes 
3j;-4d^= -2a? y/l-x 2 . 


Dividing by x } and thus removing the solution we havo 
(3-4fly-4(l-«P) f 

or ' 16^-20^4*5=0. 

Tliis is a quadratic in jt 3 , and as wo have just seen the values 
of x 1 are 

sin 2 - and sin 3 ^. 

5 5 


From the theory of quadratic equations, we have 


. „ ir . . „ 2ir 
sm a -+sm 2 -- = 
o o 

. 9 w . «2ir 
am 2 - sin 2 
5 5 


20 _ 

16” 

5 

* 16 ' 


5 

4 


Example . Shew that 

sin y + siny + Bln y = - y/7. 

If 70=2nw, whero n is any integer, we havo 
sin 44= - sin 30. 

t 

The values of sin 6 found from this equation are 
A . . 2 t , . 4t . 8t 

0, ±siny, ±Biny, ±smy # 

. . 6tt . 8t 

since sin y = - sin y . 

If sin 0=*, the equation sin 40= - sin 80 becomes 
4* (1 - 2 * 2 ) 4 *» - 8x ; 

whence rejecting the solution x=0, we obtain 

16 (1 - 4jfl+4x*) (1 - « 2 ) ss l&r 4 - 24s*+9, 

or 64^-112 j4+56s*-7=0 (1). 

The values of found from this equation are 
2r . Q 4r . ,6r 
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•in* £ + 

i 2ir . 4r . 2ir . 8 r , 4v . 8r 

81 U y Bin y+SUly Bin y + Bin y Bin y 


1 J/ 2t* 6w\ ( 6ir 10r\ / 4r 12ir\) 

= 2 I^OOfly- COSyj + [<»* y - COB — J + («>0y- COS—Jf 

= 0 . 

( . 2v . 4t , 8r\ 2 . 2v , „4r . _8*r 7 

/. ^ sin y + sin y + sin y J =sm» 7 -^Bln a y + sin a y 

. 2ir . 4ir . 8r 1 . 

Bin y + em y + Bin y = £ ^/7. 

\ 

331. If 70=2w»r, where » is any integer, we have 
40=2w;r-30; 
cos 40= cos 30. 

By giving to n the values 0 T l f 2, 3, the values of cos 0 obtained 
from this equation are 

2ir 4? r 6»r 

1, cos , cos ~ . COS “ . 

> 7 7 7 

Tt will easily be seen that no new values of cos 0 are found by 
ascribing to n fye values 4, B, 6, 7, ; for 

Sir 6ir lOir 4 tt 

cos -*-= cos -=- , cos — -= cos — , 

7 7 7 7 

Now cos 40 =8 cos 4 0-8 cos 2 0+1, 

and therefore if u?=cos 0, the equation cos 40= cos 30 becomes 

8 x* - 80 ?+ 1 = Aafl - 3r, 

or &r 4 -4.r 3 -&r 8 +3j?+ 1=0. 

Removing the factor #-l, which corresponds to the root 
cos 0=1, we obtain 

8^+4^ - 4x - 1 =0, 
the roots of which equation are 


COSy , COSy , COSy. 
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Example 1. Find the values of 

. , .2t , «3t , a t. 2t, 3t 

tan* - + tan* y + tan*— and tan - tan y tay— . 

If 7 OssfiT, where n is any integer, we have 
, tan 40= -tan 30. 

By writing ton 0—t, this equation becomes 
it -it 9 _ 3 t-t 9 

1 — 6< a + 1 4 ”l-3t 2 ’ 

or t 9 - 21t 4 + 35t 2 -7=0. 

The roots of this cubic in t* are 

tan* ~ , tan* ^ f tan* ^ . 

7 7 7 

/. tan* -f tan 3 y + tan* y = 21, 

and tan ^ tan y tan y = Jl, 

the positive value of the square root being taken, since each of the 
factors on the left is positive. 


Example 2. Shew that 

.t 2ir . 3ir 13 * 

C08‘ ^ + COS* y + COS* ? - = Jg •. 

and sec* ^ + sec* y + see* y =416. 

Let y denote any one of the quantities 

cos*^, cos*y, cos* y ; 

then 2y=l + jp, where x denotes one of the quantities 
2 t r 4ir 6r 

OOSy, COSy, COSy . 


From Art. 331, the equation whose roots are 

2ir iv 6x 

OOSy, OOSy, COSy 

is 8^*+4«*-4a;- 1=0; 
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whence by substituting x~2y - 1, it follows that 

* w «2r a 3 t 

.» cos 8 =■ , cos 8 , cos 8 — 

7 7 7 

are the roots of thb equation 

’8 (2 y - 1)» + 4 (2y - 1)=- 4 (2y - 1) - 1=0, 

or G4y 8 -8(fy 8 +24y-l=0. 

a w , 2w 0 3 tt 80 5 

cofi9 7 + cos * 7 + cos “ y = ei = 4 s 

and S cos 8 -cos 8 

ana - 008 7 cos 7 64 8 * 

By squaring the first of thes« equations and subtracting twice the 
Becond equation, we have # 

.ir . 2ir .3 t 18 

COS 4 ^ + COS 4 y + COS 4 y = jj . 

By putting z=i , we see that 


sec'-, sec'--, see- -- 

are the roots of tlje equation 

z»-21z 2 + 80z~ 64=0; 

/. sec* ^ + see 4 ~ + seo* y = (24)» - (2 x 80) =416. 


332. To find cos 50 and sin 56, wo may proceed as follows: 
cos 60 ■+■ cos 6 = 2 cos 30 cos 20 

= (4cos 3 0-3cos0) (4 cos 2 0 — 2) ; 
cos50=16cos 6 0-2Ocos 3 0+5cos0. 
sin 60 + sin 6 = 2 sin 30 cos 2 0 

=s (3 sin 0- 4 sin 3 0) (2 - 4sin 2 0); 
sin 50 = 16 sin 6 0 -20 sin 9 0-j- 5 sin 6. 

It is easy to prove that 

cos 60 * 32 cos 6 0-48 cos 4 0+18 cos 2 0-1, 
t sin 60= cos 0 (32 sin 6 0-32 sin 9 0 + 6 sin 0). 


and 
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[chap. 


EXAMPLES. XXV. c. 


Solve the following equations : 

1. a 3 - 3#— 1=0. 2. #i~ax+l=*0.' 

3. '^-Ac-V3=0. 4. &c a -6jr?4-^2=0. 

5. 80®^ — 6or-f2 sin3A=0. 6. « 8 -3a a .r-2a 3 oos3ji — 0. 

7. If sin a and sin/3 are the roots of the equation 

a sin 2 6 +6 sin 0+c=O, 

shew that (1) if sin a + 2sin0~ 1, then a a +2& a +3tt&+ac=0, 
(2) if c sin a = a sin ft then^a +c= ± b. 

8. If tan a and tan/9 are the roots of the equation 

a tan* d-b tan 04-o=O, and if a tan a+6 tan/9=2&, 
shew that 6 s (2 a — b) + c (a - A) 2 = 0. 

9. If tan a, tan ft tan y are the roots of tho equation 

a tan 3 0+(2a-x) tan0+y=O, 
and if a (tan 3 a + tan 2 /3) =» 2j? - 5a, shew that J? = 3 a. 

10. If cos a, cos ft cow y are the roots of tho equation 
cos 3 0+acos 2 0+fccoe0+e=O, * 
and if coea(cos0+coa 7)=* 26, prove that o5c+2& 3 +c 2 =0. 


Prove the following identities : 

11. seca+sec^y +a^+sec^y-a^=-- -3 sec 3a. 

12. sin 2 a + sin* ^y+a^+sin 2 ^y+a^ » |. 

13. coseca-fcoseo^y-f o^+coseo^y+a^=3 cosec 3a. 


14. eosec^-fooseoP-^ =4. 

o 0 

2ir , 4w 1 , 2ir 4ff 

15. cos-r“-fcos-rr- = - s , and cos cos -=- = 

5 6 2 00 


1 

T 
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16. Form the equation whose roots are 

(1,\ «»!» COS y, cos — ; 

(2) sin*g, sin*-, sin*5|. 

17. Korin the equation whose roots are 

• . yr • o • u 3 b 

sm*^, Bin- j , sin? y ; 

and show that 2 sin 4 ~ ~ and 2 cosec 4 ^ =»32. 

n-i " *-i 7 

18. Form the equation whdse roots are 

/lX 2tr 4tr 6 tt 8w 
0) cofly, cosy, cosy, cosy ; 

/£1X ir 3rr far 7rr 
(2) cos-, COSy, COSy, COS y . 

19. Form the equation whose roots tire 

«W 4 f. OOS*y, COS 2 y, COS 3 y, 

and shew that 2 cos 4 ~ = l|, and 2 bcc 4 ~~1120. 

»-i y to »-i y 

20. Form the equation whose roots are 

tan*|, tan 2 y , tan* y , tan 2 ^, 

and shew that cot* 5j+ cot* y + cot? y =9. 

21. Prove that 

(1) cosec 8 cosec 8 y+coseo*y -8; 

ir _ 2ir _ 3*r ___4ir ___67r 1 
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MISCELLANEOUS EXAMPLES. L 

1. 

If 

a tan a + & tan ^ = (a + 6) tan 

prove that 

acos£=6cosa. f 

'2. 

If 

sin 4 a t cos 4 a 1 

a + b ~a+6’ 

prove 

that 

sin 8 a , cos 8 a 1 

a? 1 ~(a+bf 


3. Shew that 

2 ton -1 {tan |tan(|- f)}=tan-i(^ + ^). 


4. If the equation ® 

sin 2 * + a d cos 2 * + 2 0 
sin 2n a~ co ? 2 nT" 


1 


is true when »=1, prove that it will be true when n is any 
positive integer. 

5. If a cos 6+b sin and a cos 2 0 + b sin 3 0=c, 
prove that 4a~b 2 +(b~c) (a-c) (a-b) 2 = 0.* 


6. Prove the following identities : 

(i) 2 sin (fi—y) cos (a — £) cos (a - y) ^ sin O - y) ; 

(ii) 2 sin a sin (fi - y) cos (f$ +y - a) = 0 ; 

(iii) 2 sin a sin (£ - y) sin (£4*y - a) = 211 sin (/3 - y). 

7. If P be a point within a triangle ABO, such that 

lPAB= lPBC= lPCA=», 
prove that (1 ) cot o> = cot A + cot B + cot C ; 

(2) cosec 2 «*= cosec 2 .4 *4- cosec 2 B+ cosec* <7, 

8. A hill of inclination 1 in 169 faces West. Shew that a 
railway on it which runs S.E. has an inclination of 1 in 239. 


9. Two vertical walls of equal height a are inclined to one 
another at an angle a. At noon the breadth of their shadows 
are b and o : shew that the altitude 6 of the sun is given by the 
equation 

a 2 sin 2 y cot 2 0 = ft 2 4* 26c cosy. 
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I. {Including Chapter* I — VII.) 

1. Express in degrees and minutes and also in grades the 
vertical angle of an isoscelas T&riangle in which each of the angles 
at the baso is twelve times i^he vertical angle. 

2. The angles of a triangle are as 4 : 5 : 6. Express them 
in radians. 

3. Prove that C °^ — = 1-2 sin 3 A. 

cot A + tan A 

4. If A is an acute angle and sin A = ~ , find the value of 
tanA+sec/l. 

5. The adjacent sides of a parallelogram are 15 ft. and 30 ft., 
and the inohuloil angle is 60*, find the length of the shorter 
diagonal to two places of decimals. 

6. A tower 50 ft. high stands on the edge of a cliff. From 
a point in a horizontal plane through the foot of the cliff’, the 
angular elevations of the top and bottom of the tower are 
observed to bo a and ft where tan a =1*26 and tan 0= 1*185. 
Find the height of the cliff. 


7. Find the length of 10 degrees of a meridian upon a globe 
60 ft. in diameter. 

8 . The sine of an angle is to its cosine as 8 to 15, find their 
actual values. . 
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9. Find the values of 0 from the equation 

4 sin*0+ V 3 ** 2 (1 +*/3) sin 0. 

_ _ i , 4 - , .. , - ft Bin ail-7 cos a 

10. If tan a=rr, find the value of _ _ . — 

15 s 6 cos a— 3 sm a 

11. Prove that 

(1 + sin A 4- cos £f »2 (1 4* »in A) (1 4- cos A). 

12. Simplify the expression 

2 sec 2 A — sec 4 4. - 2 cosec 3 <4 + cosec 4 A, 
giving the result in terms of tan A. 


. sin a — cos a .. . 

13. If tantf*= r , prove that 

am a -f- cos a r 

mJ2 sin 0 = sin a - cos a. 

* 

14. Shew that the values of 

s in 45° -sin 30 ° , se c 45° - tan 45° 

cos 46° + cos 60° an cosec 45° 4- cot 46® 
are the same. 

15. Prove that the multiplier which will convert any number 
of oentesimal seconds into English minutes is *0054. 

.. 16. Prove the identities: 

\j . tan A - t a n Jg tan B 
' ' cot J3- cot 4 “cot A 9 

14- tan 3 d /l-tantf\ 2 
y 1 4-oot 2 ^ "vl - cot 0/ • 

17. Solve the equations : 

(1) sin0+coaeod» A; (2) cos04-seo0®24. 

v*. « 
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18. A man running on a circular track at the rate of 10 
miles an hour traverses an arc which subtends 56° at the centre 

in 36 seconds. Find the diameter of the circle. Take ir . 

7 

19. if Id is drawn perpendicular to BC 9 the base of an 
equilateral triangle, and BG=2m ) find AD . Thence, from the 
figure, shew that 

cos* 60"+ cot 2 30°= — . 

J 4 

20. Prove the identities : 

(1) (sin* .4 +cos*il ) (tan* 4 - l) = (tan*4 + 1) (sin*4 - cos*4). 

(2) sin*a cos 2 # - cos*a sin?# = sin*a sin*# (cosec 2 # - cosec*a). 

21. In a triangle, right-angled at C 9 find c and 6 , given that 

a +c = 281, cos.B=*405. 

22. On a globe of 6 miles diameter an arc of 2 fur. 55 yds. 
is measured : find the radian measure of the angle subtonded at 
the centre of the globe. 

If this was taken as the unit of measurement, how would a 
right angle be represented ? 

^8. Shew tfiat 

(1) sin 6 cos & 



24 From a station two lighthouses 4, B, are seen in direc- 
tions N. and N.E. reflectively ; but if 4 were half as far off as 
it really is, it would appear due W. from B. Compare the 
distances of 4 and B from the station. 


25. Find the numerical value of 

3tan*46"-sin*60°-i cot* 30" +| sec* 45* ; 

and find a from the equation 

cosec (96°— 4) - a cos A cot (90° -4)-» sin (90*— A). 


|sin^|-^ cosec d+cos^| -d^socd| = 
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26. Prove the identities : . 

(1) (sin A - cosec A ) 2 + (cos it - sec d) 2 =cot 2 d -f tan* it - 1 ; 

(2) (cot $ — 3) (3 cot 6 — 1) ■* (3 cosec 2 $ — 10 cot 6). 

i- 

„ Ti , , . 2 sin *4 - co a it 

27. If cot it =4*6, find the value of t-,- . 

' ’ 2 sin it +3 cos A 

28. Kind two values of 6 which satisfy 

2 cos 6 cot 6 + 1 = cot 6 -f 2 cos 6. 

29. If an arc subtends 20° 17' at the centre of a circle 
whose radius is 6 inches, find in sexagesimal measure the angle 
it will subtend in a circle whose radius is 8 inches. 

30. Looking due South from tho top of a clift’ ’the angles of 
depression of a rock and a life-buoy arc found to be 45° and 60°. 
If these objects are known to be 1 10 yards apart, find tho height 
of the cliff. 


31. Prove that 

I+cosi sec .1-1 4cotM = 4 * 

I - cos A 1+secd 1+secd' 

f 

32. Solve the equations : 

(1) 8sin 2 d-2 cos0=5 ; (2) B tan 2 x - sec 2 #=11. 

33. What is the difference in latitude of two places on the 
same meridian whose distance apart is 11 inches on a globe 

22 

whose radius is 5 feet ? Take n = y . 

25 

34. Given that sec A = , find all the other Trigonometrical 

ratios of A. 


35. Which of the following statements are possible, and 
which impossible? 


(1) 4sin*d= 
^3) («i*+n 2 ) 


5 f 

cosec 0=ra 2 - 


4fL) (a 2 +5 2 )cos0— 2a&; 
m 2 ; (4) see 0=2*375. 
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36. Walking down a hill inclined to the horizon at an angle 
0 a man observes an object in the horizontal plane whose angle 
of depression is a. Half way down the hill the angle of depres- 
sion is ft. Prove that cot 0=2 cot a - cot #. 


II. (After Chapter XIL) 

37. In a triangle <z =25 ^2, c=50, (7=90° : find It, h and the 

perpendicular from C on c. • 

38. Prove that 

(2 sec A +3 sin A) (3 cosec v l - 2 cos A) 

. = (2 coscq A + 3 cos A) (3 see A - 2 sin .d). 

39. Find the values of sin 960°, cosec (- 510°), tan 570°. 

40. Find all the angles between 0° and 500° which satisfy 
the equation tan 2 0=1. 

41. The angle of elevation of the top of a steeple is 58* 
from a point in the same level as its base, and is 44° from a 
point 42 feet directly above the former point. Given that 
tan 58°= 1*6 and tan 44° =*965, shew that tho height of the 
steeple is 105 ft. approximately. 

42. From tho formula tan A ~ - find tan 1 5° and 

1 + cos 2 A 

tan 7 5°, and solve the equation sec 2 0 = 4 tan 0. 


45. Shew that 

(1+sec 0+tan 0) (1 + cosec 0+cot 0) 

= 2 (1 + tan 0 + cot 0+ sec 0+ cosec 0). 

44. In a triangle ABC right-angled at C shew that 

sin 2 .d cos 2 A g 4 — ft 4 
cos 2 !?" a 2 P~ ’ 

45. Find all the angles less than four right angles which 
satisfy the equation 

2cos 2 0=»l+sin0. 
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48. Determine the value of sin (270° -M) when sin A — *6. 

5 4 

y ^ 47. Given sino«^ } sin0«-, find the value M coa(a+&\ 
and deduce sin (45° + u + £) = . € 

4 8. Reduce to a single term and trace the 

siu 3i - sind ® 

changes of the expression in sign and magnitude as A increases 
from 0° to 180°. 


49. If cos A = find tan A , drawing a diagram to explain 
the two values. 

60. From a balloon vertically over a straight road, the 
ancles of depression of two consecutive milestones are observed 
to oe 45° and 60°; find the height of the balloon. 

51. Find the value of 

( 1 ) cot 2 ^ - 2 cos 2 ^ - ? sec 2 7 — 4 sin® ^ » 

o i> 4 4 o * 

(2) 2 sec 2 180° sin 0° - cos 2*r +cosec ~ . 

c 

62. Prove the following identities: 

(1) sin 4 a+2sin 2 cifl ^ ^«=l-006 4 a t , 

w \ cosec 2 a/ 

l + tm*( w ~e) 

(2) . ( •=■ cosec 20 ; 

yC f3) cos 10° +sin 40°—^3 sin 70°. 

6 If b tan d«o, find the value of 
a sin 0 - 6 cos 0 
aBmO+bcozb' 

^ 54. Prove that 

4 cos 18“ - 3 sec 18° - 2 tan ir 
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55. Find the values of 

tan (-240°), cos 3360°, cot (-840°). 

Prove also that 

* 3 rr rr 2 rr 

* sin - -C 08 -+C 08 <T =sec — . 


50. A railway train is travelling on a curve of half-a-mile 
radius at the rate of 20 miles an hour : through v/hafc angle has 

22 

it turned in 10 seconds? Take rr = - - , 


13 

57. If sec a= - , find the value of 


2 - 3 cot a 


4-9 v sec 2 a - 1 

58. Prove 

(1) 2 — 2 tan A cot 2 A = sec 2 A ; 
°°* (?-*)- cos (| + fl) 


sin (f +< ')- 8in ( T" tf ) 


W2=0. 


59. Whei* d 4- 2? -K<7= 180°, simplify 

, . cosd cos (7+ cos (d + /?) cos((7+2?) . 

(1) cos A sin C - sin (A +B) cos (C+B ) ; 

cos A cos i? cos < 7 . • 

' ' sin 2?sin(/ sin (7 sin A + sin d sin 2T 

60. A flagstaff 100 feet high stands vertically at the centre 
of, a horizontal equilateral triangle: if each side of the triangle 
subtends an angle of 60° at the top of the flagstaff, find the side 
of the triangle. 


61. Prove that the product of 

sin 0 (1 +sin 0 ) +cos 0 (1 +cos 0) 
and sind(l-sin0)+cos0(l-cos0) 

is equal to sin.2& 


24 — 2 
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^ 62. Shew that 

I (l-sind)(l-sin<£)* jsin^^-cos^~j . 

Prove that the value of 9 

, ‘ sin (a + 6) - sin (a - 6) 

cos (£-0) -cos (0+0) 
is the same for all values of 0. 

64 . If A + B + £7= 1 80°, prove that 

A B-C , B C-A C A-B 

cos— cos — g— + cos - cos - + cos - cos — — 

— sin A + sin B + sin C. 

i i 

0 

>C 66. If tan cosec 6 - .sin 6, shew that 
2 

cos 2 = cos 36°. 

2 

66. A man stands at a point X on the bank XY of a river 
with straight and parallel sides, and observes that the line 
joining X to a point Z on the opposite bank makes with XY an 
angle of 30°. Ho then goes 200 yards along the bank to rand 
finds that YZ makes with YX an angle of 60°. Find the breadth 
of the river. * 


67. It is found that the driving wheel of a bicycle, 32 inches 
in diameter, makes very nearly 1000 revolutions in travelling 
2792& yards. Use this observation to calculate (to three places 
of decimals) the ratio of the circumference of a circle to its 
diameter. 


r 


If a+0+y=g, prove that 
sin 2 a +sin 2 0 -I- sin 2 y + 2 sin a sin 0 sin y = 1. 


69. / Prove that 

p) (tan A+tan 24) (cos A+cos3A)=2sin34 ; 

(2) Mn a 4oo8 4 4=^ + ico8 cos 4-4 - ^ cos 64. 
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70. 


If a=*~ , find the value of 


sin 23a - sin 3 a 
sin 16a 4- sin 4a' 



' / 72. 


If i +5=225°, prove that 

» co t B _ 1 

1+cotA * 1 +cot 5 — 2’ 

Prove that cot 0 - tan 6 = 2 cot 26 : and hence shew that 
tan 0+2 tan 20+4 tan 40~eot 0-8cot 80. 


73. 


Simplify 1 - 


sin 2 0 ' 
l+cot*0 


cos a 0 

l+tan0‘ 


74. Eliminate A between the equations 

#=3 sin A -sin 3.4, y=cos 34 +3 cos A. 

75. Two flagstafls stand on a horizontal plane. A, B are 
two points on the line joining the bases of the flagstaff's and 
between them. The angles of elevation of the tops of the flag- 
staffs as seen from A are 30° and 60°, and as seen from 5, 60“ 
and 45°. If the length of AB is 30ft., find the heights of the 
flagstafls and the distance between them. 

76. Prove tfie identities : 

( cos 8 A + cos 2 5 - 2 cos A cos B cos^4 + B) = sin 2 (A + B) ; 

(2) 2 sin 5.4 - sin 3 A ~*ysmi4=4 sin A cos 2 A (1 - 8 sin 2 A ). 


77. A square is inscribed in a circle the circumference of 
which is 3 feet. Find the number of inches in the length of a 
side, Correct to two places of decimals. Qiven 

-=•3183, ^2=1-4142. 

IT 


78. Points A y 5, (7, D are taken on the circumference of a 
circle so that the arcs A By BC 9 and CD subtend respectively at 
the centre angles of 108°, 60°, and 36*. Shew that 

A5=5<7+<75. 
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79l Prove that cot 15° -foot 75°+ cot 135° -cosec 30* =1. 

Y» 80. From the equations 

cot $ ( 1+ sin 0) =* 4m, 
cot 0(1- sin 0)=4n, 

derive the relation (w*— » 2 ) 2 «wn, 

81. Prove the identities : 

(1 ) sin (a + ft cos 3 - sin (y + a) cos y ® sin (£ -- y) cos (a + /9 + y) ; 

(2) (tan 2 A - tan -4) (sec A + sec 34 ) « 2 sin A sec A sec 34. 



Prove that cos 6° cos 66° cos 42° cos 78°=—. 

lo 

From the formula cot4=— . prove that 

sm 2 A 9 1 

cot 22° 3# =^2+1. 


84. An observer on board a ship sailing due North at the 
late of ten miles an hour, sees a lighthouse in the East, and an 
hour later notices that the same lighthouse bears S.S.E.; find in 
miles, to two places of decimals, the distance of the ship from 
the lighthouse at the first observation. * 


IIL {After Chapter XVI.) 

85. Prove that 

4^ sin A sin {B- C ) +sin B sin {C~ A) -fain tfsin {A - B) =0 ; 
/ox a sin 4+ sin 26 


— £2). tan 4= 


1 + cos $ •+■ cos 5 


I^a 4 * 3 +y“ 0 , prove that 

coso+cos 3 + y = 4 cos | cos ^ cos 2 - 1. 


gif In any triauglft prove that 


^ cos A+^ cos cos (7-0. 

a o <? • 
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If 


prove that 


oos 0 
a ' 
a 


sin 8 
-6 
b 


* see 20 cosec 20 

* 

89. Prove that loga b logj, c log c a = 1 . 

Given log l0 3=*47712, log 10 8 = *90309, find the values of 


log l0 2'4, log 10 5400, L tan 30*. 

90. If A + 2? + (7= 90°, prove that l 

cot il +cot2?+cot G=cotA cot 2? cot (7; 

and if A, By C are in Arithmetical Progression, shew that this 
equation gives the value of cot 15°. 


91. Shew that 

(1+sin 2A+ co8 2A) a =4cos a A ( 1 4 * sin 2A). 

92. In a triangle where a, 6, A are given, shew that o is one 
of the roots of the equation 

• &-2bxcmA + l> i --a 2 z=0. 


Prove that 


sin 9° 
sin 48°' 


sml2° 

’ sin 81° ’ 


94. If A+B+ C~ 180*, prove that 
ABC 

cos 2+008-4-008- 


=4 cos ^46° - ^ cos ^45° cos ^45° - 


95. Given L sin 27° 45'* 9-6680265, 

L 810 27*46' *9*6682665, 
Zsind =9-6682007, 

find 6. 


9& Prove that if A, By C are three angles such that the sum 
of their cosines is zero, the product of their cosines is one- 
twelfth of the sum of the cosines of 3 A, 32?, 3(7. 
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•7 

97. If A be between 270° and 360®, and sin A *= - ^ , find 

the values of sin 2 A and tan ~ . 

2 

98. Solve the equation 

2 cot - = (1 +cot d) a . 

Hence find the value of tan 15®. 

99. Given log 10 2 =*3010300, log 10 360 =2*5563025, find the 
logarithms of *04, 24, '6, and shew that log 8 30-= 4-90689. 

100. Prove that , 

cos (pc— y -z ) +cos (y — z— a;) + cos (s- x—y) - 4 cos a? cosy cos z 
vanishes when cc+y+z is an odd multiple of a right angle. 

101. If cot a =» (a ? + +#)^, cot /3=(x-f^~ l +l)*, 

tan y = (x ~ 3 + x ~ 2 + x “ l )*, 

shew that a+f$—y. 

102. Shew how to solve a right-angled triangle of which one 
acute angle and the opposite side are given. 

Apply this to the triangle in which the side is 28 and the 
angle 31*63 # 26*8", given log 2*8= *4471580, log 4*5 = *6532127, 

X cot 31 ° 53' = 10*2061805, diff. for l'= 2816. 


ft**- Mtanil =4^3 andtanfl= 4^3* 


prove that 


tan (A -X) « *375. 


^ 104. The sides of a triangle are x, y, and find 

its greatest angle. 

ite*. Prove that oos.4 -ain A is a factor of cos 34 + sin 3A : 
[that 

fcoeM+ooe* (^+y) + coe* 
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^\106. In any triangle, if tan 4 =4 , and tan 4 = ~ , find 

£ O 2 «S7 

tan C. 

Shew also that, in such a triangle, a+c=26. 

>* 

107. Simplify 

(cot d+cot (e- {tan -tfj+tan (~ . 

108. If a =40, 6-51, c= 43, find t-ho value of -4, given 

log 1*28 = *107210, log 603 = ’780317, 

L tan 24* 44' 16" =9*6634465. 


A cos A 
isinM * 

— ») tan A. 

110. Given log 5 = -69897, find log 200, log *025, log ^62*5, 
and also L sin 36° and L cos 45*. 

111. Prove the identities : 

(1) (sec 2A - 2) cot (A - 30°) = (sec 2.4 4- 2) tan (.1 + 30°) ; 

(2) 1+ cos 2a cos 2ft = 2 (cos 2 a cos 2 ft + sin 2 a sin* ft). 

112. In a triangle, 5=60°, (7=30°, 5(7=132 yards. BC is 
produced to Z)and the angle ADD— 15°; find CD and the per- 
pendicular from A on 5(7, given that */3=l t \ approximately. 

113. In any triangle prove that 

C A B C 
(a+6-fc)tan^-=acot g »~&cot c cot^. 

114. If the sides of a triangle are 68 ft., 75 ft., 77 ft. 
respectively, find the least angle of the triangle, given 

log 2 k *30103, L cos 26° 34' =9*9515389, diff. for l'=632. 


If 

prove that 


^ tan j5= Wt * in 


1-7 

ten(A -B)=(l 
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115. If sin A=6 and A lies between 90° and 180°, find the 
values of sin(d -90°), cosec (270° -A). 

116. Prove that 

loga d = loga b X logb c x log, d. 

I 

,Given log 10 5 **69897, find log 10 8, log 8 10, log 10 (*032) 5 . 

117. Prove that 

cos (420° 4* A ) 4* cos (60° - A ) « cos A. 

Deduce the value of cos 105° 4- cos 15°. 


118. Find the values of tail | from the equation 



cos jr— sin a cot 0 aid a. 

If sin A : sin (2d ±B)*=n : m, prove that 


cot ( A+B ) 


m-n 

m+n 


cot A. 


120. A tower AB stands on a horizontal plane, and AC, AD 
are the shadows at noon and 6 p.m. Jf AD is 17 ft. longer than 
AC. \ and BC is 53ft., find the height of the tower and the 
altitude of the sun at noon, when the altitude at 6 p.m. is 40° ; 
given tan 31* 48' =» *62. t 


12L Prove that 

(1) sin 80 4- sin 20= 4 sin ^ cos ~ cos 30 ; 

2 z 

<(2) *in 18“+coa 18°= N /2 cos 27’. 

122. Given log 36=. 1-556302, log 48= 1-681241, find log 40 
and log 

123. Given 6 =9 '5, c= -5, A = 144% find (he remaining angles ; 
given log 3= -4771213, L cot 72° =9-51 17760, 

L tan 16* 19 =9-4664760, L tan 16* 18' =9-4660078. 



MISCELLANEOUS EXAMPLES K» 


361 


124. In any triangle prove that 

(1) 6c sin 2 .4= a 2 (cos d 4* cos j&coe (7); 

(2) beco&A+caco&B+ 2ab cos (7=»a a +M. 


*125. 


[f ton f =4 tan 


- Xl _ L 



3 sin a 
5 — 3 cos a * 


^<126. Shew that 

ein (36° +A) - sin (36° - A) 4-sin (72° - A) - sin (72°+4)=sin A . 


127. If sin 6 =* — f , find tan 6, and explain by means of a 

* o t 

figure why there are two values. 

128. Prove that 

(1) sin 2 A 4-cos 2 tf = 2 sin ^ + A - 2?^ cos ^ - d - ; 

(2) (sin 0 - sin <f>) (cost/) 4- cos 6) =3 2 sin(0 - <j>) cos 2 . 

129. In any triangle, if 

(sin A 4-sin £4- sin 0) (sin A 4*sin B- sin Of =3 sin A sin B } 
prove that C— 60% 

130. Prove that log* h x log, d = logo ^ * 1% & 

131. If log 2001 = 3*3012471, log 2 « *30103, find log 20*0076. 

132. If a = 7, b a* 8, c=» 9. shew that the length of line joining 
• B to the middle point of ACf is 7. 


3 

133. If tan A 4- sec A 2, prove that sin i4=- when A is leas 
than 90°. 

134. Prove that 

3-4cos 2 4 4-cos4. 1 4 . 

, 3+4 cos 2A 4- cos 4it “ 
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135. Shew that 

sin 3d +cos 3d 
sin 3d -cos 3d 


1 +2 sin 2d 
1 - 2 sin 2 A 


tan (d- 45°). 


A3&. If 
prove that 


x cos A 

y e= cosj8* { 

a i n 

xt&nA+y tan B~(x+y) tan — ^ — . 


137. Given 

log 3*5 -*544068, log 3*25 -*511883, log 2*45 = *389166, 
find log 5, log 7, and log 13. 


138. In a triangle, a =384, 6=330, (7=90°; find the other 
angles; given ' 

log 1 1 = 1 -0413927, L tan 49° 1& = 100656886 ; 
log 20 = 1 *3010300, L tan 49° 20' = 100659441. 


11 


cos 6 = cos a cos 0, prove that 

tan tan tan 2 -. 
2 2 2 


140. Prove that 

sin 6 . sintft 


sin 6 


sin <ft 


cos 0 + sin oos0-sind cosd-sin<ft cos0+sin0’ 

B 

v 


B C 

141. If in a triangle c(a+6)cos <r=6(a+c)cos-, prove 


that 6=c. 

• 142. Prove the identities : 

, /lV cot d+ cosec d 

^ (1) 15OT^ir =C0t 


(5 + i) cot i ; 


(2) sin 8 A +sin 8 (120* +d) + sin 8 (240° +d) = - - sin 3 A, 


143. Calculate the value of ^18 x *0015, having given 
log 3- ’4771213, log 48659 =4-6862697, log 48860 =4-6862787. 
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144 . Find the other angles of a triangle when one angle is 
112° 4', the side opposite to it 573 yards long, and another side 
394 yards long^; given 

log 673 = 2-7581646, log 394 = 2*5954962, 

L cos22°4'=9*9G69614, Asia 39° 35' =9*8042757, 

L sin 39° 36'= 9*8044284. 


IV. {After Chapter XYIII ) 

In any triangle prove 
cos A , cos B 


cos C 


c cos B 4- b cos C ' a cos C+v cV>s A 


h cos A -f-acos B 

__ cfl+tfi+c* 
2abc 


146. Given log 7 = *8450980, and log 17 = 1*2304489, find 
log 119, logy, and log — . 

>/ wrf if A, B, C are the angles of a triangle, and if 
• cos 6 (si n B + sin C) ---- si n A , 

prove that / tan*f =tan ~ tan 

2t JL Z 


148. Prove tlJfett the diameter of a circle is a mean propor- 
tional between the lengths of the sides of the equilateral triangle 
and the regular hexagon that circumscribe it. 


149. Given that the sides a and b of a triangle are respectively 
50 % /5 feet and 150 ft., and that the angle opposite the side a is 
45°, find ( mthout logarithms) the two values of c. Also having 
' given 

log 3= *4771213, L sin 71° 33'=9 9770832, 

L sin 71° 34' =9*9771253, 
find the two values of the angle B. 


150. Prove that 

2 cos 2# cosec 3# = cosec x - cosec 3a?. 

Thence find the sum to n terms of the series 
cos 2a? cosec 3ar+cos (2 . 3a?) cosec 3 2 a?+ cos (2 . 3 2 a?) cosec 3 3 a?+...* 
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15L Prove the identities: 

(1) cosM+sm 8 <4 cos 22? = cos 2 2? + sin 8 2? cos 2A; 

(2) sin 33° 4 cos 63°= cos 3°. 

« 

y* 152. Find all the positive angles less than two right angles 
which satisfy the equation 

tan 4 A - 4 tan 2 A +3 =--0. 


153. 


Prove that 


J 0 , 30 

cot - - 3 cot - 


4sin0 
1 42 cos 0* 


i 3 5 

154. The tangents of two angles of a triangle are y , and -~ 

respectively. Find the tangent 6f tho third angle, and the 
cosine of each angle of the triangle. Also find the third angle 
to the nearest second, having given 

log 33 = 1-5185139, log 56= 1-74818SO, 

L tan 59® 29'= 10*2295627, Diff. for 1' =2838. 


ufe. If in a triangle 

V* (« 2 + 6 2 ) sin ( A - B) = (a 2 - 6*) sin (A • B) } 

shew that the triangle is either isosceles or right-angled. 

156. If r and It are the radii of the in-circle and circum- 
circle of a triangle, prove that * 


8 rR |cos 2 — -f cos 2 cos 2 * 


: Zbc + 2ca + 2ab - a? - 6 s — c~. 




7. In any triangle prove that 

. jy , cos C . „ , cos B 

cot . jj — — y = cot C7 4 “ — ^ y. 

Biu-flcoai sin 0 cos A 


158. Given log 6 =-778151, log 4-4= -643453, log 1-8 =*255273, 
find log 2, log 3, log 1 1. 


159. Prove the identities: 

(1) sin 3 A =sin A (2 cos 2A - 1) tan (60° + A ) tan (60* - A ) ; 

(2) (sin 2-4 —sin 2 B) tan (A + B ) = 2 (sin 2 A<- sin 8 2?). 
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160. Find the greatest angle of a triangle whose sides are 
183, 195, and 214 feet respectively ; given 

log 82 = 1 *0138x39, log 296 = 2*4712917, 

log 101 - 2*0043214, L tan 34° 26'= 9*836051 3, 

log 113=5-0530784, L ton 34° 27' =9*8363221. 

» 

161. A circle and a regular octagon have the same perimeter ; 
compare their areas, given */2 = 1*414, ^=3*1416. 

162. If the sides of a triangle he in arithmetical progression, 
and if a be the least side, then 


^163.V If aTsin(04-a)= 
cotfl 


6sfh (3+1 3), prove that 
_ a cos « - b cos /9 
b sin a sin a* 


164. In the ambiguous case shew that the circum-circles of 
the two triangles are equal. 


166. From a point A on a level plain the angle of elevation 
of a kite is a, and its direction South ; and from a place fi, which 
is c yards South’ of A on the plain, the kite is seen due North at 
an angle of elevation 0. Find the distance of tho kite from A 
and its height above the ground. 


V 466 . If a+&+y 
form of a product. 


= 2jt, express cos a + cos/3+eosy+l in the 


167. Provo that 

cos 104 + cos 84 + 3 cos 44 + 3 cos 24 = 8 cos 4 cos 3 34. 


168. In any triangle shew that 

R = (r 2 +r 3 ) fa+pfry ’ >•■;) 
^(Vi+Vi+'V*) 



170 . 


If tan* 6= 2 tan® <£+l, then 

cos20+sin 2 <£=O. 

Prove that 

tan 4 tan (60° + 4) tan (120° + 4) = - tan 34. 
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If in a triangle A =2X, then a a =5(c+6). 


f. 172. Shew that the length of a side of an equilateral triangle 
inscribed in a circle is to that of a square inscribekl in the same 
circle as J3 : J2. • 



In any triangle prove that tan B^j = 


A 
2 * 


If 3c=75, and A =6° 37' 24", find the other angles; given 
X tan 3° 18' 42" =87624069, X tan 8° 13' 50" =9*1603083, 
log 2 = *30103, diff*. for 10" =1486. 


174. If D V>e the middle point of the side BC of a triangle 
ABC, and if A be the area of the triangle, prove that 

AC*- A IP 

4A 


cot A1)JJ= 


17jv 


176. 
and a . 


Prove that tan 20° tan 40° tan 80° = tan 60°. 

If, in a triangle, b = tj 3 + 1, c=2, and vl =30°, find X, ( 7 , 


177. Provo that the rectangle contained by the diameters of 
the circumscribed and inscribed circles of a triangle is equal to 


2 abc 
a+b+c 


178. Solve the triangle when a=7, 5=8 */3, A — 30° ; given 
log 2 =*30103, Xsin 81° 47' =9*9955188, 

log 3= *4771213, diff. for l' = 183. 

log 7 =*8450980, 


179, If 


. _ . sin 2a + sin 2a' 

Sin ^*“1+ sin 2a sin 2a' * 


prove that tan ±tan tan 
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180. On a plain at some distance from its base, a mountain 
is found to have an elevation of 28°. At a station lying 3 miles 
77 yards further away from the mountain the angle is reduced 
to 16°. Find tbejieight of the mountain in feet. 

log 1*6071= *2060, L sin 16° =9*4403, 

*Zsin 28° =9*6716, L sin 12°=9*3179. 


\l81. Prove that 

\ . A + B . A-B 2 sin B 

^ 1 2 2 corf A -f cos B 

(2) 4 cos 8 A — 4 sin 8 A — 4 cos 2 A — sin 2 A sin 4 A, 

182. If A+B+C = *: j'iiud cos A -f cos C— 2 cos 2?, 

t • 2 > 


AC f 
shew that 1 + tan — tan ^ = 2 M 

or else A + C is an odd multiple of i r. 

183. Shew that in any triangle 


tan ~-f- tan 


f 


cos A -f cos B - sin C= 4 sin ~ sin ^45° — sin ^45* - ^ . 

184. With the usual notation in any triangle, prove that 

r i r 2 -* r s (a a 6 6 c c J 

"A 185. The bisector of the angle A meets the side BC in D 
and the circumscribed circle in B\ shew that 


DR ' 


2 A 
a 2 sec— 


186. If a =4090, 6=: 3850, c=3811, find A, given 

log 6*8755 = *7690448, log 385 = *5854607, 

log 1*7855 = *2517599, log 3*811 = *5810389, 
A cos 32* 15' =9*9272306, Zcos 32* 16' =9*9271509. 


187. Prove that 

cosec 8 0-cefc e <9=1 4*3 cosec* 0©ot a 0; 

HL (2) cos (i5* - a) sec 15* - sin (15* - a) cosec 15* =4 sin a. 

H.K.B.T. O 
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188. Prove that 

= tan A 4* tan B + tan C - tan A tan B tan 0. 

cos A cosjDcob C 


^189. If log ~p, and log2=j, 
prove that log 4100= p+12g. 


190. 

/*’> 

XV 


In any triangle prove that 

(a 2 — 6 2 - (?) tan A + (a 2 - 6 2 4-c 2 ) tan /?= 0; 

cos 2.4 cob 22? 1 1 

“ V-‘2 J .a ~ ‘ = ^8 “ M * 


191. Find the area of the triangle, whoso sides are 68 ft., 
75ft., 77ft., respectively; and also find the radii of the three 
escribed circles. 


192. If the bisector of the angle A of the triangle ABC 
meet the opposite side in Z), prove that 


. n 26c A 
AD=r ~ cos -js- . 
6 + c 2 


V. {After Chapter XIX.) 

193. Solve the equations : 

(1) sin 50— sin 30 = sin 0 sec 46°; 

(2) cot 0 + cot ^ + 0^ = 2. 

194. If 2 sec 2a =■ tan ft + cot /3, shew that one value of a + 0 



196. ylf cos 2 0 tan (a 4- 0) = sin 2 fi oot (a - 0), 

then tan 2 0=tan (a4-/3) tan (a— £). 1 
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196. If Piy ip 2 > Pz aro the perpendiculars from the angular 
points on the sides of a triangle, prove that 

(1) 87J3= aW -; 

PlBiPz 

(2) + —cos (7. 

Pz Pi 1 P^ PiP'i 


197. Find the perimeter of a regular quindeeagon circum- 
scribed about a circle whoso area is 138(3 sq. ft.; given 


tan 12° = *213. 


198. The top of a pole, placed against a wall at an anglo a 
with the horizon, just touches the coping, and when its foot is 
moved a feet further from the wall, and its angle of inclination 
is ft it rests on the sill of 'a window: prove that the perpen- < 


dicular distance from the coping to the sill = a cot 


o+/3 
2 '■ 


199. In any trianglo prove that 

ab — rir a __ be - 7* a 7* 3 _ ca - r$r x 
~ ”t~ ~ ' 

\^00. Prove tl^at 

(1) cos* -l ^=2siii-‘|; V ^8). Stan" 1 l=tan-‘^. 

% 

201. Provo the; identities : 

s^l ) (tan A + sec A ) cot ~ = (cot A + cosec A ) tan ^45° + ; 

\^(2) cos 2 A 4* cos 25-4 sin (45° - A ) sin (45° - B) cos {A + B) 

= sin 2 (A +B). 

202. Given log 3^*4771213, log 7 = *8450980, 

Zsin 25 Y =9*6373733; 

shew that the perimeter of a regular figure of seven sides is 
greater than 3 times the diameter of the circle circumscribing 
the figure. 

203. If tan </> cot in any triangle, prove that 

. C 


c*(a + 6) 


cos$* 
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204. The sides of a triangle are 237 and 158, and the con- 
tained angle is 66*40'; use the formulie in the last question to 
find the base, 

log 2= -30103, Z cot 33* 20' =19-18197, 
log 79 =1-89763, L sin 33“ 20'= 973998, 
log 22687=4-35578, 

Xtan 16* 54' =9*48262, isec 16* 64'=1001917, 

L tan 16* 65' = 9 48308, L see 16* 55'= 10-01921. 


2 

Shew that sec 6= - . 

V 2+\/a + 2 coa40 

Prove that 

sin” 1 cos “ 1 -y— -= + sin 1 \ = ^ , 

V73 Vl46 2 12 

and solve the equation 




207. If .r, z are the perpendiculars from the angular 
points of a triangle upon the opposite sides a, 6, c, shew that 
bx x cy t as_a 2 +& 2 +c 2 

T + 1 + J M™ 1 

^ S 3Q8. If sin (a - 6 ) = cos (a + 6), shew that either 

>i IT , 7T 

0=m7r~“r or a=^rr+-r , 

4 4 

where w is zero or any integer. 

209. The vertical angle of an isosceles triangle is 120*; 
shew that the distance between the centres of the inscribed and 
oircumscribed circles is to the base of the triangle in the ratio 

^3-1 : V3. 


210s If in a triangle 3f2»4r, shew that 
4 (cos A + cos B + cos C) ■» 7. 
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.811. If 


si n (04- a ) _ 1 
cos (6— a) ~ 1 + m 


, prove that 



m cot 



212. Solve the equations : 

(1 ) sin 60 - sin 30 ~ */2 cos 40 ; 

(2) (l-tan0)(l+sin20) = l + tan0. 


'*^213. If cos 4 + cos B = 4 sin 2 - in any triangle, prove that 
a+b--=2c. 

\ 

214. A flagstaff standing qn the top of a tower 80 feet high 
subtends an angle tan"* 1 i at a point 100 feet from the foot of the 

•7 

tower : find the height of the flagstaff. 


215. Provo that 


cot” 1 7 +cot “ 1 8 + cot” 1 18 = cot" 1 3 ; 


216. If 2 sin - Vl 4-sin A -f Vl - sin 4, shew that A lies 


between (8n +3) ~ and (8 m + 5) ^ . 



Prove that 

™ j (i + I)- 8 Ks~£) = ^ a 


^ 218. If tan 0» 

prove that 


x Bin <f> 

1 -#cos <f> 9 
sin0 


tanc p = 
x 


y sin0 
1 —y cos 0* 


sin 0 y ’ 
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219. Solve the equation 

tan -1 (.r+ 1)+ tan “ l (.r- l)»tan~ 1 ~ ; 

oL 

and prove that * 

tsded* (tan* 1 2) + cosec 2 (cot” 1 3) = 15? 

220. Prove that in any triangle 

sin 104 +sin 10J?+sin 10(7=4 sin 5 A sin bB sin bC ; 

i iu 4 . 4.1 e 4 i 4 4 * bir + A bir + B bir+C 

also that the sum of the cotangents of — ~ 

is equal to their product. 

221. If d v ef a , d z aro the diameters of the three escribed 

circles, shew that * * 

4" d^d 3 *4" d^d j — (fl 4" b 4” o) 2 . 

222. To determine the breadth AB of a ravine an observer 
places himself at C in the straight line AB produced through B x 
and then walks 100 yards at right angles to this line. He then 
finds that AB and BC subtend angles of 15° and 25° at his eye. 
Find the breadth of the ravine, given 

L cos 25° = 9 9572757, L cos 40° = 9*6842540, 

L cos 75° = 9*4129962, 

log 37279= 4*5714643, log 3728 =35714759. 


Prove that 

(1 - cos 0) {sec 0 4- cosec 0 (1 4 sec 0)} 2 = 2 sec 2 0(1 -4 sin 0). 


'^j0L If in a triangle 6 y =60®, prove that 

_1 1 = 3 

b^c ciA'b’^c 


225. Prove that 

2 cos “= V 2 +n/ 2 + V V24-2cos4 : 

2 * 

the symbol indicating the extraction of the square root being 
repeated n times. 
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then 


227. 


If mtan (a- 6) wt ang 

cos 2 6 5=1 cos 2 (a — 0) ’ 

The sides of a triangle are such that 

a _ b _ c_ 

1 + mV m 2 + n 2 ~~ (1 - m a ) ( 1 + w 3 j 9 


prove that A — 2 tan ~ 1 ™ , /J - 2 tan" 1 mn, and the area of the tri- 
. mnlw 
anglc= ^+^- 


* » 

228. A flagstaff h feet high placed on the top of a tower 
l foot high subtends tho same angle 3 at two points a feet, apart 

in a horizontal line through the foot of the tower. If 6 be tho 

angle subtended by the line a at the top of the flagstaff, shew that 
a sin 3 cosec 0, and 21 ~ a cosec 6 (cos 6- sin 3). 


1 229. Prove? that 

t. 6 , 1. 6 1 , 6 .. 

- tan - -f T tan - -- - cot 7 - cot a. 

2 2 4 4 4 4 

230. A regular i>olvgon is inscribed in a circle such that 

each side is - th of tho radius; shew that the angle at the 
m 

2tw 2 * 

centre subtended by each side is equal to sec” 1 — 2 — j. 

231. At what distance will oi* inch subtend an angle of one 
second? 

If tan” 1 y =4 tan” 1 #, find y as an algebraical function 
of #. • * 

Hence prove that tan 22” 30' is a root of the equation 
• .a^-fl# 2 *!- 1*0. 
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233. If cos 2 ii=!~~, find tana and explain the double 
answer. 


234. If 0 , <f> be the greatest and least angles of a triangle, 
the sides of which are in Arithmetical Progression, ‘shew that 
' 4(l-COSd)(l-COS<£)=COsd + COS0. 


235. Solve the equations : 

(1) sin 7d=sin 40-sin0; 

( 2 ) tan x-y/% cot x -f 1 = V 3 - 


236. In any triangle prove that? 

(1) sin 3A sin (/?-(?) + sin 32? sin (<7— A) 

+ sin 3 G sin (A — B) =0 ; 

(2) a 3 sin (B - C) + 6 s sin ( C - A) 4-c 3 sin (A — B) =0. 

237. A BC is a triangle and a point P is taken on AB so that 
AP : BP=m : n . If the angle CPB is 0, shew that 

(wfc + w) cotfl=wcot A -moot B. 


238. If a, J3 are unequal values of 0 satisfying the equation 
a tan 0+ b sec 0=1, 

*) 

find a and b in terms of a and ft and prove th^t 

. „ ^ 26(1 -a) 

sm a+cosa-f sin $ + cob /3= — =*- — . 

1 +a* 


239. If u % 5 = sin* 0 4 - cos n 0, prove that 

Ui u z ' 

240. A building on a square base ABGD has the sides of the 
base AB and CD, parallel to the banks of a river. An observer 
standing on the bank of the river furthest from the building in 
the same straight line as DA finds that the side AB subtends at 
his eye an angle of 45°, and after walking a yards along the 

bank he finds that DA subtends the angle whose sine is 5 . 

0 

d 4/2 

Prove that the length of each side of the base in yards is — • 



MISCELLANEOUS EXAMPLES K. 


241. Prove the identities : 

U-tfT (coseo A - sin A) (sec ad -cos A) = (tan A 4- cot A ) -1 5 


( 2 ) » + 
V / /I I inn!! H\!i • 


cot0 1 . , 

.-AS i = «Bin 20. 


(1 +tan*0)* T (1 +cot*0) a “ 2 

242. If sin 40 cos 0 = ^ -f sin ^ cos ~ , find o>w value of 9. 


243. Prove that 


tan~ 




w 2 — n 2 


/•W 


tan~ l 


2MiV 


where 


M=mp-nq , 


244. In any triangle, prove that 


. ^ 


. d . a 

tan ¥ tan-j j 

(a - b) (a - c) + (i> - c) (b - a) + (c - a) (c— b) ~ A ’ 


and 


245. If r l9 r 2 , r 3 be the radii of the three escribed circles. 


. HX 1 -?,)-*’ 

shew that the triangle must be right-angled. 


246. The Bides of a triangle are 237 and 158, and the con- 
tained angle is 68° 40' 3*9". Find by the aid of Tables the value 
of the base, without previously determining the other angles. 


WsTif tan (4 + B) = 3 tan 4, ■ ^ew that 

sin (24 + 2 B) + sin 24 = 2 sin 2 B. 


248. Prove that 

4 sin ( 6 - a) sin (m$ — a) cos ( $ — mO) 

«= 1 +co»(20- 2m0) - cos (29 - 2a) - cos (2*n0- 2a). 
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279. Express 4 eos a cos 0 cos y cos 5+4 sin a sin 0 sin y sin 3 
as the sum of four cosines. 


280. If I be the in-centro of a triangle and p 1} po, p 3 are the 
circum-radii of the triangles BlC i CIA , A I By prove that 

P1P2P3 = 2 r A 2 . 

281. A monument ABODE stands on level ground. At a 
point P on the ground the portions A By AC y AD subtend angles 
a, 0, y respectively. Supposing that AB—2, J(7=16, AZ>=18, 
and a+0+y=18O°, find A P. 


^C282. 71 a and 0 bo tv? o angles both satisfying the equation 
a cos 2 0+6 sin 23 = c t 


prove that 


cos 2 a + COS 2 0 — 


a 2 + ac+lfi 
d 1 + b~ 


v 283. If C=22£*, o=V2, 6=V2+V2, 

'solve the triangle. 

JfKTlf A+B+C= 1 80°, prove that 
sin 3 A + sin 3 B +sin 3 C c 

0 A B C 3 A 3 B 3(7 

— 3 COS — cos — cos — + cos _ cos cos ~ . 

2 2 2 2 2 2 

285. In the ambiguous case in which a, b 9 A are given, if 
one angle of one triangle be twice the corresponding angle of the 
other triangle, shew that 

a ^3 = 2b sin A , or 4 b 3 sin 2 A — a 2 (a + 36). 

286. If the roots of xA—px 2 - r=0 are tana, tan0, tany, 
find the value of sec 2 a sec 2 0 sec 2 y. 

287. If a+0+y=7r, and 

n/ tan i O + 7 - a) tan | (y + o - /3) tan ^ (o - y) = 1, 
prove that l+cosa+coa|3+cosy-=0. 1 
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'f 288. Prove that the side of a regular heptagon inscribed in 
a circle of radius unity is given by one of the roots of the 
equation 

, 14.r 2 ~ 7=0, 

and give the geometrical signification of the other roots. 


*089. If in a triangle the angle B is 45°, prove that 
(l+cot.4) (1+cot (7)— 2. 

290. If twice the square on the diameter of a circle is equal 
to the sum of the squares on the sides of the inscribed triangle 
ABC, prove that g 

sin 2 A +sin 2 B+ sin 2 (7—2, 


and that the triangle is- right-angled. 

•*291. If cos A = tan B, cos 2? = tan (7, cos 6*= tan .4, 
prove that sin A = sin B — sin (7— 2 sin 1 8°. 

292. In any* triangle shew that a, b , c are the roots of the 
equation 

aj - 2&Z 2 + (r 2 + s 2 + 42Zr) x - 4Rrs =0. 
jf 293. Shew that sin ~ is a root of the equation 
8 - 4.r 2 - Ax + 1 =0. 


294. The stones from a circular field (radius r) are collected 
into n heaps at regular intervals along the hedge. Prove that 
the distance a labourer will have to travel with a wheelbarrow, 
which justs holds one heap, in bringing them together to one of 

the heaps (supposing him to start from this heap) is 4r cot ~ . 


295. Shew that 


*p 2f 3ir 4ir 5ir 6 tt in 

COS =-= COS r _ COS ^r= COS r-= COS ~ COS COS ~ 

16 15 15 15 16 15 15 
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296. If y, z are the perpendiculars drawn to the sides 
from any point within a triangle, shew that # 2 4-y 2 4-s 2 is a 
minimum when 

x __ y _ z __ 2A 

a b c a 2 +6 2 -fc 2 * 

297. If r a , r by r c , r d be the radii of the circles which touch 
each side and the adjacent two sides produced of a quadrilateral, 
prove that 

a c b d 
1 = b — . 

r a r t r b r d 

298. If the diameters AA\ BJ?, CC of the circum-circle 
cut the sides BG, CA y AB in P, Q , R respectively, prove that 

1 . 1 2 
AP + BQ + CR~ IV 

Tf‘ + WQ + C'R = ilt {i+ ™ ABecBa °° C) - 

299. If o, /3, y are angles, unequal and less than 2ir, which 

satisfy the equation ~~ + -r^^4-c=0, prove that 
cos (j sin o 

sin (a + 0) + sin (0 + y) + sin (y -f a) = 0. 

300. Shew that ' 

^sec 2 ^ -f sec 2 y -f sec 2 y ^ ^cosec 2 ^ + cosec 2 y -f cosec 2 y^ = 192. 



TABLES OF LOGARITHMS OF NUMBERS, 
ANTILOGARITHMS, NATURAL AND 
LOGARITHMIC SINES, COSINES, AND 
TANGENTS. 
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Logarithms. 



26 — 2 
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Antilogarithms. 
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Antilogarithms. 
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Natural Sines. 












































NATURAL BINES. 


379 


Natural Sines. 







































6 ' 13 * 18 * 24 ' W 

0°*1 0°*2 0°*3 0°‘4 0°*5 


42 * 

48 ' 

54 ' 

0°-7 

0°-8 

» 

0°*9 


9063 9960 

9949 9943 
719935 9923 
81 9003 9900 
• I 9677 9674 


10 9648 9645 9642 9639 

11 9616 9613 9610 9606 

12 9781 9778 9774 9770 

13 9744 9740 9736 9732 

14 9703 9699 9694 9690 


15 9659 9655 

16 9613 9608 

17 9363 9558 
16 9511 9505 
19 9455 9449 



20 9397 9391 9985 

21 9336 9330 9323 

22 9272 9265 9259 

83 9205 9198 9191 
24 9135 9128 9121 
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Natural Tangents. 


Mean Differences 



£££££ SSSoScS 
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Natural Tangents. 


6' 12* 18' 
0°'l 0°*2 0°*3 


42' 

48' 

54' 

0°*7 

0°*8 

0°*.9 


45 1*0000 0039 

46 l-0a~>5 0392 

47 10724 0761 

48 1*1106 1145 

49 1*1504 1544 

50 1*1918 1900 

51 1*2349 2393 

52 1*2799 2840 

63 1*3270 3319 

64 1*3764 8814 



Mean Differences 

V 2' S' 

4' 5' 

6 12 18 

24 30 

6 12 18 

25 81 

6 13 19 

25 82 

7 13 20 

27 83 

7 14 21 

28 34 


7 14 22 29 36 

8 15 23 80 88 

6 16 24 31 39 

8 16 25 S3 41 

9 17 26 34 43 


9 

18 

27 

36 

45 

10 

19 

29 

88 

48 

10 

20 

30 

40 

50 

11 

21 

32 

43 

58 

11 

23 

34 

45 

56 

12 

24 

30 

48 

60 

13 

26 

88 

51 

64 

14 

27 

41 

55 

68 

15 

29 

44 

58 

73 

16 

31 

47 

63 

78 


H a a a 

5111 
sl sa 
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Logarithmic Sines. 


15 9'4130 

16 9-4403 

17 9*4659 

18 9-4900 

19 9-5128 


25 9*6359 

26 9 0418 

27 9-6570 

28 9*6716 

29 9*6856 


H 


M 


2* 

30 ' 

36 ' 

0°4 

0°-5 

0°6 

ppB 

ph 


|35jl 

to 

Irfrl 


i-W*. 


pa 

i 

pa 











ww 

4UJJ 

4242 

4369 

4296 

4508 

4533 

4559 

4757 

4781 

4805 

4992 

5015 

5037 

5213 

6285 

5256 

5123 

5443 

5463 

5621 

5641 

56G0 

5810 

5828 

5817 

391)0 

6007 

6024 

6161 

6177 

6194 

6324 

6340 

6356 

6480 

6495 

6510 

6629 

6644 

6659 

6773 

6787 

6801 

6910 

6923 

6937 


8117 

8125 

8134 

8204 

8213 

8221 

8289 

8297 

8305 

8370 

6378 

8886 

8440 

8457 

8461 


5 9 14 18 23 

4 9 13 17 21 

4 8 12 16 20 
4 8 11 15 19 

4 7 11 14 18 


3 7 10 14 17 
3 6 10 13 16 
3 0 9 12 15 

3 6 9 12 15 

3 6 8 11 14 


3 5 8 11 13 

3 5 8 10 13 

2 5 7 10 12 

2 5 7 9 12 

2 4 7 9 11 


2 4 6 tt 10 
2 4 6 8 10 


2 4 5 7 9 

2 3 5 7 9 

2 3 5 7 8 

2 8 5 6 8 

2 3 5 6 8 
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Logarithmic Sines. 
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Logarithmic Cosines. 
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Logarithmic Cosines. 


6' 

12 

18' 

0-1 

Qo-2 

0°‘3 

i 


24' 

30' 

30' 

0-4 

0-6 

0o-6 



Mean. Differenced 



1 

3 

4 

6 

7 

1 

3 

4 

6 

7 

1 

3 

4 

6 

7 

2 

3 

6 

6 

8 

2 

3 

5 

8 

8 

2 3 6 

7 8 

2 

3 

6 

7 

9 

2 

4 

5 

7 

9 

2 

4 

6 

7 

9 

2 

4 

6 

8 

10 

2 

4 

6 

8 

10 

2 

4 

0 

8 

10 

2 

4 

e 

9 

11 

2 

4 

7 

9 

11 

2 

5 

7 

9 

12 

2 

5 

7 

10 

12 

3 

5 

8 

10 

13 

3 

5 

8 

11 

13 

“ 


3 

6 

8 

11 

14 

3 

6 

9 

12 

15 

3 

8 

9 

12 

15 

3 

6 10 

13 

16 

3 

7 10 

14 

17 

4 

7 11 

14 

18 

4 

8 11 

16 

19 

4 

8 12 

10 

20 

4 

9 13 

17 

21 

5 

9 14 

18 

23 


6 10 16 

5 11 16 

6 11 17 

6 12 19 

7 14 20 

20 24 

21 26 
23 28 
25 81 
27 34 

1 


8 15 23 
8 17 25 

10 19 29 

11 22 33 
13 26 39 

30 38 

34 42 
38 48 
44 66 
52 65 


10 32 48 64 80 
21 42 62 84 104 
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Logarithmic Tangents. 
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Logarithmic Tangents. 



S.X.E.S. 
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„/l-sin 9 .4 sin A v 
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10. 

*Jl + eot“ a 
cot a 
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11. 6. 
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m 
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+ N 2 ’ 

n 
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V. b. Page 39. 
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3. AB=17-S2 ft., AC =10 ft., 4D = 8*66 ft. 4 . 12, 4. 


5. 

22*56. 
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7. 

20(3+V3)=84'64. 
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= 106. 
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13*382, 86° 25'. 
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1. 

173*2 ft. 2. 

277*12 ft. 

3. 60°. 

4. 

50 ft.; 1C 

5. 

22*5 ft.; 38*97 ft. 

6. 

30 ft. 

7. 

200 yds. 

8. 

51 yds., 81 yds. 

9. 

86*6 yds. 

10. 

46*19 ft. 

11. 

273*2 ft. 

12. Each 

= 70*98 ft. 

13. 

5 miles. 

14. 

73*2 ft. 

10. 64 ft. 

* 

16; 

300 ft. 

17. 

1193 yds. 

18. 277'12-ycU. 
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1. 565*6 yds.; 1131*2 yds. 

3. 29 miles. 

5. 10 miles ; 24*14 miles. 

7. 9*656 miles. 

9. 295*1 knots. 

11. 31 minutes past midnight. 

VI. c. 


Page 47. 

2. 3*464 miles ; 6 miles. 

4. 10 miles per hour. 

6. 16 miles ;,S. 25° W. 

8. 5*77 miles; 11*54 miles. 

10. 5*196 miles per hour ; 18 miles. 
12. 38*97 miles yer hour. 
f 

Page 48 a . 


1. 36 yds. lft. 2. 340 ft. 3. 161*8 m. 4. 586 ft. 
0. 24 yds. 6. 26° 84', 63° 26'. 7. 80°25' t 80° 25, 19° 10'. 


8. 107 ft. 9. 244 ft. 


10. 638 yds. 

11. 

28° 15'. 

12. 467*9 m., 784*7 m. 

13. 

118*35 ft. 

14. 

271 m. 

10. 7*9 ml 

16. 

970 m. 

17. 

441*5. 

18. N. 38° 23' E. 

19. 

. 13*49 mi. , 

24*12 mi. 
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7 * 25' 

*' 16 ‘ 
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ir 

8 * 


9. *4509. 
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10. *6545. 
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11. 

1*4399. 

12. 

1*1999, 

15. 

135°. 

16. 

28°. 

19. 

22° 30'. 

20. 

38° 30'. 

23. 

•638. * 

2* 

1*232. 


18. 

2*7489. 

14. 

*9163. 

17. 

33° 20'. 

18. 

37° 80'. 

21. 

29° 48'. 

22. 

165°. 

25. 

2-0262. 

26. 

2*9979. 




VII. b. Page 56. 



. 3 

1 

. 3. tj. . 4. 

3 


4* 

N 3^2 

72' 

8. 9. 


7. 1. 

7T 2tT 

13 ‘ 4 f is" 


14 — — 

6 ’ 7 * 

* 4- 



VEL c. Page 60. 


1 

A * 5* 

2. 

300 ft. 

3. 

A radian. 

4. 5*85 yards. 

5. 

330. 

6. 

i of a second. 
44 

7. 58§. 

8. 

40 yds. 

9. 

1*15192 miles. 

10. 17*904. 

11. 

2° 6'. 

12. 

45 feet. 


MISCELLANEOUS EXAMPLES. B. Page 61. 


1. 9°. a. 95-26. 3. 54°. 4. 3438 inohea. 

6. 30°. 8. 224°, 9. 674°. 

10. a=6 N /3, c=12, perp. =3 n/ 3. 12. 17-32 ft. 

14. 120°, 36°, 24°. 16. 

O 

17. (1) possible; (2) impossible, ur< less a =*1. 18. 8*66 miles. 

7ir 

19. - . ^ , 7 = . 21. 90. 24. 4 miles per hour, 1*782 miles, 

o o lo 

26. |. 28. (1) 30°; (2) 30°. 97. 

29. 200 yards.* 80. 33 feet. 
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vm. a. 

Page 69. 


3. 

Second. 

2. 

Third. ' 

3. 

First. 4. 

Third. 

6 - 

Second. 

6 . 

Second. 

7. 

Third. 8. 

Third. 

9. 

Sine. 

10 . 

Cosine. 

li. 

Tangent. 12. 

Sine. 

13. 

Sine. 

14. 

Tangent. 

15. 

Sine. 18/ 

All. 

17. 

Cosine. 

18. 

60°, 

19. 

30°, . 20. 

45°, 1. 

21. 

46°, s/2. 

22. 

30°, 2. 

23. 

W.-i. 2*. 

45°, 1. 

25. 

60®, 2 . 

26. 

60°, s/3. 






vm. b. 

Pagk 72. 


1. 

-s/3. 




3 ‘ 



12 12 


* 4 - 

3 * 

4 

3 

it 

18’ T - 


4* 

6 . 3 , - 

5* 

7. 

s/3 1 

2 '• "s/3 


8. 1, -V2. 

« IS 

■H 

oi 

■H 


IX. Page 79. 

1. cot A decreases from ao to 0, then increases numerically from 
0 to -oo, then decreases from oo to 0, then increases numerically 
from 0 to - oo . 2. coseo 0 decreases from oo to 1, then increases 

from 1 to oo . 3. cos 0 decreases numerically from - 1 to 0, 

then increases from 0 to 1. 4. tan A decreasep from oo to 0, a 

then increases numerically from 0 to - oo . fl/ sec 0 decreases 

numerically from -oo to -1, then increases numerically from -1 
to - oo. 6. 3. 7. 1. S. -2. 9. 2. 


MISCELLANEOUS EXAMPLES. C. Page 80. 


1. ii »• ^ = 60°, 

5 

0 . 1313 miles, nearly. 

8. 12*003 inches. 

13 . 36° 52', 126° 52'. 

14. 6 km. per hour ; 3464 m. 
16. 1. 


=30 

‘‘A- 

6. 301 feet. 

- 4 

10. 200 feet. 

11. 45°. 


13. 10 in., 1480 mi. 

15. a =49° 19', 0=2° 14'. 
17. 27*35 mi.*; 18*65 mi. 
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X. a. Page 87. 


1. 

1 

s/r 


*}■ 

CO 

> 

CO 

4. -*/2. 

5. 

si* 

2 • 

» 

6. 1. 

7. -1. 

«• -i- 

9. 

2. 


10. -1. 

- 

12. - 2. 

13. 

-2. 


14 ‘ 

15. V 3 * 

16. flini*. 

17. 

tan A- 


18. - cos A . 

19. -sec .4. 

20. - cos A . 

21. 

-tftni 

. 

22. - cos 0. 

23. tan 0. 

24. - coseo 6, 

25. 

1. 


26. 2 sin A. 

27. 1. 




* 

X. b.’ 

1 Page 91. 


1. 

1 

2’ 

2. 

-t - 

i. 4 _ i 

2 2 

5. -1, 

6. 

1. 

7. 

A' 

-A. 9. -,/2. 

10 - 72" 

11. 

0. 

12. 

.72" 13 - 

-72- -|. 

15. -^2, 

16. 

1 

n/2‘ 

17. 

- 1. 18. 

2 - 19 * ^3* 

- 7»* 

.‘21. 

±30°, 

±3» 8 . 

22. 210°, 330°, 

-30°, - 150°. 

23. 

*120°, 300°, 

J 60°, -240°. 

24. 135°, 315°, 

-45°, -225°. 

30. 

3. 


31. cot 9 .4. 

32. - 1. 

34. -4. 




XI. a 

. Page 97. 


4. 

I- 24 


33 

6 ‘ 65’ 

£. 

85 

36 1 




XL b. 

Page 100. 


1. 

1 . 

2. 

■}• * 

.12 278 1 

’ .i5' 4 ‘ “ 29 ’ 2’ 


11. cos A cos B cos G - cos A sin B sin C - sin A cos B sin C 

- sin A sin B cos C\ 

sin A cos B cos C - cos A sin B cos C+ cos A cos B sin G 

, + sin A sin B sin (7. 



ELEMENTARY TRIGONOMETrI 


Oflfl 

owo 

u tan A - tan B - tan C - tan A tan J9 tan <7 
1 - tan B tan C -f tan~C tan A + tar. A tan B * 
_ a cot A cot B cot C - cot A - cot B - cot C 


A0> 

oot B cotC + cot Coot 4+ cot A cot J3-1* 9 



XI. d. 

Page 104. 


1. 

_ 7 a !Z 

9' 25* 

3 “ 

8 - 25' 

* i- 


7 24 1 

- 1 


o. 

25* 25' 6# 3* 

7 - V 



XI. e. 

Page 106. 



23 117 

27* 2 * 125' 

3* 9 


1. 

3 ‘ 13* 



xn. a. 

Page 112. 


1. 

sin 40 + sin 29. 2. sin 9 6 - sin 30. 3. 

cos 12 A + cos 2 A. 

4. 

cos A - cos 5 A. 5. sin 90 - sin 0. 6. 

sin 120 - sin 40. 

7. 

cos 60 - cos 120. 8. sin 160 - sin 20. 9. 

cos 13a + cos 9a. 

10. 

cos 5a - cos 15a. 

11. - (sin 11a- 

sin 3a). 

12. 

i (cos 2a - oos 4a). 

13. ^ (sin 2A + 1 

| /iA). 

14. 

1 (sin 6 A - sin A), 
z 

70 

IB. cos ~ +cos0. 
o 

16. 

* (oos? -cos*). 

17. cos (a + 0) + 

cos (a ~ 3/3). 

18. 

cos (2 a - /8) - cos (4a +/3). 

19. sin ( 30 - 0) + sin (0 + 30) . 

20. 

sin (40 - 0) - sin (20 + 30), 

31. i(^-am2«). 


xn. b. 

Page 114. 



1. 

4. 

2 sin 60 cos 20. 

2 sin 100 sin 0. 

2. 

6. 

2co8 30sin 20. 

2 cos 6a sin a. 

3. 

6. 

2 cos 50 cos 20. 

0 11a 5a 

Scos-g- OOS-g- 

7. 

2 sin 8a cos 5a. 

8. 

- 2 sin 3a sin 2a. 

9. 

„ 1 1A 7A 

2 COS COB Y 

10. 

- 2 oos 7 A sin 4 A. 

11. 

sin 20°. 

12. 

cos 10°. 
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XU f. Page 122 a . 

10. 1 + 2 cos A. u. *352; 69° 23'. 

H. Bin 10a+ sin foi + sin 4a. 15. 2*4936. 16. 10*. 

18. sin 20 =*96; cos 20 = -28. 

26. sin 20= *8; cos20= - *6; 0 = G3 O 26'. 27. d^50°12\ or 90'. 


XIII. a. Page 128. 

1. 60 3 . 2. 120°. 3. .4 = 30°, 71 = 120°, (✓ = 30°. 4 . 45°. 

5. 90°. 6. ^ = 75° f : ;i = 45 0 . Cs 60°. 

7. ^ =30°, 22 = 135°, C= 15°. 8. 28° 57'. 9. 101° 32'. 

10 . JG. 11 . 7 . 12 . 8 . 13 . 14 . 14 . 9 . 

15. &=2*/6,\4=75°, <7=30V 16. a=^5 + l, #=36°, C=72°. 

17. C=75°, a=c = 2 v /3 + 2. 18. ^4 = 105°, a= x /3 + l, c= v /3 - 1. 

19. 0 = 30°, a=2, 6 = ^34 1. 21 . 2. 22. 6. 23 . 60°. 

24 . 105°, 45°, 30°. 25 . 105°, 15°, 60°. 26 . ^,105°, 15°. 

2 

XIII. b. Page 132. 

1. B= 60°, 120°; (7=90°, 30°; c = 2, 1. 

3. 13=60°, ^0°; A=7C.\ 15°; a=3+ v /3, 3-JS. 

3. A= 46°, B= 75°, 6=^/3 + 1; no ambiguity. 4 . Impossible. 
B. £7=45°, 135°; 4 = 105°, 13°; a=3+ N /3, 3-^/3. 

«. £7= 75°, 105°; 4=45°, 15°; a = 2 v '3, 3-^/3. 

7. A- 76°, 105°; U=90°, 60°; 5=2^6, 3^/2. 

8. B=90°, <7=72°, c=4 iy/5 + 2,/5; noambiguity. 9. Impossible. 

XIII. d. Page 136. 

1. 72°, 72°, 36°; each side =N /6 i ’ . 

2. .4=60°, a=9-3,/3, 5=3( < /6 - v '2), 0=3^2. 

8. 4 = 105°, B= 16°, £7=60°. 4. B =54°, 126°; C=108°, 36°. 

6. £7=60°, 120°; 4=90°, 30°; 0 = 100 ^ 8 . No, for £7=90°. 

«. 18°, 126°.. 8. 4=90°, B=30°, <7=60°; 2c= 0> /8. 
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MISCELLANEOUS EXAMPLES. D. Page 138. 

a. 43. 3. 00 , 1 . 4. -1. 6. a=2, £*=30°, C = 105°. 

9. .4 = 30°, J? = 75°, 0=75°. 


1 . 10 , 8 , - 


3. 2401, *5, 


XIV. a. Page 145. 

» * 1 . -45 

«>> O* »>» * n> 71 

1 , *, 10 00 . 10000 . 


1 7 

2’ V 


4 . 5, 3, 3, 4,0. 5 . 0, 2, 2, 0, 4, 3,1. 

6. 1-8091488, 6-8091488, 4-8091488. 7. 3-26, 325, -000325. 

8. 2-8863613. 9. 3-3714373. 10. 1-6475286. 

11. 1-9163822. 12. 1-4419030. 13. 2-3380184. 

14. 1-6989700. IB. 1-8125919.' 16. -0501716. 

17. log 2 =-3010300. 18. 1 - log 2 = -6989700. 19. 1-320469. 

20. -0260316. 21. -2898431. 22. 7 2621538. 

23. 7 ; 4. 24. 2058. 


XIV. b. Page 149. 


1. 

9076226. 

2. 

3-01824. 

3. 

2467- 

266. 

4 . 

2*23. 5. 

3-54. 

6. 

1-72. 

7 . 

32, 79. 

8. 

22-2398. 9. 

3-32. 

10 . 

5-77. 

11 . 

2*05. 

12. 

x = 2 log 2= *60206, y = 

= - 2 log 5 = 

= - 1*39794. 



13 . 

*=- Io 8 3 . 

- 0.71 . 

7 /- Io * 


— ^,171 



log 3 - log 2 

— - / A, 

'“log 3- 

log 2 

= 1 71, 


14 . 

3(6-a-c + 2), 

J(2a- 

3c + 6). 





IB. 6+c-2, g (3a + 26 + 3c -5). 


MISCELLANEOUS EXAMPLES. E. Page 150. 
3. b-^13-1, ^ = 135°, C=30°. 8. .4 = 105°, B=45°. 


XV. a. Page 155. 


1. 6-6947486. 
4. 1-7606731. 

7. 673-5466. 

10. -2531925. 
13. 2-424463. 


2. -5404924. 
6. 6-7840083. 

8. -0106867. 

11. 2-031324. 
14. 2-069138. 


3. 6-4647860. 
6. 55740-83. 

9. -008287771. 

12. 1-389495. 
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XV. b. Page 159. 


1. 

*6164825. 

2. *7928863. 3. 1*2154838. 

4. 62° 42' 

6. 

30° 4(y 28". 

6. 

48° 45' 44". 

7. 

9*8440554. 

8. 

10*1317778. 

9. 

9*7530545. 

10. 

44° 17' 8". 

11. 

55° 30' 39*'. 

12. 

0*6650561. 

13. 

10-1912872. 



XV. c. Page 161. 



1 . 

2*36952. 

2. 

84336. 

3. 

33*27475. 

4. 

*03803142.. 

5. 

112184. : 

6. 

1225 508. 

7. 

27*90209. 

8. 

•580303. 

9. 

6*84829. 

10. 

3-288754, 

1*236122. 


11. 

2273*54. 

12. 

*5095328? 

13. 

7*29889. 

14. 

*045800373. 

15. 

*1972945. 

16. 

•0001706363. 

17. 

*644066. 

18. 

9*52912. 

19. 

•3175271. 

20. 

•335859. 

21. 

*4221836. 

22. 

121272-2. 

23. 

250*2357. 


24. (1) 36° 45' 22"; (2) 19° 28' 16". 25. -4.11785. 26. 68°25'6". 


XV. d. 1 ’age 163 0 . 


1. 

49940. 

2. 15210. 

3. 

•0001685. 

4. 

*7573. 

G. 

467*3. 

• » 6. 13-60. 

7. 

•05868. 

8. 

00C48. 

9. 

2-429. 

10. *07612. 

11. 

1-923. 

12. 

1-444. 

13. 

19*97. 

14. -2008. 

15. 

61*86. 

16. 

2-258. 

17. 

2-224. 

18. 4*354. 

19. 

1*784. 

20. 

•00008855 

21. 

64*49. 

22. 13*81. 

23. 

*2510. 

24. 

•0006814. 

26. 

•9811. 

26. 16. 

27. 

9*29; 2560. 

28. 

4-616. 

29. 

*= 1-151, 

y = 1 353. 

30. 

1*874. 

31. 

11410. 

82. 

(i) 105-5; 

(ii) 849-4. 

33. 

389*8. 

34. 

5*044. 

86. 

38-53. 

86. 4*015. 

37. 

2 007 cm. 

38. 

45*16 cm. 

89. 

•2905. 








XV. e. 

Page 163 u . 



1. 

•4944. 

2. *7931. 


3. -9661. 


4. 1-5171 

6. 

1*0932. 

6. 1-2153. 


7. 18° 13'. 


8. 79° 44' 
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9. 

35° 32'. 

10. 51° 36'. , 11. 83° 8'. 

12. 

48° 12 / . 

13. 

9*8439. 

14. 10-2823. 15. 9-4841. 

16. 

■3161. 

17. 

1-776. 

18. 4-159. 19. -6995. 

20. 

44° 19*. 

21. 

459*5. 

22. (i) 77-25; (ii) 32-00. 

23. 

33° 83'. 

24. 

12*92. 

25. 166-8. 





XVI. a. Page 166 . 



6. 

1 




2’ 

7 ' 2* 





XVI. b. Page 169. 



1. 

113° 34' 41". 

2. 49° 28' 20". 3. 55° 

46' 16". 


4. 

78° 27' 47". 

5. 64° 37' 23". ' 6. 35° 5' 49". 

7. 

93° 35'. 

8. 

.4 =67° 22' 49 

", 73 = 53° T 48", C- 59° 29' 23". 



9. 

A =s 46° 34' 3", 

,73 =104° 28' 39", (7= 28° 57' 18". 





XVL c. Page 173. 



1. 

.4 = 79° 6' 24", 

,11 = 10° 53' 30". 2. A = 6°l'54",f? 

= 108° 58' 6". 

3. 

A = 24° 10' 57 

", 73 = 95° 49' 3". 4. I! = 78° 18' 52", 

, C=56°41'8". 

5. 

.4=27° 38'45", C= 117° 38' 45". 6. 82° 57' 16 

", 30° 32' 45". 


7. A= 74°32'44", C=48°59'16". 

8. 73=100°47’1", C=14°12'69". 

8. 4 =136° 35' 21-8", 5 = 18° 14' 33-2". 

XVL d. Page 174. 

1. 89-646162. 2. 255-3864. 3. 92-788. 4. 5=185, c = 192. 

6. 321-0793. 6. 0=765-4321, c =1036-43. 

7. 5=767-792, c= 1263-68. 

XVI. e. Page 176. 


1. 32° 25' 35". 

3. .4=100° 84', 13 =34° 26'. 


2. 41° 41' 28" or 138° 18' 32". 
4. 51° 18' 21" or 128° 41' 89". 
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5. i4=28°20'49", <7 =39° 35' 11". «. A =81° 46' 2", or 23° V 68*. 

7. (1) Not ambiguous , for (7=90°; 

(2) ambiguous, 6 =60' 3893 ft.; 

(3) not ambiguous. 


XVI. f. Page 180. 

E 

1. A= 68° 24’ 43", 5 = 48° 11' 23", <7=73° 23' 54". 

2. 112° 12' 54", 45° 53' 33", 21° 53' 33". 3. 75° 48' 54". 

4. 4227-48J5. . 6. 7} =108° 12' 20", C=49°27'34\ 

6. A = 105° 38' 57", 5 = 15° 8*8' 67". 7. 17-1 or 3-68. 

8. 108°26'6", 53“7'48", 18°26'6". 9. 126*22'; 96°27', or 19°8'. 

10. fl=80°46'26-5", {7=G3°48'33-5". 11. 70°0'5C", or 109°59'4". 

12. 4 0249. 13. 41° 45' 14". 

14. 42° O' 14", 5=55° 56’ 46", C=82°3'. 

16. 41° 24' 36", 16. 4 =60° 5' 34", <7 = 29° 54' 26". 

17. 889-2554 ft. 18. 72° 12' 59", 47°47'1". 

19. 44-4878 ft. 20. A = 102° 50' 38", 5=42° 3' 22". 

21. 5=99°^ 23", C= 32° 50' 37", a = 18-7254. 22. 72° 26' 26". 

23. .4=27° 29' 66", 5 =98° 55', C=63°35'4". 

24. 5=32° 15' 49", <7=44° 31' 17", a = 1180-525. 

28. a =20*9059, c=33-5917. 28. a = 2934-124, 6= 3232-846. 

27. 5=1°1'23", (7= 147° 28' 37", a=43898. 

28. A =26° 24' 23", 5=118° 18’25", 6 = 642-756. 

29. 53° 17' 55", or 126° 42' 5". 

30. .4 =31° 39' 33", C=96°1'27", 0= 878-758. 

31. 6= 4028-38, e=2831-67. 

32. 5 =75° 53' 29", or 104°6'81"; 4=60°54'19", or 32°41'17". 

33. Base =2-44845 ft., altitudes -713321 ft. 

34- 90°, nearly. 36. (1) impossible; (2) ambiguous; (3) 63-996. 
38. 3=72° 81' 58", e= 12-8265. 37. 3 =60° 13' 52", c= 19-523977. 
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XVI, g. Page 183 d . 

1. 108° 38'. 2. 90°. 3. 41° 8'. 

4 . A = 30°50', H=131°15\ (7=17°55'. 

5. >1 = 28° 24', 13 = 44°30', C = 107°G\ 

6. 27° 40', 13 = 95° 27', C = 5G°53'. 

7* 11G° 28'. 8. 25° 31'. 


9. 

A = 

38° 12', 13 = 60°, C=81° 48'. 




10. 

A = 

53° 8', 23 = 59° 30', C = 

= 67° 22'. 




11. 

; b= 

51° 35', C=20° 59'. 

12. 

A = 23° 3', B 

= 83° 16'. 

13. 

A = 

1°3', C=118°27'. 





14. 

A = 

97° 15*5', J3 = 37°37-5 

c= 19*49. 



16. 

B = 

129° 29', C=13°31', < 

a = 64*65, 




16. 

13 = 

49° 29', C = 70°31\ 

17. 

A =71° 30', 13 = 26° 16'. 

18. 

A = 

97° 29-5', 73 = 29° 43*5" 

'. *19. 

13 = 132° 20',' 

C = 29°24\ 

20. 

A = 

24° 15', 13 = 34° 7', c = 

,36-48. 




21. 

68* 

11. 22. 110-7, 


23. 

4-200. 

24. 1215. 

26. 

79*' 

76. 26. a = 4-1 

}28 in., 6 

= 5 

■499 in. 

27. 130*3. 

28. 

a = 

214*2, 5 = 223 4. 


29. 

5 = 3-841, c 

= 4-762. 

30. 

a — 

26-71, c=99 68. 


31. 

57° 18'. 


32. 

44° 

16' or 135° 44'. 


33. 

.4 =36° 18', 

c = 29-18. 

34. 


: 74° 36' or 105° 24', C 

f=65°24' 

or 

34° 36', c — 133-2 or 83-22, 

36. 

13 = 

: 24° 53' or 155° 7', C = 

= 134° 26' 

or 

4° 12', c = 232*5 or 23 84, 

36. 

A = 

= 31° 41', C=96°, a = 879-2. 




37. 

J = 

= 26° 12', 13 = 118° 48', 

5 = 644-3. 




38. 

A = 

= 102° 57', 13 = 42° 3'. 


39. 

41° 45'. 


40 . 

B= 

= 75° 12' or 104° 7', A 

= 60° 56' 

or : 

32° 40'. 


41 . 

A = 

=42°, B = 65° 58', C=; 

82° 2'. 




42. 

41* 

1 24'. 43. B = 

99° 54-5', 

C = 

= 32° 50*5', a: 

= 18*72. 

44 . 

23= 

= l°r, Csl47° 29', a 

= 4391. 


46 . 53° 17' 

or 126° 43'. 

46 . 

12 

•81. 



47. 19*53. 



XVII. a. Page 185. 

1. 146*4 ft. 2. 880 ^3 = 1524 ft. 5. «5/(a-6)ft. 

6 . |<*/6 = *816 miles, 
o 


7. 10 («yiO +^/2) s46*76 ft. 



AN S WEBS. 


». 1 or ~ . 10. 9? ft. 12. 48^6= 117*6 ft. 

14 . 750 ^6 = 1837 ft. 15. 2640 (3 4-^/3) = 12492 ft. 

XVII. b. Page 190. 

1. 30 ft. • 2. a y/2 ft. 6. 100 ft. 

12. V500^0“<V3 = 1 2 *4 ft. 



XVII. «. 

I'AOK 195. 

1 . 

1060-5 ft 2. 

5 °°/ 6 = 408ft. 

3. 

120^/6 = 294 ft. 6. 

106 ft. 

10. 

Height = 40 ^/G = 98 ft. ; distance=40 ( N /14 + N /2) = 20Gfi 

11. 

50 J 120 + :«VC = 696 y<h. 



XVII. d. Puns 197. 

1. 6 miles nea^y. 2. Height = 19*4 yds. ; distance =102*9 yds. 

3. 2001 ft. * 4. Height =394*4 ft. ; distance =406*4 ft. 

5 . Height =916*8 ft.; distance =*9848 mile. 

6. Height=45*91 ft.; distance -99*17 ft. 

7 . 11*65 or 26*97 miles per hour. 

8. Height =169*2 ft. ; distance =215*6 ft. 




XVIII. 

a. Page 206, 

84 

85* 

1 . 

9000 sq. ft. 

2. 

15390. 8. 

4. 

117 936 

1 9 ~T 9 "26 " 

5. 

225 sq. ft. 6. 

672 sq. ft. 

7. 

LO. 

86 yds. 

12, 16, 20. 

8. 

r=4, J2=8J. 0. 

12, 6, 28. 
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XVIII. b. Page 210. 

2. 9*585 yds., 7*18875 sq. yds. 

5. 128*352 in. 6. 101*78 ft. 

8. 68*09 sq. ft. 


XVIII. c. Page 218. 



XVIII. d. Page 223. 

1. lf v 2}. 4. Diagonals 65, 68; area 1764. 

5. 2^77 + 6^/11. 

XVIII. e. Page 225. 

a. 7071 eq. yds. B. >y/^ + j + £- f 1 - 20,21,29 


MISCELLANEOUS EXAMPLES. F. Paob 228 . 

8. Expression = cot A + cot B + cot 0. 

4. 2*=45* # 135°; 0=105°, 15°; c = J 6+^2, «/6-V2. 

6. 126. 7. 68*3 yds., 35*35 yds. 

11. 0=45°, 136°; 4 = 105°, 15°; a=2 v /3, 4^3-6. 

12 . 10 miles; 10 J2-»J2 miles. 

24 . (1) 90»-|, 90“-J, 90»-J; 

(2) 180° -2.4, 180° -2B, 180° -20. 

28. Expressions sin* (a -/ty. 28. 21*8 miles per hoar. 

St. 1 hr. 80' ; 2 hrs. 16'. 


1. 26*46 sq. ft. 
4 . 216*23 sq. ft. 
7. 57*232 ft. 
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XIY. a. Page 235. 


1. 

»lT + (-l) n 

O 

2. 

mr+(-l)» j. 

3. 

2mr±£. 

4. 

nr +J-* 

5. 

T 

/IT- - . 

6. 

2nr*~ . 

4 

7. 

* * 

nf± 7 . 

4 

8. 

nr±%. 

9. 

, T 

in r=t- . 
o 

10. 

2/iT±a. • 

11. 

mr A a. 

12. 

mt A a. 

13. 

mr. 

14. 

y + (-l) n C. 

15. 

2/it 

2/»t, or — 

5 

16. 

nir . t 

T * ornir± e* 

17. 

T ,ory + (- 

l) n — . 

' 18 



(2n + l)ir 0 (2it+l)ir 

1 jp-, % or 2wr, or ' — 


“• 2~ 

» es±i 

2 

20 . wir, or 

22 . fl5+?: 


2w+1)t (2ti + 1)t (2/i + 1)t 

L 2 ' ° r 4 1 ° r 8 ‘ 


(2?i+l) i 

14““ 


(2w + 1)t 7T 

' 6 ’ orn,= V 


nv mr 
21. T , or 

(2n + 1) tt mr 


or T+ (- 1 )« § . 


(2/i + l) t, or 2n7r±^. 25. 2/it, or 2?it±-^. 

o 0 


O— j 

2mr+y. 29. 2mr - -- . 


nir r 

2 + 8 * 


XIX. b. Page 237. 
(2n + l)ir (4 k + l) ir (4k-l)w 


~2(p + q) ' * 2 (u - m) * 2(n + m) 
2/it + ^, or (2/1+1) ir + j, . 5. 2/ 


_ Sir 0 »r 
2KT + JJ, or 2nr-jy 

St 3t 

2nT + y, or 2/it- -j-. 

nir . 

j +(-D* S- 


. 3. 2/it, or 2/it - — • 


5. 2/it + g- , or 2/it + . 


?. 2nT+ fi ,or2nT-jj. 

9. 2nr + g, or (2n+l)ir. 

(2/i+1)t ,t 

11. i or nTcfeg. 
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12. 

nv f or fin-Ag-. 

IS -- 
IS. 2 . 

14. 

wr-v-j, or 2 /mt, or 2mr + ~. 


[In some of the following examples , the equations have to be squared , 
so that extraneous solutions are introduced.] 0 

15. 

2/mt ir rt t 

3 +4’ or2 «’ r + 4- 

7T *r 

16. 7I7T — , or *2 ^ V“l) £ 2 * 

i7. 

(2n+l)ir (2n + l)7r 

"io ' 01 2 • 

18. 

19. 

. ir 7T 

WIT T T » Or 7MT + 7T. 

4 o 

20. . 

21. 

7T 7T 

0=n7r=k^, 0=nir-t-. 

22. ^=n7r±™ 

23. 

<t>=nir±^. 



XIX. d. 

Page 244. 

1. 

^ 2 - * 1 - 

3. ±2 . *. 

4 

5. 

1, or 6. 0, or 

’• * 72 - ’*• ‘I' 

9. 

1 , a - b 

2* 1 + a& * 

“• isr / 

13. 

x~ac-bd t y~bc + ad. 

14. ±1, or ±(1*^/2). 

15. 

, v 

WT + j. 

39. « = 1, ?/ = 2 ; x=2, ?/ = 7. 


MISCELLANEOUS EXAMPLES. 0. Page 246. 

2. 

( 1 ) 2nr±g ; (2) 2»ir±|. 

6. 

78° 27' 4". ». 6. 

10. 800 yds, 146*4 yds, 546*4 yds. 


XX. ft. 

Page 255. 

X 

.AS A 12 

“* « _ 18’ 009 3 18* 

. .A 15 A 8 

S. 8in 2 =x_ 1 7> oob 2 ~ 17* 
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*• 2Bin 4= " 'sA'+sia ^ + Jl-ain A; 


2 " 

A 


2 cos = - Ji + sin 4 - Ji - sin 

j • , 

2 sin ->^1 + sin A - - sin A ; 
2 cos^= - Jli- sin A + Vl'-sin^. 

2 sin ^-= + Jl + sinT -f N /l- sin A [ 

^ . 

2 008 1 = + V 1 + sin •* “ V 1 


, • A 4 .4 3 ' . . A 8 A 15 

7. sin ¥ = ^cos- = B . # 8. sm ¥ = -,cos-=- 17 , 

9. (1) 2 nir~£ and 2nir + ^ ; (2) 2 ?itt 4-~ and 

(3) 2/17T+— and 2 «tt4-“. 

10. No; 2 sin ~= */!+ sin .4 + Jl - sin A. 

14. (1) =V2cos*(Vj); (2) =2 bin 

18. (X) = - Bee 20 ; (2) = ta,n»g. 

% 

XX. b. Page 260. 


8 - S’ 




XXI. a. Page 267. 


1. 1440 yards. 2. 34 2 f yards. 

3. 22 yards. 

4 . 6' 34". 5. 4'35". 

6. 11 ft. 11 in. 

7. 210 yards. 8. 9' 83". 

10. 60 ft. 

U ' ^ 10800’ ^ 048000' 

12 . *T 2 . 

13 . |. 14 . m-n. 

15. 

2 200 


21 .f= 39-r. 

06 
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XXI. 1). Page 271. 

1. 12 miles. 2. 150 ft. 3. 15 miles. 4. 80 ft. 8 in. 
5. 204 ft. 2 in. 6. 54' 33". 77 104 ft.* 2 in. 

,8. 10560 ft. 9. 610 ft., 5\ZH0 minutes =26' 13*. 

a 

11. 8. 12. -1. 13. (1) cob a;. (2) -sin a. 

14. 45° 54' 33" 44 Q 5'27". 

MISCELLANEOUS EXAMPLES. H. Page 283. 

3. 18° 26' 6". 6. 35 miles or 13 miles per hour. 


XXTIT t a. Page 291. 


1. 

sin^na 
sin a 


2. 

. vB 
sm cos 

(-^) 

/ Sin 2 

8. 

-° 0fl ( O+ S; 

1 B ’ n ‘In ’ 

4. 

. nir 

em u 008 

(n + l)ir / . 
» 7 8la 

X 

2A: * 


-1 -1 . x _ i r 

6. 6. - - . 7. cot — . 8. - cos — . 

2 2 2 n n 


* __ n(0 + ir) . /n + 1. n-l#\ / • 0 + ir 

9 . sin na. 10. sm — sin ( 0 + — g-7x J J sin ~ . 

. n(x-/3) [ (n-l)(x-/9)| / . x-/J 

11 . gm — oos |a+- } j— j sm ~ 2 ~ • 

. n (x - 20) | (n - 1) (x - 2/9)) / . x-20 

12. sin --*- 4 / cosjft+- -j- J Bin — . 

n cos 0 Bin n0 cos (n + 2) 0 
2 2sin0 * 

sin 2na s in 2(n + 1) a _ n sin 2a 
2 sin 2a 2 * 

16. cosec a {tan (n + 1) a - tan a } . 

16. cosec 20 {cot 0 - oot (2n + 1) 0} . 17. tan a - tan 

18. i (cosec a- cosec 3* a). 19. i (tan 3*a - tan a). 
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XXIH 1>. Page 294. 

1. 

n sin 4 n$ 

2 4 sis 20 * 2 

. - 3 r- 

2‘ 3> 2‘ 

4, 

0 . 710 .W» + 1)0 
3 sm -y sm ^- 

sin *ln +il£ 

2 2 


4 sin ~ • 

A . '&0 

4 Bin - 
2 

0. 

0. 6. 0. V. 

cot 0 ~ 2* cot 2 n b. 

8. 

^ cosec a {tan (n+1) 

, , _ sin 20 sin2* +1 0 

a -tana}. »•- -g- -jj*, • 

10. 

sin a 0-2 n sin a Jj-. 

* 11. tan ' 1 ® - tan -1 , . 

tt+1 


12. tair^n + l)-^. 13. tan~' 1 {l-|-n(n+l)} - 

14. tan^njn + l). 


XXIV. a. Page 301. 

2. x=aoos^— j coa^-^, y = b sin j cos , 

8. x=a (cos a+ sin a), y = 6 (sin a -cos a). 

__ . . a+P+y . ff+y-a . y+a-p . a + P~y 

13. 4 sin — - sm r ' — sin ^ — - sin — £ — - . 

. . a+p+y . a+fl -7 fl+ 7 -a y+a-p 

14. 4 sm — ^ — ’ sin — ^ — - cos ^ — 003 — g— . 

22. (1) (a 9 + b 2 ) ® 2 - 2&CJ? + c 2 — a 2 = 0 ; 

(2) (a 2 + b 2 ) 2 x 9 - 2 (a 9 - b 2 ) (2c 2 -a 2 - b 2 ) x+a 4 +b 4 + 4c 4 - 2a*b 9 

-4fl 2 c 2 -4b 2 c 9 =a 


[Use coB2acos2j8=cos 2 (a-0)-sin 9 (a+/S).] 
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XXV. it. Page 318. 


1*. 

2 %jpq. 2. 4. 

3. 24. 4. 2. 

• 

7. 8* 2« 

9. 

Ja 2 - 2 ab sin a + b 2 . 

10. mJ p* + 2 pq sin a + q 2 . 

11. 

Maximum — 2 sin ^ . 

12. Maximum — 

• o a 
sm 2‘ 

13. 

Minimum =2 tan ~ . 

14. Minimum— 

2 coseo ^ . 

15. 

Maximum . 

o 

16. Minimum = 

V3. 

17. 

Minimum =7 . 

4 

18. Minimum = 

6 . 

19. 

Minimum =1. 

1 1 _ 

I 

20. Minimum = 

K 

: 1 . 

21. 

~(a+c)±-*/6 2 + (a 

-C) 2 . 25. 3 . 


26. 

k'Ha'+b'+c 1 )-, fc»/(a + 6 + c). 



XXV. b. Page 324. 


1. 

x 2 y 2 _ 

i* + F.“ 2 - 

x 1 + y 2 = a 2 + 6*. 3. b 2 f- a 2 (2 - a 2 ). 

4. 

y(x a -l) = 2. 0 . 

4 3 3 4 

(a 2 - & 2 ) 2 =16ttft. 6 . aPy 2 ~~aPy 2 sz 1. 

7. 

a 2 6 2 (a 2 + b 2 ) = 1. 8. 

13 3 

x 2 + y*=za?. 9 

4 6 14 

. afiy 2 — afiy^sza 2 . 

10. 

a ; 2 

i 2 + 6 2=s1- ia - 

1 1 

aP+i/=z*2, IS. 

2 2 
{x+y)*+(x-y)*= 2. 

16. 

a 2 + 6 a = 2c*. 20. 

2 S3 

(s + y) 5 +(s-?/) 2 =2a 2 . 

a 2 y 2 , 

“• ■jT 2 + a* =1 ' 

22. 

^ + £=a+&, or {a(y s -& a )-&(* J -« 2 )} a = 

- 4a6® 2 y 2 . 

24. 

xy = {y- x) tan a. 

20. a 2 -*-6 2 -2cosa=2. 26. a+&= 3 2a5, 

29. 

(a + b) (m + n)=2mn. 

30. x 2 +y 2 ~. 

=16a* 

31. 

(a - b) {c 2 - (a + b) 2 } = 

=4 dbcm. 

, 
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XXV. c. PAt4E 334. 

1. 2 008 20°, -2 cos 40°, ^2 cos 80°. 

2. 2 sin 10*, 2 sin 50°, - 2 sin 70°. 

3. 2 cos 10®, “2 cob 50°, -2 cos 70°. 

4 . sin 15°, sin 45®, - sin 75°. 

5. ^sin-d, isin(60°~^), -- sin (60°+ A). 

6. 2a cob A, 2a cob (1‘20° ± A ). 

16. (1) 8x 3 -4x 2 -4x + l=0; (2) 64^-80^+242* -4=0. 

17. 64i* 3 - 112j*» + 56y - 7=0.'' 

18. (1) 16« 4 + 8r l -12a; 2 -4x + l'=0; (2) lG^-Sr 1 - 12a; 2 +4x + l=0. 

19. 256y 4 - 448y* f 240/’ - 40y + 1 = 0. 

20. « 8 - 36t* + 126* 4 - 84t 2 + 9 = 0. 


MISCELLANEOUS EXAMPLES. K. Page 337. 


1. 


5 . 


8 . 


17. 


22 . 


27. 


30 . 


34. 


7° 12': 8 grades. 
15^3=2^98 ft. 

8 1& 9. 30°, 60° 


^ 4ir 7T 
2 * 15 * 3 * 

6. 790 ft. 

1A 126 
10 * 78 • 


17* 17* 

(1)45°; (2)60°. 

•09375 ; 16*7552, 

5 

31* 

260*26 yards. 32. (1) 60°; (2)60°. 

24 7 , , 24 

Bine = , cosine = , tangent — . 

25 2 ») 7 


18. 360 yards. 
24 . fJ2 : 1 . 

. 45° or 60°. 


*2t 

T' 


21 . 


7. 5*236 ft. 
1 - tan 8 A 
tan 4 A 

200, 183 nearly. 
25. 1; tan .4. 

29. 15° 12' 45". 

33. 10i°. 


35. (1) and (3) are impossible, (2) u id (4) possible. 

37. B= 46°, 6=25 v /2, p= 25. 39. -2, 

40 . 45°, 135°, 225°, 315°, 405°, 495°. ' 42 . 15°, 75°. 

43 . 80°, 150", 270°. 48 . ±- 8 . 47 . 
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48. tan 24. 49. ±-^. 80. 880(8+ ^8) =4164-16 yds. 

BL (1)0; (2) -2. 83. J^j. J6. -Jfi, Jj- 

66. 6A<*. 57.' 59. (f) oot C ; (2)2. 

<0. 50^/6 ft. 66. 60^/3 =86-6 yds. 67. 8-141. 

70. -1. 78. | sin 28. 74. js* + y*=4*. 

76. 15^3 ft., 15 (3 +^3) ft., 60 +15^/3 ft. 77. 8-10. 

84. 4-14. 89. -38021, 3-73239, 9-7C143 

oq« a 1 

95. 27° 45' 44". 97. sin 24= tan|= -±. 

98. 2-^/8. 99. 2-60206) 1-3802113, 1-8239087. 

20 

102. 45, 63 ; 58° 6' 33-2". 104. 120°. 106. jj-. 

107. 4 cosec 20. 108. 49° 28' 32". 

110. 2-30103, 2-39794, *598626, 9-69897, 9-849485. 

112. 114 yds., 67 yds. 114. 53° 7' 48". 116. -8, 1*26. 

116. -90309, 1-10739, 1-52575. U7. 

118. -tan?eot|, tan ” tan ^ . 120. 45ft.; 68° 12'. 

128. 1-60206, 1-662469. 128. 84°18'1", A°41'59". 

127. ±^. 131. 1-3011928. 

o 


137. *69897, *846098, 1*118943. 

138. 49° 19* 30", 40° 40' 30". 143. *4866934. 

144. 39° 35' 11", 28°20'49" 1 

146. 2*0766469, *3853509, 1*9256038. 

149. 100^/2, 50^/2; 71° 33' 54", 108° 26' 6". 

160. cosec x - cosec 3 n x. 162. 45°, 60°, 120°, 186°. 


164. 


66 4 12 

33 ; 5’ 13 * 


33 
85 ; 


120° 30- 37". 


168. *30103, *477121, 1*041393. 160. 68°62 / 42". 


161. 


area of circle __ 1380 
area of octagon "" 1309 * 


c sin ft c sin a sin ft 

sin (a +p)' lin (a-fft) “ 



173. B=* 4° 55' 11", 0= 168° 27' 26". 
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176 . 

178 . 

180 . 

191 . 

198 . 

197 . 


212 . 


216 . 

231 . 

230 . 

242 . 

206 . 

264 . 

270 . 

279 . 

281 . 


*8=105°, <7=45°, a=J2. 

27=81° 47' 12" or 98° 12' 48"; c = 13 or 11; 

<7=68° 12' 48" or 51*° 47' 12". 

10000 ft. * 186. 04 n 31' 58". 

2310 sq.ft.; 55 ft., 66 ft., 70 ft. 

(1) nir, (2 ) n,r± f • 

134-19 ft. 304. 226 87. 206. 

(l)(2»+l)g, «t+(-1)«|; (2) nr, »*•+ y. 

20 ft. 219. i or -8. w 222. 37-27919. 

1800 * >l ^ 7 

=i 3 £ miles nearly. 4 233. 



2nir tr 

T 

246. 


9-65146, 20-5309. 


(2) nir + -, «Jr + -y • 

205-4. 202. 1224*35 yards. 

262. aH-/3+y=(2n + l)|. 


miles. 266. 6=nir. 


If =70 °(f 57" or 109° 59' 3"; 

C = 89° 59' 3" or 20° 0' 67". 277. 0. 


cos(a^-;3+y + S) + cos(a+/f-y-3) + cos(a + y-/3-3) 

+cos(a+6-/3-y\ 

4. 283 . ^ = 45°, — 112 J c= 
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